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,’}f’JE ( wontinued )
let [B=0bj1= a[-A x=meme

PA (%)= det B = Z (Samé') bceo basz --
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:( | 2oL ) mneibo t) _ C"j) = (srs)[o.c. bags.-. b;t"ct
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Lemma. G . i gk wh 7€ 40) i
“Acev(Ag) and am(-2)=m

=
-'Zi‘ G have patite sefo Xad Y el
Aei:(AG) =>BJ‘:V¢;—-?IR st. Zf(x):)f(v) f VeG.
° “M;wz{ fw 'f vex
Define a ~6unc,-t.-an 3:V5—a R st. 3 A .f ey

Note Hhat if veX thes JZ‘ b =25 = A =230

C\em\?f we alse have foey then > 40 =(2) f

Thus ) eev(Ag) sl §
Suppose 'f'.,'f;,---,)‘,,‘ are J. indep &?'Mf“"“b"s ’& Aq correspordingto )

Constiuct ? 72,?»‘ In the above way. o show am(-4)=m. ﬂEP
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Eigenvalues °€ Bipantite Graphs
-_[h_m @ Q is bipartite

(b) AGQU(AG) é _A € eu‘AG)
. }é (G,x) is o P“’i“”{- "g linear famrs in A%
) T AR oy ke, whor 2ol ore Spaaches

‘% Ag < 1wlen
Then We have €S (b} ce) < cd
e o Sy Tt suffices 10 show S

I-(’* A-‘—'Aq TLCh C(AK)“: +he 3 Closed k"wﬁu pacoivg weitex A
o 06 closed (2=)-welh » G < 57" (A, =Hact( 4™ )

=2 A" =0  QED



Diametr, (G) & Spec(Q)
T__bm_ Suppose Sfec Q)= (»?,' >7]: >?Z*> T‘en Jmn (6)<j‘

t: Lok A=Aq ed Mavo be the minimal Polgnomial of A

AsAt : mA (x)= (x-—h.) (X-hz) wn ol Mo Zt)
Assume ol»‘am(G Y=1. Thus 3 I, J€ V({Gg) st distance (1. j)=1:,'

and }\ence (At)t) =+ O and (Ak)t) =0 ‘59‘» K=o, 1, 2. 2=
HOUJCO% mA(A) gt & I‘MPL‘es At s a ,efnea/\. C.oynl)o'na't'l‘bm 06;

I=A°’ A, AL ... AM a confradiction
QED
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s Cowant — Rishe, Min-Max Thi
-_m: If A=AtéMnxh(R> and ‘[A)={;‘z;\,z--2/']n}

: *A
Tben, } = Max mn XAx _ Min Mmax afla .
T ok xelho XX - A =im(U=k 2eUN0 XA
‘l\j"z = Or"’hoﬁOhoﬂ matrXx P:[u;,...,u,,] St P%P = d:‘a& CA, -~ An)

let V,-,:Sfan [u,..;. Ue-t) Iﬁ dim(U)=k then J non3ene vector ?e UnN Vp:,
Ay TA(SSY) (2.4 GPU) Gy ) = Ak

t i t ; \ 0
_;1,? RH6<§} we also have %}’Zﬂz for ary 5€ Y\ ° and hence
us < /K. |
RHS = Ak Next, |
xAX_ _ _max Mo AEAT
XX

min  pax — !
da‘m(U)-"" xeU\0 ACX 6{,'..,({]):1: xeUro

= — ) (-A) = A n-ket (/4) &QD



Rayleigh- Kitz Thm

xt
-l.h!l! Iﬁ A""A:..%en Amax= 7,’,’,{,‘5 a‘{ A""ﬂ _;rh-z? W
wkm e"(A)={ﬂm:ns"'”$;\m&x}.

