MA2007B: LINEAR ALGEBRA I
Midterm2/December 05, 2019

Please show all your work clearly for full credit! each problem 10 points, total 100 points)

(1) Find the symmetric factorization A = LDL" of the 3 x 3 real symmetric matrix

Solution: By the elimination, we have

1 4 5 s s 1 4 5 i 1 4 5
4 2 6 | 2210 —14 14 | 2= |0 —-14 —-14

5 6 3 0 —-14 -22 0 0 -8
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Therefore, we obtain the symmetric factorization

10011 4 5
A=LU = |4 10]||0 —14 14]
51 1][0 o0 -8
10071 0 07][1 45
— 4100 —14 O]{Oll]LDLT.
51 1][0 0 —8]|0 01

(2) Show that if an 1 x n real matrix A is invertible, then A" is also invertibleand (A")~1 = (A™1)T.
Proof:
".© A is invertible
- JA 'suchthat A”’A=Tand AA™ ' =1
L (ATTA) T =TT =Tand (AA )T =1" =1
LATA DT =Tand (ATH)TAT =1
. Al isinvertibleand (A7)l = (A™1)T
(3) Let A € R™ " and B € R"*?. Show that C(A) is a subspace of R” and C(AB) C C(A), where
C(M) denotes the column space of matrix M.
Proof:

(i) Let A = [A1, Ap, -+, Ay], where A; € R", 1 < i < n, are the column vectors of A. Then the
column space of A is given by

C(A) = {C1A1 + Ay + - - +CnAn| Cc1,C2, - ,Cy € IR} C R™.
Letv:=c1A1+ A+ -+ cAp, w = d1A1 +dp Ay + - +dy Ay € C(A) and ¢ € R. Then

v+w = (qA1+Ar+ -+ Ay + (d1A1 +dryAr+ - +dyAy)
= (Cl+d1)A1+(C2+d2)A2+"'+(Cn+dn)An GC(A),
cv = c(aA1+cAr+ -+ cnAn)
= A1+ Ay + -+ Ay € C(A).

Therefore, C(A) is a subspace of R™.



(ii) Let B = [By,By,- -, B,|, where B; € R",i = 1,2,-- -, p, are the column vectors of B. Then
AB = A[By,By, -+ ,By] = [ABy, AB,,- - - ,AB,], and
C(AB) = the set of all linear combinations of ABy, ABy, - - -, AB,.

Let v € C(AB). Then v is a linear combination of ABy, ABy, - - - ,ABp.
*." For each i, AB,; is a linear combination of columns of A

.. visa linear combination of columns of A

s.veC(A)

. C(AB) C C(A)

(4) Let V be a vector space over the field IF and let K be a nonempty subset of V. Define
S .= {clvl +coy+ - +CNUN‘ Vov1,03, -+ ,oN € K,c1,62,--- ,cy € F,and N € N}

Show that S is a subspace of V and S is the smallest subspace of V that contains K.

Proof:

(i) Obviously, S C V. Letv,w € Sand ¢ € F. Then

v = 101+ vy + -+ cyop for some vq,vy,- -+ , vy € Kand ¢1,¢p,- -+ ,cn € F,
w = dywy+dywy+ - +dpywp for some wy, wy, -, wy € Kand dy,dp, -+ ,dy € F.
We obtain

® U+ w =101+ 0y + -+ cNUN +diwy + dawy + - - - + dpywpy is a linear combination
of vectorsin K — v +w € S.

e cv =c(c1v1 + Uy + -+ -+ cNUN) = €101 + cCavp + - - - + ccyoy s a linear combination
of vectorsin K =—> cv € S.

Therefore, S is a subspace of V.

(ii) Assume that T is a subspace of V that contains K. We want to show that S C T.
Letv € S. Thend v4,0y,--- ,ony € Kandcy,ca,- -+ ,cy € Fst. v = civ1+ v+ -+ - +CNON.
.~ Tis a subspace of V.and K C T and v is a linear combination of vectors in K
Lv=cv1+cuy+---+enon €T
SLSCT

(5) Let A € R"*" and B € R"*?. Show that rank(AB) < rank(B).
Proof: Let B = [Bl, By,--- ,Bp]. Then AB = A[Bl,Bz, ce ,Bp] = [ABl,ABz, cee ’ABP]’

If the j-th column B; of B is a linear combination of previous columns of B, i.e.,
Bj =B+ B+ -+ Cj,1Bj,1, for some cq,¢p, - - - ,Cj—1 € R,
then we have

e B is a free column, i.e., B; is not a pivot column.
e The j-th column of AB is

AB] = A(ClB1 + By + -+ C]'_lB]'_l) =c1ABy + cABy + - - - + C]'_lAB]‘_l.

i.e., the j-th column AB; of AB is a linear combination of previous columns of AB. Therefore,
AB; is not a pivot column of AB.

