Chapter 1

Linear Algebra

1.1 Vector Spaces

Definition 1.1 (Vector spaces). A vector space V over a scalar field F is a set of elements
called vectors, together with two operations +:V xV — V and - : F x V — V), called the

vector addition and scalar multiplication respectively, such that
l. v+ w=w+ v forall v,we V.
2. (u+v)+w=u+ (v+w) for all u, v, we V.

3. There is a zero vector 0 such that v+ 0 = v for all ve V.

W

. For every v in V, there.is a vector w such that v+ w = 0.
5. a-(v+w) =a-v+a wioral aeF and v,we V.
6. a-(f-v)=(af) -vioral a,feF and ve V.
7. (a+8)-v=a-v+ - -vioral a,feF and ve V.
8. 1l-v=wvforall ve V.
For notational convenience, we often drop the - and write aw instead of « - v.

Remark 1.2. In property 4 of the definition above, it is easy to see that for each v, there
is only one vector w such that v+ w = 0. We often denote this w by —wv, and the vector

substraction —: V x ¥V — V is then defined (or understood) as v — w = v + (—w).
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Example 1.3. Let F be a scalar field. The space F" is the collection of n-tuple v =

(V1,Va, -+, vy) with v; € F with addition + and scalar multiplication - defined by
(Vi V) A+ (W, W) = (Vi F W, Vg W)
a(vy, -, vy) = (v, -, avy) .

Then F" is a vector space.

Example 1.4. Let F = R or C, and V be the collection of all R-valued continuous functions

on [0, 1]. The vector addition + and scalar multiplication - is defined by

(f+9)(@) = f(x)+g(x) VSgeV,
(- f)(x) =af(x) VeV, ael.

Then V is a vector space, and is denoted by %€([0,1];F).. When the scalar field under

consideration is clear, we simply use € ([0, 1]) to denote this vector space.

Definition 1.5 (Vector subspace). Let V be a vector space over scalar field F. A subset

W < V is called a vector subspace of V if itself is a vector space over F.

1.1.1 The linear independence of vectors

Definition 1.6. Let V be a vector space over a scalar field F. k vectors vy, vo, - -+, v in V
is said to be linearly dependent if there exists (ay,---,ar) S F¥, (ay, -+, ) # 0 such
that vy + asvy + - + apvp = 0. k vectors vy, vy, ---, v in V is said to be linearly
independent if they are not linearly dependent. In other words, {vy,--- , v} are linearly

independent if
v+ + -+ oy, =0 = oap=ay=---=a,=0.
Example 1.7. The k vectors {1,z,2?%,--- , 2871} are linearly independent in ([0, 1]) for
all k e N.
1.1.2 The dimension of a vector space

Definition 1.8. The dimension of a vector space V is the number of maximum linearly
independent set in V, and in such case V is called an n-dimensional vector space, where
n the the dimension of V. If for every number n € N there exists n linearly independent

vectors in V, the vector space V is said to be infinitely dimensional.
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Example 1.9. The space F" is n-dimensional, and %’(]0, 1]) is infinitely dimensional (since

n—1

L,z,--- 2" ! are n linearly independent vectors in €([0, 1])).

1.1.3 Bases of a vector space

Definition 1.10 (Basis). Let V be a vector space over F. A set of vectors {v;}icr in V is

called a basis of V if for every v € V), there exists a unique {«;};cz < F such that

’022041"01‘-

ael

For a given basis B = {v;};cz, the coefficients {«;};er given in the above relation is denoted

by [v]s.
Example 1.11 (Standard Basis of F"). Let e; = (0,,---,0,1,0;,--- ,0), where 1 locates at
the i-th slot. Then the collection {e;}!; is a basis of the vector space " over I since

n
(Oél,"’,Oén):ZOéiei VOZiGF.
=1

The collection {e;}I, is called the standard basis of F".

Example 1.12. Even though {1, T, xh } is a set of linearly independent vectors, it
is not a basis of €’([0, 1]). However, let Z2(|0, 1]) be the collection of polynomials defined on
[0,1]. Then ([0, 1]) is still a vector space, and {1,z,---,2¥,---} is a basis of 22([0,1]).

1.2 Inner Products and Inner Product Spaces

Definition 1.13 (Inner product space). Let F = R or C. A vector space V over a scalar
field F with a bilinear form (-,-) : V x V — F is called an inner product space if the

bilinear form satisfies
1. (v,v) =0 forall ve V.
2. (v,v) =0 if and only if v = 0.

3. (v,w) = (w,v) for all v,w € V, where the bar over the scalar (w, v) is the complex

conjugate.

4. (v+w,u) = (v,u) + (w, u) for all u,v, we V.
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5. (av,w) = a(v, w) for all « € F and v, we V.
The bilinear form (-,-) is called an inner product on V.

