[ F""dame“ta’ I Thms 'FOI’ 4 lgebmc Gl'ap}. ﬂ)eog,_ I

Thm ‘-et G have the Spectrum A.z---z,],..

Then
1) A€ A, where A=4(G)

(2) Iﬁ G is connected, then
A' =A '.K and bh’J' l'f G 13 4"7“’0@

i



A =A(G)

-h£ (l) Lei: AX AX ancf Ix.l_max I%I?O

| Al ? ',ezm" | < 4lx|

* Ax=AX

(2) l.e't K= (X0 %2, 2Xn)" be an eiqenvector o& A
ASSume, w.log, that %= mazx x.

(€(€n

V ;€N & di=4

(#) AlA#Z’X—AK::x =
FENm = %= ¥y V&)

(»*Grs connected )

= dy=a, Yve V(@)

(&) Gisd-Ngulan = A (s an eigenvalue o G
S ea T GED




* AX=)x
Az ”"l for ana engenvalue /,{ °f14

A has olgebmfc MU’flPllCdy_ l

o f Y>0 is an eigenvector of 4 then 3 IS a
multiple of %

Perlfon F l'ObenIUS Thm (Graph Ver:S;on)
Thm let G be a connected graph with A=A@)
Then 3 a Vector x>0 and A>o St
N




_T'_f_: let S""[?‘GIR": X z(0 ad Z‘-__'_',x.:=|}
De{ine §:S—S Such that f(x)= x

Z‘,-: (Ax)‘.’A Wﬁe de”:m'\Q‘f‘ok
Since s "s C'osed, Convex a"d bo“”dd n R” “%malfsej ;De
dnd f-'.s—as '.S w"’tfﬂ“ﬂ“s) Bmuw%o’ Fl)ted %F.”'t [bm Sure —hot 7‘-(:)25
Sayy that J X€§ st foo=x ie.

Ax-'-'-'ﬂ}l', where Q= Lim (A2), >0

Claim x>0
_Ei_: X =0 = sz}=0 = 3}=0 VJGI\/(D

= xj=0 YjeV(G) (-G iswnecred)
a onthadiction to 30X =1



ﬁ{ (contmued )
Clim 2= Iyl or any eigenvalue [ of A.
J'-{'- let 4 be an eigenvectorof U and Yt= (Il 1gal)
- (Af); = Z;GN(.),?JI o IZ'Jiuw?JI—l(A#).l— F”gs
Ay = (At =2 (AY) Z 2 = Y
(Ialm A has daebrmc mult.p{.a? , (: A70) ;‘?e space of)
ﬁ Since As dtaaonahi‘oble It Suﬂcce to Showr dimVa=|
)

%6V2|=)3asmall enough o st. 7= X~ 20 and &= =o for somet
= AZ=AZ and hence ZJeNcuzt =0 1€ & J—O b'Je"‘fCU

@G i tonn ‘ecte_f‘ﬁ Z)"O VJGVCG) = 7-"—“3’




_],',I£_ (continued)

Clﬂlm I]C Y 15 an eigenvector Uf H*A then § has both

Positive and ne?qﬁve oomponen't&

pf: Assume §Z0. Then
aaty = (A0 = 1A =7 Wy =p*d

Hencx a=f (rxzo, 4zo . WFO)

QED




IndePenden* Sets in Graphg

Thm For a J-Vegulm conhected Naph
G with n Veatices and spectrum.
MZSAe =" = An,

a(6) < G




_h{‘-‘ let A=A(G) and S be a maximum independerit-
Set og- G with Chaacteristic vector Z,

lee M=A-A]- L=

A::.-A't = 3 Jinem lndeFendena" -eiqenvectors (L, U, s U5 }

- CorreSPOholfng. to efgenuadues d. Az, 3. -~ A /wopecﬁ‘uelg_.

