
MA 2007B: Linear Algebra I – Quiz #7

Name: Student ID number:

(1) Let A ∈ Rn×n be an invertible matrix. Show that the columns of A forms a basis
for Rn.

Proof: Let A = [A1, A2, · · · , An]. Then

• A1, A2, · · · , An are linearly independent:
Assume that x1A1 + x2A2 + · · ·+ xn An = 0.
Then Ax = x1A1 + x2A2 + · · ·+ xn An = 0.
∴ x = A−1Ax = A−10 = 0

• A1, A2, · · · , An span Rn: Let b ∈ Rn.
∵ A is invertible
∴ ∃ x ∈ Rn such that Ax = b
∴ A1, A2, · · · , An span Rn

(2) Let A ∈ Rm×n be a real matrix. Assume that A = [a1, a2, · · · , an], where ai ∈ Rm

for i = 1, 2, · · · , n, and A> = [b1, b2, · · · , bm], where bj ∈ Rn for j = 1, 2, · · · , m.
Please find the four subspaces C(A), C(A>), N(A), N(A>), and state the Funda-
mental Theorem of Linear Algebra, Part I.

Solution:

C(A) = {c1a1 + c2a2 + · · ·+ cnan|ci ∈ R, ∀ 1 ≤ i ≤ n}.
C(A>) = {c1b1 + c2b2 + · · ·+ cmbm|ci ∈ R, ∀ 1 ≤ i ≤ m}.

N(A) = {x ∈ Rn| Ax = 0}.
N(A>) = {y ∈ Rm| A>y = 0}.

Fundamental Theorem of Linear Algebra, Part I:

• dim C(A>) + dim N(A) = r + (n− r) = n = dim Rn.
i.e., The row space C(A>) has dimension r

and the nullspce N(A) has dimension n− r.

• dim C(A) + dim N(A>) = r + (m− r) = m = dim Rm.
i.e., The column space C(A) has dimension r

and the left nullspce N(A>) has dimension m− r.