We can conclude that

rank(AB) = number of pivot columns of AB < number of pivot columns of B = rank(B).
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(6) Consider the linear system Ax = b,

1 23 5 b1
A=12 48 12|, b=| b |.
36 7 13 b3

Reduce the augmented matrix [A b] to [U c] so that Ax = b becomes a triangular system Ux = ¢
and find the condition on by, by, by for Ax = b solvable.

Solution:
1 23 5 b 1 2 3 5 b
[A b]: 2 4 8 12 by — 0 0 2 2 b,—2h
3 6 7 13 by _0 0 —2 -2 b3—3h
1 2 3 5 by
— 00 2 2 b2—2b1 = [Ll C]
i 0 0 0 0 b3+by—5bh

Therefore, the solvability condition of Ax = b is b3 + b, — 5b; = 0.

(7) Letb :=[0,6,—6]" in Problem (6). Find the reduced row echelon form [R d] and find the complete
solution to Ax = b.

Solution: First, note that b3 + b, —5b; = -6+ 6 —0 = 0.
1 2350 1 2350 1 20 2 -9
U c=]100226|—-|100113|—=|10011 3|=[Rd
0 000U O 00 0O0O 000O0 O
Free columns: 2,4 free variables: x5, x4
Pivot columns: 1,3 pivot variables: x1, x3
Consider Ax =0 < Rx =0.
Setx, =1,x4=0: x7 = —2and x3 = 0.
Setx) =0,x4=1: x1y = —2and x3 = —1.
We have two special solutions to Ax = 0:
-2 -2
1 0
= 0 and s;=| 1
0 1
Consider Ax, = b < Rx, = d.
Setx, =0,x4 =0: x1 = —9and x3 = 3.
We obtain a particular solution to Ax, = b:
-9
_ 0
xXp = 3
0
Therefore, the complete solution to Ax = b is
-9 -2 -2
0 1 0
0 0 1



(8) Suppose you know that the 3 x 4 real matrix A has the vector s = [2,3,1,0]" as the only special
solution to Ax = 0. (a) What is the rank of A and the complete solution to Ax = 0? (b) What is
the exact reduced row echelon form R of A? (c) How do you know that Ax = b can be solved for
allb € R*?

Solution:

A has only one free variable x3 and one free column, the 3rd column.

(a) rank(A) = number of pivot columns = 4 — 1 = 3. The complete solution to Ax = 0is

S = Wi

(b) Since s = [2,3,1,0] T the exact reduced row echelon form R of A is given by

1 0 =20
R=|01 -3 0].
00 01

(c) Ax = b can be solved for all b € R3 because A and R have full row rank r = 3.

(9) Find the largest possible number of independent vectors among

1 1 1 0 0 0
-1 | o 0 1 1 0
vl_ 0 /7)2— _1 ,7]3— 0 ,'04— _1 ,'05 0 /’06_ 1
0 0 -1 0 -1 -1
Solution:

(i) Claim: v1, vy, v3 are linearly independent.
Let x1v1 4+ x202 + x3v3 = 0. Then

1 1 1 0
-1 0 0 0

X1 0 + x7 1 + x3 ol =1o —x1=0, x=0, x3=0.
0 0 -1 0

Therefore, v1, v5, v3 are linearly independent.
(i) v4=v2—v1 = —v1+v2—0v3=0
U5 =03 — 0] — —01+03—05=0
Vg =03 — V) —> —Up+03—05=0
By (i) and (ii), 3 is the largest number of independent vectors.
(10) Show that if an n x n real matrix A is invertible, then the set of all column vectors of A is linearly
independent.
Proof:
Let A =[Ay, Ay, -+, Ay, where A;, 1 <i < n, are the column vectors of A.
Assume that x1 A1 + x4 + - - -+ x,A, = 0,i.e., Ax = 0. Then
*+ Ais invertible, so A~! exists
x=ATAx=A"10=0

.. Ay, Ay, - -+, Ay are linearly independent