Al =Aili = 1Av=AcL0 = d40= 2Ll = =0

(;.~ Rrons Thm Sayp that d=A>2z-=2). Thus JU; =0

(A-M[-E2=7) 4 =04
(A -)ﬂI--é:-'-"A—"“"J) Ui = (A;-An) U ﬁread, 2é1=nh




vt

Ii {""‘WS 'H?d' the spectrum of (A-),,]-d;ﬁ:-j)
iS {22"%9 As"hh, A;,-)h,.,.,, AH-I"A..’ 0, 0}’ Since

- ‘H\m e.;jenvectors {Uz, Us, ... Uni, Un ;1;} ane L

M IS positive semidefinite
= Os thZ = 2?42..&”21’3 _ d—:la,thz
= 0 —A”,S’ - d;fln ,s,l

Th?/wgm A(G) < :3'?:,];7 (v da=o)  (QQED




Bt&—product

Cowl|a|r3__= For- a d'/\ﬂgula/l. connecteol_
?‘la,l«, G on n lerticeo

" 0.(6)
K@= 196

Remm"z In f‘d +his bound is alse True 7“’"‘

i non _-/I.e.,ul% gnaph.




lemma_s:
et A be the adjacenc% mathix °f G

et e (A)= | 6(A)=6,(4) == 6-(D} be
+he eigenvalues of: A .

I I% G IS K-clorable then
0. (A)+ ZT b =< ()




. def
_m' Hf; NCG)|. ,-% (W, V.. Vi) Le. a proper k—wlm;;

°)C G V.‘E‘.w VG a0 o Chatacteristic Column wector, ;
lce & be an eigenvecter for A with Az-6.002. s«c}f[a’fJ
‘.Qt D-f-:?;"f_[}'}z. 0] S.‘.’-@-’c—[ DV, bDV. %JGM ) ; \
' nx

0 “gn TMC T
T = —"""’”5 — ..“Z."i‘:’:{!)#ﬂa !
flj:l: [ |DV'I’ ‘ DVLL" . IDV""] fte s I s Fo.ss,‘bfe. +hat

DV =0, ifH:l's-flae Cant \

ClaimyS™s =1 €EMpne & S§=Z s g g
2 sAsy=0MY Ny

3. b(A)= B.(S’AS) =S'Az
PEGY b)) = 6, (SAS) = B.(A) =S'6(A)z
Thyzf* ponk 2. =GP Y

=6, (A) y



= B(SA)+ 2.5 buni ¢A)
Tlvmé/%
< (55 7,00, (5%)
= frace (SAS) = D" (54),
e OWTAN

s
Lsinnr S -
L=t

f— -+ +he Swppggé‘ af bVy & an
'DV& l ,DV;I 0 /hde/;e;qc{enﬁ_ set,

QED



Int@'aCEng Ineﬂ’ ualities

! --l—,..h—n—\A I‘f A=At EMnxn (R), S € Man®
and S'S=I. Then

I D.(A) = & (S*4S5) =By (A)
.




Then

= the Sum of the principal Kxk
sub de terminant s o A

i Gy «o0 L
= Z detA(. z _k
U 1y -o0 Ui

|SU< i< <isn

30



!! !i. LQ'C ‘-'-A A'zA] I"—"[El Ez E]

;ﬁ(x) det (X1-A) =det [ 2E-A,, xE,-A+, -~ 2E,-An]

= det [ZEI sz oo XE A"J-'-
det (- -Ai, 2EA, - th-A]

= det [aF, 2«E, xE-A, -+ 2EA)+
det [#E, A, #E-A, .-, *E.-4 ]+
et [ -A, *E., *E-A, - XE,,-AJ»,
det [-Ar, A, *E-As - «E.-A.]

= 2 1[‘ def%m:m(*z;ﬂ] % jdet 5 Mt_l Cofﬂmzﬁg
b WA -4



(continued)

Enﬁ qgﬂ;’\ :\qb/f‘b\uf@%. -k 3 ?rEJ 6 det. ’/fg
(")Kl')k”"
2 A A B B A

bz Ll_ l z";ik, LojumrLs :r_&_ H" AL: A‘ A
7 T e k2

— :7___ det [ﬁk o
. 0, P, T -At'z. " "At'ﬁ.. E‘J

‘ L - -
' . LI<11<““ "f‘ 5"

=) =
Jet [ E.,..., A.;,---.A.:,,'--. At's,"': Eh]