_H_: ( method 1) Counant = Hishen  Min-Max Thi Say> 7'414'
,/\ - max min_ ("(tAX)/(Xt){) = Mmay XA x

clm(U) | xeUho A0 Atx .
) .= min ma X (-x"AX)/'X*x = m;""(or%x)/(x“?).
X0

d.m(U) | X€U\0 g
(Methed) oxtfx= Xt pt [7"-_.)“ ] F‘; _ Z; A 352 o e Z:g‘ = e &
Su']mb 14 A X =Am6! X We have tA A= )7muw1m,,

Thowpn om0 2tz [y GED



'A(G),<Aq

Thm If Aeev(Ag) then [AI=Aa

- Lot f be an eguefunction of Ag Coresponding, = 1.

lef [)('(U) = max l'f(u)l Note +hat > ft =2%tw)

e AEN(V) 5 2 ‘0
This uolds 5 ol = 2 fro) I I

)
XEN (V) XEN



I(ey Lemma

Lemma* If A-Ate Maun(R)
—men for 1<t=n

0. (Ay=Max b;(r4R)

Re th{, (R)
RER= 1,




i Let REMui and RWR-L.
Lot Ui=cdum space of R Note that dinU=1,

xeUnor = FYER" st. X= RY
tpt

Thas min ZAX = min L
xe U\ 0 XX 3'GIRC\O 9°¢

= 0: (RAR)

5§ (M=max min 207 -
Thu 0u( dim(U)=¢ ;28:\5 XX ZRTIC‘::{ OH{KAR)
Momoum -t'hm existo ﬁ é Mnﬂ- R*R=1

such 4hat- RER=I and  RAR =dag[8(A) 6.)- 004

We ane done.
QED




Inm,acmg, .Ineguall'ﬁ% 7
j:b_m: Ig A‘-’A*éMnxn(R), S€Mnxx ([P) and StS'—"I’
Then HLCA) _ 9.,’ (StA 5) S gn-kn' (44)) where eu(A):{&(A)Z---Zﬁ.(A)}

_h_"’_: Key Lemma, implies

M= MaxX p.(pAR) = Max G ((s@A (58)
Joo= X 0 (RAR) = JO8 ( )
RtR=1 aael

QA € Mk«i ——GK-iH (St(A)S)

Qta=I > b +the $irst in€ ual
2~ n (-A) == A e ma
= - [B-creirnr (A ]

ol gn-kﬂ' (A)

. =At
Gl e ASHntR) 0d 8 be o el oot o Ao ollED

B:(A) = b (R) = 9n-m+-i CA)
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I’Itm,aCl'Ha. _rheo rem (Graph Version)

T_b-m_ Let G ‘DQ Q?“aph Wi‘*‘) adJ‘acemca, meatlx A ZL{L(/)? «5P9CWM/
AZAz == let H=G-v wih M‘J‘Acenc& mathx B ﬁaw;?'

Spectrum  fh= o = = Y Then A=H=AFU=ARM:Z 2[4

M: let A=A® € Mun (R) with speclium A=A = Zn and
B ana mxm (mith‘Paﬂ. miné ag A (m<n) with S/&cmwu iz - =y,

Then for V &, A hao at least a0 mang ege-values less (qreatsy )
then o oo B does, e #{i ASx}z=a{i: pi=a] and
g1y hE«}= 5 l): ;=]

Groph Version let H be a ventex - induced subgraph of G Then
*ﬁm. Va, G hao a* lewd' a0 Vnang, o\‘aey.l)a{ues leso (%*wa'(%) .Hun &

o0 H doeo.



Cvetkovié's bound
lemma. LE‘t G be a raph on n werticeo,

S o I

,.et AGMMn (R). A:At and Am,-r-'o ,'f u—-]-u"hﬁ.
Then
of (G)s min[n— n't) n-nA )}

Ooh%z Tl*(A)g +he humben oﬁ positive elyenmlues Of,q

ne aqtu‘ve



‘t)_{; ,_et A be the Sub?quh oﬁ G induced bg.

0 Mmaximum l‘ndepenaleru?(‘ set,
l_et B be the Ph‘nC:‘Ple submathx A(d, o) ie. a
Subinartrix oﬁ A irduced by the rows & columns in

let m=a(G). Clemly B s a geso math
We have On(A) 2 B,..(B)=o = NT(A) < n-m

By W{‘M 7 A = Om(B)=0 = Nn*(a)<n-m



