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Vector space Cn

Field C

C is the set of complex numbers have the form γ = α + iβ,
where α, β ∈ R and i =

√
−1.

The conjugate of γ is defined by γ̄ := α− iβ. Then ¯̄γ = γ.

The modulus of γ is defined by |γ| :=
√

α2 + β2. Then
γγ̄ = (α + iβ)(α− iβ) = α2 − iαβ + iαβ− i2β2 = α2 + β2 = |γ|2.

Vector space Cn

Cn denotes the set of all complex n-tuples, x = (x1, x2, . . . , xn)>,
xj ∈ C for 1 ≤ j ≤ n, such that for any x, y ∈ Cn and λ ∈ C we
define

x + y := (x1 + y1, x2 + y2, . . . , xn + yn)
>,

λx := (λx1, λx2, . . . , λxn)
>.
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Inner product, Euclidean norm, and conjugate transpose

Inner product and Euclidean norm
For x, y ∈ Cn,

〈x, y〉 :=
n

∑
j=1

xjȳj, ‖x‖2 :=
√
〈x, x〉 =

√√√√ n

∑
j=1

xjx̄j =

√√√√ n

∑
j=1
|xj|2.

Conjugate transpose
Let A ∈ Cm×n be a matrix having complex entries. The conjugate
transpose of A is defined as A∗ := Ā>, that is, (A∗)jk = Ākj.

If x = (x1, x2, . . . , xn)> ∈ Cn×1 = Cn is an n× 1 matrix (or
column vector), then x∗ = (x̄1, x̄2, . . . , x̄n) ∈ C1×n is a 1× n
matrix (or row vector), and

〈x, y〉 = y∗x, ‖x‖2
2 = 〈x, x〉 = x∗x.
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Eigenvalue and eigenvector

Definition: Let A ∈ Cn×n. Then λ ∈ C is an eigenvalue of A if
∃ 0 6= x ∈ Cn (called eigenvector) such that

Ax = λx.

Example: 2 0 1
5 −1 2
−3 2 − 5

4

 1
3
−4

 = (−2)

 1
3
−4

 .

−2 is an eigenvalue of A,
(1, 3,−4)> is a corresponding eigenvector.

Equivalent statements:

λ is an eigenvalue of A ⇐⇒ A− λI is singular
⇐⇒ p(λ) := det(A− λI) = 0.

The polynomial p(λ) in λ is called the characteristic polynomial of A.
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Some remarks

The direct method may be the best method for computing
eigenvalues for small size matrices.

For large size matrices, we have to find the roots of the
characteristic polynomial of high degree, which is an
ill-conditioned problem in general. That is, small changes in the
coefficients of polynomial yield huge changes in the roots.
See Example 2 in Chapter 2 on page 68.
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Gershgorin’s Theorem

Gershgorin’s Theorem: The spectrum of an n× n matrix (that is, the set
of its eigenvalues) is contained in the union of the following n disks Di
(1 ≤ i ≤ n) in the complex plane:

Di = {z ∈ C : |z− aii| ≤
n

∑
j=1,j 6=i

|aij|} (1 ≤ i ≤ n).

Proof: Let λ be an eigenvalue of A. Then there exists x 6= 0 with
‖x‖∞ = 1 such that Ax = λx. Let i be an index for which
‖x‖∞ = |xi| = 1. Since (Ax)i = λxi, we have

λxi =
n

∑
j=1

aijxj =⇒ (λ− aii)xi =
n

∑
j=1,j 6=i

aijxj.

Therefore,

|λ− aii| = |λ− aii||xi| ≤
n

∑
j=1,j 6=i

|aij||xj| ≤
n

∑
j=1,j 6=i

|aij|.

Thus, λ ∈ Di.
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Example

Locate the eigenvalues of the matrix A without computing them:

A =


−1 + i 0 1

4
1
4 1 1

4

1 1 3

 .

All eigenvalues of A satisfy the inequality 1
2 ≤ |λ| ≤ 5.
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Power method: assumptions

Power method is designed to compute the largest eigenvalue and
corresponding eigenvector of a matrix A ∈ Cn×n satisfying the
following two assumptions:

There is a single eigenvalue of maximum modulus, i.e.,

|λ1| > |λ2| ≥ · · · ≥ |λn−1| ≥ |λn|.

There is a linear independent set of n eigenvectors, i.e.,

∃{u(1), u(2), · · · , u(n)} such that Au(j) = λju(j), 1 ≤ j ≤ n,

and {u(1), u(2), · · · , u(n)} is a basis of Cn.
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Power method

Let x(0) be a nonzero vector in Cn. Assume that

x(0) = a1u(1) + a2u(2) + · · ·+ anu(n),

and a1 6= 0.