<, <j, <<
| K€€ En

= (-1)* Z ‘
N(-l) d’ ole:tA ( i#)
‘Li la.ee 2

|£'C'<L‘lc'" ‘in‘"
0 'S
J (n]= {L, i, ‘5 L}

=) > oy
e-bA (L' lz"".‘lt)
%

RIS -1 ;3
L' lz s 0 e



Fundamental Thsof Alsebraic Graph Theory IT

-Ib_m. Let f(G,x):’ ﬂ":'clxh:l" CA™ S con o On DB
—+he Charactetistic P°!b’"°m"a-'v oF G Then

1) =0
(2) =Co is the number of edges of G

B) -¢; is twice the humber of W"'"gfes in G

8 C=(D" > led(ats)

,SI = 7
adJ‘acency, magthces o-Jf induced sulogkafhs




| €WiEn -
..c 2 i O & o
(2) Co= Z de‘tA (; :‘) = Z det [ffh- OJ where a, {0; JCM)J
| €L =1 £h lst«; <n ('
= - lE(G)l P B
r O Oj‘ G .

(3) Ca= — Z detA tjk)___Z deti 0: O Ay

LJ#
| &L <j<k=n lSi<i<ksn kl G 0 O

J
. Q-he number, of 3-cycles in G) Z_\

't'hVE’e POQS{ bl‘f.‘"fl\pg chiﬂ
3x3 non<tuvial Ph‘n(_upwz-/

Gamey ] RAGTE) T

oo Il po ;O,J
1€ Li<iy <<l Eh=|

oo 0 o0



|
i

A. T Hoffman's bounel

-I.h_m. (Hoﬁman's ratio bound on A(G) )

For- ov %«qrh on  n werticeo,

6.(G)
2(G) = 1- (O

IJ‘ e%ualffg, "'OIOIS, ~+he I'nu/tif/fCif(‘jr 0)[ Qn(G)
is ot least X(G)-I

35



Izrogi !_gt ?5(90 be +he characteristic Pobmamfa{ oﬁ G

fc—x) = X" — E@|x"2+  and Hace A(G)=0
imply {(g)=0> 6.(G)

Thfﬂﬁ’ = 9,4‘ (en*Gn-|+9n-z+”'+9n-k+z)SO

= gl'l- (k-1) Bn =0
= b, @) =0 (v0>6)

Bn
= Kk = ,-..e_'-

Qn. QED




Lemma %
et A Le -t-lqe odd‘acenca matix oﬁ G

ot wA={aw) =6 == )
be the tigenvalues a-g A

I Iﬁ. G is c-colorable
then {], A+ f) =
C




_EY_O_Q{_: A:AT "“"P"’es = OFH)onorn’JwQ mathix

squant, matix, 5o PPT=T .

P=[zl ZZ 23'-‘ Zn]Gth" S.t.

e' T A .
PTAP={ 09‘-..2 ] - Pp=d where Oc=8:(A)

,.et (V', v7,"‘, VC) be ov Pr-oP% C-Golon'ng, ?(‘G

Vl'ew Vi os a characteristic column Vectop
U

g ™ U:;.' € Mnx
LUlr'u'.

U..; b .

Let Df.': Uz 0 éﬂnxw ‘ {=1,2,3,¢

0 Une |




(continued)

b
PYOOT 1) spon L b2, 0t .- 2.2} € M

oé-i—f' pan {'Zn-m, Z"'C*?, ailhal gh} ganr
N—————

c

Coim@ e U @ 2e(U**
® U,¢ (span{2})* & U“c (spanfz})”

® 3 non-zero vector 3'6 UNU" S M

Pfeaml ® Note +hot

(UJ.) U & (DZ'+D‘Z'+ +D621)—'(D'+Da+ "'Dc)lzl Igl Z,
0 lf l'-"‘ potg . It s possible

o thet 1D:21%=0

,Do.i‘.l l)c‘r:‘ '

SO cij.‘C anJ hence Jlm U"'zn -C . |
H;}?;l;‘? dlmUo'l'Jlmu ZC+n-¢c)=n & J.m (5',““{3'})4-:”_')

howfore such a Y exists.

