MA 2007B: Linear Algebra I — Quiz #5

Name: Student ID number:

Let P, be the set of all real coefficient polynomials of degree less than or equal to 2, i.e.,
Py := {ag + a1x + arx?| ag,a;,a; € R}.

Let p(x) = ag + a1x + axx?, (x) = by + byx + byx> € P, and ¢ € R. Define two closed
operations + and - by
p(x) +q(x) = (ao+bo) + (a1 +br)x + (a2 + ba)x* € P,
cp(x) = cag+ cajx + carx® € Py.
Show that P; is a vector space over IR.
Proof:

We already have two closed operations + and - defined on P,. We check the 8 condi-
tions as follows:

(1) ¥ p(x) = ag + ayx + axx?, g(x) = by + b1x + byx?> € P,, we have

p(x) +q(x) ag + a1 x + axx?) + (by + byx + box?)

(
(110 + b()) + (al —+ bl)x + (02 + bz)x2
= (bo + 61()) + (bl + al)x + (bz + le)xz
(bo + byx + byx®) + (ag + arx + ax?) = q(x) + p(x).

(2) Vp(x) = ag+arx +axx?,q(x) = by + byx + byx?, r(x) = co + c1x + c2x? € Py, we
have
p(x)+ (q(x) +r(x)) = (ag+ax+ax*)+ ((bo +co) + (b1 + c1)x + (b2 + c2)x?)
= ag+ (bo +co) + (a1 + (b1 + 1)) x + (a2 + (b2 + c2)) >
= (ag+bg)+co+ ((a1+b1)+c1)x+ (a2 +bo) +c2)x?
= ((ao+bo) + (a1 + b1)x + (a2 + b2)x?) + (co + c1x + c2x?)
= (p(x) +4g(x)) +r(x).

(3) Let p(x) =0 € P,. ThenV q(x) = by + byx + brx> € P,, we have
q(x) + p(x) = (bg +0) + (by +0)x + (by +0)x* = by + byx + byx® = g(x).

Now, assume that p(x) = ag + a1x + ax> € P, such that p(x) + g(x) = g(x)
V q(x) = by + bix + byx> € P,. Then

q(x) 4+ p(x) = (bo +ao) + (b1 + a1)x + (by + a2)x* = q(x) = by + byx + byx™.

We obtain ay = a; = a; = 0, thatis, p(x) = 0.

Therefore p(x) = 0 is the unique zero vector!



(4) ¥V p(x) = ag + a1x + ax> € P,, define the vector
—p(x) = (—a0) + (—ar)x + (—a2)x.
Then —p(x) € P, and

p(x)+ (—p(x)) = (a0+ (—ao)) + (a1 + (—ar))x + (a2 + (—a2))x°
0+ 0x + 0x% = 0.

Similar to the proof of (3), one can further show that the —p(x) is unique!
(5) V¥ p(x) = ag + a1x + ax> € P,, we have

1-p(x) =1-a0+1-a1x +1-apx* = ag + a1x + axx”> = p(x).

(6) V p(x) = ag +ajx +axx> € P, and c1,¢; € R, we have

ci(cop(x)) = ci(caag + comx + coarx?) = cicpag + crcoax + c1cpapx?
= (c162)a0 + (c1c2)a1x + (c162)arx* = (c162)p(x).

(7) ¥ p(x) = ag + ayx + a»x?, g(x) = by + b1x + byx?> € P2, ¢ € R, we have

c(p(x) +q(x)) = c((ao+bo)+ (a1 + by)x + (ay + by)x?)
= (cag + chy) + (cay + cby)x + (cap + cby)x?
= (cag + carx + carx?) + (cby + cbyx + chpx?)
ep(x) + cq(x)

(8) V p(x) = ag + ayx + arx> € P», c1,¢2 € R, we have

(c1 +c)p(x) = (c1+c2)ag+ (c1+ c2)arx + (c1 + cp)arx?
= (180 + c1a1X + c1a2x%) + (200 + 201X + 20x7)
c1p(x) + c2p(x).