Example 1.14 (Standard Inner Product on F"). Let F = R or C, and F" be the vector
space defined in Example 1.3. A special inner product on the vector space F* over F, called

the standard inner product on F”, is defined by
(’U, 'LU) = Zviwi 9
i=1

where v; and w; are the i-th component of v and w, respectively, and w; is the complex

conjugate of w;. We sometimes use v - w to denote (v, w).

Example 1.15. Let V = ([0, 1]; R). Define

(f.g) = fo F()g(2)de

Then (‘5([0, 1;R), (-, )) is an inner product space.. The norm induced by this inner product

is given by
1 1
| = S par]
and is called the L?-norm.

Proposition 1.16. Let V be an inner product space with inner product (-,-). The inner

product (-,-) on V induces a norm defined by

|v] =/ (v, v)
satisfying
L. |v]| =0 forallve V.
2. |v| =0 if and only if v=0.
3. |lav|| = |a||v| for alla e F and ve V.
4. v+ w|| < |v| + [|w| for all v, we V.
5. [(v,w)| < |v|||w| for all v,we V.
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Proof. Properties 1 through 3 are obvious. We focus on proving property 5 first, and as we

will see, property 4 is a direct consequence of property 5.

Let a € F satisfy (v, w) = |(v, w)|. Then |a| = 1. For all A € R,

(Aav + w, \av+ w) = (Aawv, A\av) + (Aav, w) + (w, Aav) + (w, w)
= X[ v]* + Aa(v, w) + Aa(v, w) + |w]?
= N[0 + 2A|(v, w)| + ]

Since the left-hand side of the quantity above is always non-negative for all A € R, we must

have

(v, w)[* = [[v]*|w]* < 0

which implies property 5. To prove property 4, we note that

lo+w| < o] + |w] < v+ w]® < (ol [w])*
< (v+w, v+w) < o] + 2o |w] + |w]*

< Re(v,w) < |v]|w]
while the last inequality is valid because of property 5. =
Remark 1.17. The inequality in property 5 is called the Cauchy-Schwarz inequality.

Definition 1.18. Let (V, (- )) be an inner product space. A basis B of V is called orthog-
onal if u-v=01if u,v e B and u # v, and is called orthonormal if it is an orthogonal
basis such that |v| =1 for all ve B.

Definition 1.19 (Orthogoanl complement). Let (V, (-, )) be an inner product space over
scalar field F, and WW < V be a vector subspace of V. The orthogonal complement of
W, denoted by W+, is the set

W ={veV|(v,w)=0forall we W}.

Proposition 1.20. Let (V, (, )) be an inner product space over scalar field ¥, and VW be a

vector subspace of V. Then W' is a vector subspace of V.
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1.3 Normed Vector Spaces

The norm introduced in Proposition 1.16 is a good way of measure the magnitude of vectors.
In general if a real-valued function can be used as a measurement of the magnitude of vectors

if certain properties are satisfied.

Definition 1.21. Let V be a vector space over scalar field F. A real-valued function | - | :

YV — R is said to be a norm of V if

L. |v| =0 for all ve V.

2. |v| =0 if and only if v = 0.

3. ||av| = |a||v| for all ve V and o € F.

4. v+ w| < |v| + |w| for all v, we V.
The pair (V, | - |) is called a normed vector space.
Example 1.22. Let V =F", and | - |, be defined by

n .
[Z|$i|p}p if 1<p< oo,
i—1

max |z;| if p=o0,
I<i<n

|z, =

where & = (21, ,2,). The function || - |, is a norm of F*, and is called the p-norm of F".

Theorem 1.23 (Holder’s inequality). Let 1 < p < o0. Then

(z,y)| < |zl,|yl, Vo yeF, (1.1)
where (-,-) is the standard inner product on F™ and p’ is the conjugate of p satisfying
1 1
p p

Proof. Let & = (x1,--+ ,x,) and y = (y1,- -+ ,yn) be given. Without loss of generality we
can assume that & # 0 and y # 0. Define ¢ = z/||z|, and ¥y = y/||y/ . Then |Z|, = 1 and
|yl = 1. By Young’s inequality

1 1.
ab < —a” + — 0P Va,b>=0,
p b
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we find that for 1 < p < o0,

n

Z (1 2 !yd”)

p IIpr e

|pr

n x|P P
Z k|p’: H Hp + ly| —

el " prlyl,

’HyH
which conclude the case for 1 < p < 0. The proof for the case that p = 1 or p = o0 is

trivial, and is left to the reader. O

Corollary 1.24 (Minkowski inequality). Let 1 < p < c0. Then
|z + yll, < [zl, + [yl Va,yeF".