@ cpcz.;p-z.)—z.*ot D& = [




(continued)

Vo £ f[.?.'£- D Dz ch' &
P S_-[l’n%"m%;l"”aw] Mnxc

VIEAE Hewe we assume ]D‘??FO V(:=J.2,"‘,C._ it 18 Possi‘ue ‘["L)Ct*.' lD:?[-:o -for some v,
In +his case We delete £ fHom S and P)-oc@gc( Sa‘m.‘]aﬂ{g, o get S BMas whera c<c

LD{D'} - ! if ‘.=J’ So STS- =I éMc:cc
chJHDJ-%I 0 fJ‘ f*(}."

not 546UW£F- mattix

A,-"ée_'i A_ (6’_92){?'8'7 éMnxn’. | éU“(’A’)g{ 9"2 92’229"’-}
lawk 6y 8 8 B, B pcin if (4 1 then

32 8. 33 Iéq- 5,, A'Z; =/43:: "(9:'9&)?-31'3&' =/4"7‘" =5¢'2¢'

f (=4 then AZ =42~ (-0:)827A = AZ- (0-6.)8 = 6 517 (68 )7 =65 B

B ie""‘" Sm|s éMcxc
Aote: The }bﬂcw.‘n?r aﬂ..aumw[ﬂ' is valicL €ven *ﬁ S hao fewer than ¢ columns,




(continued) P

vroo (l Claim¥ Shooﬁ 'thdk A'[m]z [9:2’:’ Q,.g,' 932,‘_”‘ 9n£h]
and hence A'P:: P[&g, ( ] |

D) 0 Yo,
xj_g_i [ : J=F g0 vectoy
|Dey!

X' Bx%

ABA_ (SWYX)

(B)= Min. -
96 xeR\0 AT X

4*——

=z

g_TA' y/ ) (PT?)T[&&Q’“ 'G'J (PT?)

TG (sX)

?EUB

uT
g ?9:92

A

9’"-9.,] “

(P (P

where o=

= T a%r I
a 0

n . 2
E‘h-cqﬂ 90 a{'

n 2
Z- i
(=n=C+|

< (.
e+l

Upec+l
Wn-cte

Wn ,J

agf fﬁ-%:’o DCH} })
zr' r? : } C tmg

[ary




(continuegd)
hl’vgf o |
'te [Jl # a (D,,Zl):"o (=l,2,:; ¢
= ?TDCT& =0 (=lZe (. -DJT"‘Do')
= (I j’)'rif. =p (=l2c

=
= /[ —_——
{ [Dgl Zl"g = /_DLZEZ‘, H Tg."-"-[g
o[ @ar ! || L8 iy byl J
S (B H 0 h . T
| That is Sg,:-.g éMcu
gy
\\ D¥] @Mnxm |
: gty
haw (SAS) = Zc (DA (oit) _ N7 8T DAD: iVsa |
= 0 i‘na(ﬂflﬂmo(&ﬂf‘
u SN 1 Ly L f )
snee DiADi= | i

) D ” J 0"- ]=[ a,ax!f.a,:z&,-J#mmmx




(confinueffi)
Emgl h&)-re -H'M* STZ|=§%W'H':X éMcx;_
{ SAS € Mexe  such Hhat Drace (S'AS)=0

S0 ()= Pac (S"AS ~ (6-8,) S8, (s"z.)*)
=t [ ST(A-temrza” )S ] \
= STAS  where SEMxe
= 7 B (SUS) , e thet BE=SAS
= O(sUS)+ 2 G SAS)
< +ZoesAs) ) -

Thir n-c+|

< FSE A S Dt Brnf \
— 8h-c-rl Z":, g(: (A ) - Hﬂ-{,ﬂ 61 93"' 93"’"’*9&"59"_&':' (¢1) 82
QED




Thm (Haem%_c,)
I)C 0,(6) =0 and }(CG)< M, whewe
M. is the Muft‘p’cma«?f 6’((;) an UGl alue

i ™
| e )
o)




(\[0*6 that Llemma % 740 +hat

Gn-cﬂ (G) + (c=1) Hz (G ) =0

9170 -:9 (C-’) 92(6)2 - gn-c-ﬂ(@) == 9» CG)

| f\-ﬂ-? c= |- 0:0G)
82(G)

QED



Tips on how to calculate
eigenvalues of a graph

BN - BN N

Lecturer: Dr. H. G. Yeh
Department of Mathematics
National Central University



5
|

These tips are based on
the following book

Algebraic Graph Theory,
by Chriss Godsil and Gordon Royle

47



Notation and basic facts

o A;) 2t the 9ublmfh‘xob9 A stw('h‘ﬂﬁ from the deletion of Fou! L and a{umd?