Define x(k) = Ax(k−1), so that

x(k) = Akx(0) = a1Aku(1) + a2Aku(2) + · · ·+ anAku(n)

= a1λk
1u(1) + a2λk

2u(2) + · · ·+ anλk
nu(n)

= λk
1

{
a1u(1) + a2

(λ2

λ1

)k
u(2) + · · ·+ an

(λn

λ1

)k
u(n)

}
.

Since |λ1| > |λj| for 2 ≤ j ≤ n, then
(

λj
λ1

)k
→ 0 as k→ ∞.

Therefore, we may assume that x(k) = λk
1(a1u(1) + ε(k)), where

ε(k) → 0 as k→ ∞.

c© Suh-Yuh Yang (楊肅煜), Math. Dept., NCU, Taiwan MA 8019: Eigenvalue Problems – 9/20



Power method (cont’d)

Let Φ : Cn → C be a linear functional (linear transformation),
i.e., Φ(αx + βy) = αΦ(x) + βΦ(y), ∀ x, y ∈ Cn, α, β ∈ C,
Then Φ is a continuous function on the normed vector space
(Cn, ‖ · ‖2) and Φ(0) = 0.

Example: Φ : Cn → C, Φ((x1, x2, · · · , xn)>) = xj, i.e., Φ chooses
the j-th component of a vector.

Apply Φ to x(k) = λk
1(a1u(1) + ε(k)). Then

Φ(x(k)) = λk
1

{
a1Φ(u(1)) + Φ(ε(k))

}
,

Φ(x(k+1)) = λk+1
1

{
a1Φ(u(1)) + Φ(ε(k+1))

}
.

Define rk :=
Φ(x(k+1))

Φ(x(k))
. Then

rk = λ1

{
a1Φ(u(1)) + Φ(ε(k+1))

a1Φ(u(1)) + Φ(ε(k))

}
→ λ1 as k→ ∞.
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Algorithm for the power method

input n, A, x, m
output r, x
for k = 1 to m do

y← Ax
r← Φ(y)/Φ(x)
x← y/‖y‖ (In general, we take ‖ · ‖ = ‖ · ‖∞)
output k, x, r

end do

Note:

Here Φ is some linear functional.

We normalize x(k) at each step to avoid ‖x(k)‖ → 0 or ∞. The ratios r
are the same as those in the unnormalized version (page 262, # 2).
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Example

Use the power method on the following matrix and initial vector:

A =

 6 5 −5
2 6 −2
2 5 −1

 , x(0) = (−1, 1, 1)>, eig(A) = {6, 4, 1}.

We take Φ(x) = x2. The numerical results are shown below:

leading eigenvalue: 6 corresponding eigenvector: (−1,−1,−1)>
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Inverse power method

Note: Assume that A ∈ Cn×n is a nonsingular matrix. If λ is an
eigenvalue of A, then λ−1 is an eigenvalue of A−1.
Proof: ∃ x 6= 0 s.t. Ax = λx =⇒ x = λA−1x =⇒ A−1x = λ−1x.

Suppose that the eigenvalues of A can be arranged as follows:

|λ1| ≥ |λ2| ≥ · · · ≥ |λn−1| > |λn| > 0.

Then the eigenvalues of A−1 are given by

|λ−1
n | > |λ−1

n−1| ≥ · · · ≥ |λ
−1
2 | ≥ |λ

−1
1 | > 0.

We can compute the smallest eigenvalue λn of A by applying the
power method to A−1,

x(k+1) = A−1x(k) =⇒ we solve Ax(k+1) = x(k),

where we can carry out the LU decomposition only once.
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Example

First, we can find the LU decomposition of A by GE:

A =

 6 5 −5
2 6 −2
2 5 −1

 =

 1 0 0
1
3 1 0
1
3

10
13 1

 6 5 −5
0 13

3
−1
3

0 0 12
13

 .

We begin with the initial vector x(0) = (3, 7,−13)>. The results of the
inverse power method are given below:

smallest eigenvalue of A: 1 corresponding eigenvector: (−1, 0,−1)>
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Shifted inverse power method

The power method computes the largest eigenvalue of A. The
inverse power method computes the smallest eigenvalue of A.

Let µ ∈ C be a given number. How to compute the eigenvalue of
A closest to the given µ?

Suppose that eigenvalue λk of A satisfies 0 < |λk − µ| < ε, and
all other eigenvalues of A satisfy |λj − µ| > ε for some ε > 0.

Since the eigenvalues of A− µI are λj − µ, we can apply the
inverse power method on A− µI (power method to (A− µI)−1)
to compute z = (λk − µ)−1. Then λk = z−1 + µ.

This method is called the shifted inverse power method.
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