[
-

| A(or:(a)i‘—i the submattix of /A that lies i the 1S of A indexecl by of aned _
—HMZ. Columng r‘halexea! bgf P

ACN)-ﬁA(d,O() A(d:ﬁ’) =2 the submatwy of A4 obtained 1:?/ ole fern
Cofactoy of A g(.,; ) ":".“f;éc Afj ~the Vows indicated b? o and The lunw, iates

d; 5] b .

ad‘Aﬁﬂ[G!J "'et/-ljfj g’ F
Fad: g _adiA i

de-LA 2 P"’DUIDI c{ afet/ﬁ]:!:O
_.Edi-: MAGMM UR)! hﬂhghﬁul%‘ L’/{- o{':{iuj TAER 14—’(4'): Ck‘t /4(«')_-
Ji' (i A) )= 0¥ e ( - tet 4
FA) (X)) =l ¥ c  dfinition of pd

- = ((JetA)Aq)(d)z J&Aﬁ. ( ZE{: CM{*A ) /4 )

et/




*LEMMN & 131 1y Lt A€ pton (R), g B btane by dbleting. he h rou an
colurmn G‘ﬁ A. Then jﬁ(j ;r)) = 6" (x I_A)-!‘ ihote 2 ol it .»oi;ruéd basis Vector
¢
BE: (ot or={c} Wﬂﬂ_ﬁjm_ 1) twd[m—A)coo:( det(x1-B) (= definition of o9 ‘%

_ o)
= [d@t'C?tI'A)](?‘I'A) ) '[ J”‘I"A)](“) =STE) |7 (IAJ_&f(WI-H) )

# de't. (?E'I'A)
det (x1-A)

= (XA ) = ¢ (x1-A) e

QED




Con"mg 5132 pig7 F&v angf gﬂap}u G we AQM
; s Qaph obtained Som G b
fj(@}t’)—‘——-q; %(mx) deletfing - y 4
. G
hf" Leg Vo ={12-n]

RHS = ¢ A6\ %)
/(25 G; %) EGZI/G %( P C}Jar‘qcfmgr‘ﬁb Po/[pnpml.qﬂ °f§

qf ;lf) r_.Qd' e '

— i —~— ’ ney Mmerthx of G

= Flon 2 e (I-AG) ) e,

= #(6.%) dhae (x1-AG))” h
—= ) ety anel hen

- §(Gx) TP [ T 1 |p) e AlG) 5 sy &

A-An = ﬁfﬁo{?@ngﬂ matiex P St
- #6000 o AP [ 1P
_ 6.2) "
- C \ ) 53/ (6'3: St x ) ..
/(25 o ;D’(G.x) “ /QS(G' ) .:‘Z{—(W A)
= &'(6,x)

Rena, ¢ ()= J g (G100 dr +det(-A@)  QED




E ;
lﬁnclema mmtmwﬁg B(G)de{ [ ve J st ue=(ﬂ' 't :je‘i?}ie

Lﬂmmm g?z Let B hﬂ 'f‘lfﬂ neldencg "ﬂﬂm a&@ and e,t' L Z(GJ ke

})ﬁ hhe %phwﬁi{? Thﬂh © BTB ?Iﬂ‘q(ﬂ) @ BBT=D"ACG)
Where A(G)= djacency mmafq il w] ot u[,m{f f ureedse

'Fi@&f' Vgl l ' ZI—!—ACL) sihee ele ;.{ F o=t g e,
: B s Ct St el
@ D'A { I 51_-1; u': ff"ﬂ#f %I :et
u:m BT + (G ) Snce th (D 19 sat Lo
' d fs«t L&€

I# CeMam DEM "H’,'en



Lemima 825 ., e be o cpagulen graphe with, n vortees and m afseo ’
.ano' et L be +he [ine Paph trf-C{ Then_ the charactesstic pm‘gnom@@;@’ﬂx)

nac B(L7)= (x+2) " PG, x-k+2)

2 adjacency mathix qf Ls
Proofs gl = dee( 73n=A L)) A

Lenmwa J,Z.Zﬁdet (% In— (BTB“ZIM)) | B isthe Intidence matvxof G
Pléé
=det ( (rr2) Lo~ BTB) BeM,,,
See -the pro
s of/] (a42) " et (( (x+2) 7,-BB7 )

of Raet ¥ —
/\; (xe2)™ ™ you ( 0 T =k T1=A(G))
Lemma 8.2.3 = (" det ( (x+2-) I.-AG )

= (x+2)" f{gj x-k+2)

CU‘M Im = —H'w, numben @ff QA&&:}
n= "Hﬂ.ﬂ_, Numloga W_E/U@-ft‘ao

QED



Z
Fack: 4 is an “omvectse of qaph G with eigemvalus £ & G s A-pegalen
Pf: =) Wt A=A = 1wl we={, TWEEs  Clanly N1-210 L
IN wy| =R ). g RS ﬁ”?’“p

Lemma 8S.0mmat Lot G be o Reptgulon, Paph o N-vortices wih eloenyalues
R, 22,23, An. They God G have +he 52 G9oeCtore ang +he %%@
5 e ket oy el

Pof Notethat  A(G ) +ACG) + = T4 U-ones matry

S thegonal mathix p= [ T—‘::_ Pt p 1 SucR thal

R
zé PTACG)P= [ Az.}\3 1 Note Hhat ’_'{-LP =p =2 S..h ﬁ:th_"=f
\i‘a‘“ 4

= PTAGGIP= [-R_ -
i [ Hz"«’*s.._zm-l +PIp

_ﬂ\) _h

= A2 - m O 6 ...p

[ ™, —I“‘-PTZ@%O °...0J
@

—An : : :
- R W 6 6- b
h [ e 1 LE‘S"“F’H =
- "' I.l ‘~‘: — ..-j—),
T n-u.-o\f [ —-A3 . ] QED



‘6_& PI§9 @') Deﬂi/?mfne ﬂ»e *GA?QV:U‘JLLE_S ff K;
(b) Taind the Ciglavaluc of LCks)

(¢) Frno{ +the €158 Ualug s @fr P= @
dy Pind Hhe @lgoanlies of Lcp)

Sel: @) Using e, 8652 puar. - Pl )= 2 ECkinyn) = SAL K, )

j ) "l PN = 4 Pl k0= 3 Al x)=306) 4
o v - -H
So gtk x)= (301 da+ det (-AtR)) = [ X% 3% +det _.;,_?;] ]= alzx-2= ()X

ﬁCKﬁ‘X)::- ‘(4- (X;";’("z) d'}f'l'dﬂ)l' (—-A (ﬁ#}) = ug_g}(_éxlxg.

Blksnr= S5 (ox-x0) deot det (-A k) = Gearoxsny?
(-b) G(Kg)‘-:ln:fo, Y(Kc)en=s, tﬂm?ii;j;f’fﬁ7 fﬂ‘?ﬂ M

n-h
?!( L(Ks),x) = (#+2) ;ft Ks , x-4+2y = xH2 B ks, x-2) = (%42) (x-6) (eup) *
(C) LQWMQ&.S-{ PlIo2 & Z—CI{EJ [\S a. 6-'”’0,?[/&4' %Fiq én. .‘_rﬂ U'e'l‘ﬁtm C-'lef'ﬂl

um\oa,%u“lm € 1, |,|,|J"Z,“3.'?¢'2_'2. - ZCK_}) hao &%Unjuﬂ
J'D'-é—fz A=, ==l =l ~~ =42, =142, —42,

f.e “ ” ” "

. 2 42
0
3 2 222 1 7 1

|

I
/




@\) LQWIMW 825}#6’? ‘ngfﬂ ‘Hﬂaﬁ:—

4 (Lep)) -a-cx+zf‘””"”“}é (P x-312)

m— (x{_z).{fﬂﬂfé (Fj . )

pis 3 pageler

—

(xt2) "w( gy (x+) 0-2) % ?{(F, 4)= (X-3) (x+2) ¥ (x-1)

—
—

(x—4) (x-2) S x+1)” (x4 2y

So LCp)'S lgpavelus, Ga be fourd %;/} /



Find CharPoly(Line(P))

In(162]:= A= ToAdjacencyMatrix| LineGraph[PetersenGraph] ]

MatrixForm [A]

ShowLabeledGraph [ LineGraph [PetersenGraph] , Background -+ Yellow] ;
Spectrum [ LineGraph [ PetersenGraph] |

P = Det[x+ IdentityMatrix([15] - A]

Factor[p]

Our[ 163)MvatrixFom=

011000110 O0O0O0O0TGO0O0
101100001 0O0O0O0TO0O0
110000O0O0CO0OO0CI1I11O0O0O0
010011001 00O0TUO0O0O0
0001 0110010000 OC0
0 0011000001010 0
1 0001 0010100000
1 000001 00 O0O0CO0TI1I 10
0101 000O0CO0CCO0OCO0OCO0OO0OT1I1
0 000101 000O0C1001
001001 000¢C0O0CI1100
0010 00O0O0O0T1T1 0001
o 00O0O0C1IO0I1IO0O0OT1O0O0T1I0
00 0CO0O0O0CO0ODI1I1C0O0CO0T1O01
000O0DO0O0ODODOODOTI1I1010 10

Ouf165)=
Out] 168)=

Qu[167)=

{4, -2, -2, -2, -2, -2, 2,2,2, 2,2, -1, -1, -1, -1)

4086+ 15360 x + 15360 x° - 8960 x° - 23040 x* - 4224 %+
12160 %%+ 5280 x" - 3120 x® - 1940 %%+ 396 %1%+ 345 xM - 20 %' - 30 x¥¥ . &1°

(-4 + %) (-2+3)° {1+x]"' (2 1-:::5
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Adjacency Matrix and Laplacian

femma [3.1.2- L@—f- G be a _}:—reg«ujm %;QF}L with Qc{J‘aCEH-Ey,‘

—

mﬂ’fhx A hﬂUlrﬁ? elﬁ?ﬂ”ﬁlues &, 92, e, gn‘ T;J'E""l +He

L&Pch.‘dn L has ef‘genuqfues k-&., k=Bz - k=6,

di* -
L._—_ D-A :..-Z ] — [ aij :I where o{f=+‘t’ﬂf’&’?’"’3‘??f L
10[n
o= ‘ ‘j: yee
R I

-Tl‘)aff?.» L: kfI._.A
A-AT — 3 orthogal malwx [ (ce P'P=1)

B,
s.t. PTAP=[ 9‘.‘1lg]

DL-er [T

k-6
= p [ } PT
k=Bq

= L hao -E«Q-Eww.&m k=B, ---. k=6 QED




E‘M (1) ijle Cbmacrm:_s-r;r Fu'WFM:J of +he ad q:énc:?ﬁ

etk o Hht betensen gnaph is

(ﬁ—B)Cﬂ-rfz)*(x—Uf
(2) 'T}H &%&AUMMS of Hog Laplamdh nf -HLQ Pe@,zs% q/l#’ifjll ane

o 5,72 with bm/ﬁp/c:ﬁe; I, 4£ 2 Mgrbécﬁwg..

The adjacency matrlx of the Petersen graph is
| 23456789 ‘0_

i 000 |

R o -

e

— OS¢ ~ G~ "

0
1
0
0
1
|
0
0
0

o e S = D

00
10
01
10
01
00
00
10
01

R - T - B - e i o Pl e
—_— T O D D D e
C:.‘-Qn—-—lc:‘,ln—-ﬂ{:-

0
0
0
1
0
1
|
0

]
0
0
|
0
0
0
0
0
1

0
]
0
0
1
0
0
iy
l

fo| 0000 0 1 00
Thecharactanstlc polynomial nfthematrlels (X - DX +2) (X - 1)’
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