Proof. We only prove the case that 1 < p < oo. First we note that

|+ ylh = low + yul” < Z ap A yelP (Jon] + |yel)
k=1 k=1

= > |k + yelP | + Z |+ yul" |y -
P i1

Let w = (|z1], [za], -, |2a|) and v = (|z14y1[P7Y [za4 12", - [2a+ya|P7). By Holder’s
inequality,

1
7/

S b+ o= (1) < ol = fal (D e+l )
k=1 k=1
p—1

=l (Yl +u?) " = el a+ ulp
k=1

Similarly, we have Y] |z + yk[P" el < |yllplz + ylb~"; thus
k=1

lz+ylp < (l=l, + lylp) =+ 9lp™
which concludes the Minkowski inequality. O

Theorem 1.25. Let 1 < p < o0, and p' be the conjugate of p; that is, — —l— — =1. Then

||, = sup (z,y)| VaeF".
Yy p’:]'
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Proof. By Holder’s inequality, it is clear that ||, = sup |(cc, y)‘ for all £ € F*. On the
Iyl =1
Ty | P2

other hand, note that |.’L‘k|p = T '«T_k‘xk|p_2; thus lettlng Y = W
Lip

we find that ||y, =1
which implies that

1 n
(@, )| = ——= > [al” = | =,
HmHP k=1

which implies that sup |(z,y)| > |z,. o
[yl =1
Making use of Hoélder’s inequality (1.1) and the Riemann sum approximation of the

Riemann integral, we can conclude the following

1 1
Theorem 1.26. Let 1 < p < 0. If p’ is the conjugate of p; that is, b + P =1, then

| e as] <iflblaly v rgeEo R,

where

([ 1r@par) i <p <o

0

) = 0.
g[gﬁ\f(xﬂ if p

I £l =

Remark 1.27. The Minkowski inequality implies that

If + gl < 1flp+lgle ¥ fige (0, 1;R).
In other words, the function | - |, : €([0,1];R) — R is a norm on %([0, 1];R), and is called

the LP-norm.

1.4 Matrices

Definition 1.28 (Matrix). Let F be a scalar field. The space M(m,n;F) is the collection

of elements, called an m-by-n matrix or m x n matrix over I, of the form

@11 A2 - Alp

Q21  A22 -+ Agp

Am1 Am2 - Amp
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where a;; € F is called the (7,7)-th entry of A, and is denoted by [A];;. We write A =
[@]1<i<mi1<j<n OF SIMply A = [@;j]mxn to denote that A is an m x n matrix whose (4, j)-th
entry is a;;. A is called a square matriz if m = n. The 1 x m matrix

Qix = [ Qi1 Q2 - Qin }

is called the i-th row of A, and the m x 1 matrix

is called the j-th column of A.

Definition 1.29 (Matrix addition). Let A = [ajjlmxn and B = [bijlmxn be two m x n
matrices over a scalar field F. The sum of A and B, denoted by A 4+ B, is another m x n

matrix defined by A 4+ B = [a;; + b;j]mxn Or more precisely,

a1 +bnn aip+bie - a, + by,

as; +bar g +byy - ag, + by,
A4+ B=

Am1 + bml Am2 + bm2 e Amn + bmn

Definition 1.30 (Scalar multiplication). Let A = [a;j]mxn be an m x n matrix over a scalar
field F, and a € F. The scalar multiplication of av and A, denoted by /A, is an m x n matrix

defined by aA = [a;j]mxn 0or more precisely,

Qapy  Qaz - Qdip

Qagzy Qagzy -+ Qdgp
oA =

Alm1  AGm2 - Almp

Proposition 1.31. The space M(m,n;F) is a vector space over F under the matriz addition

and scalar multiplication defined in previous two definitions.

Definition 1.32 (Matrix product). Let A € M(m,n;F) and B € M(n, ¢;F) be two matrices
over a scalar field F. The matrix product of A and B, denoted by AB, is an m x ¢ matrix
given by AB = [¢jj]mxn With ¢;; = i a;bi;. In other words, the (i,7)-th entry of the
product AB is the inner product of tllfg l’i—th row of A and the j-th column of B.
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Remark 1.33. The matrix product AB is only defined if the number of columns of A is
the same as the number of rows of B. Therefore, even if AB is defined, BA might not make
sense. When A and B are both n x n square matrix, AB and BA are both defined; however,
in general AB # BA.

Remark 1.34. Let v € F" be a vector such that the k-th component of v is the same as
the (i, k)-th entry of A € M(m,n;F), and w € F* be a vector such that the k-th component
of w is the same as the (k, j)-th entry of B € M(n, ¢;F). Then the (i, j)-th entry of AB is

simply the inner product of v and w in F".

1 0 2 2 -1 1
Example 1.35. Let A = [ } and B=|3 0 2. Then
0 -1 1
-1 1 0
0 1 1
AB = {—4 1 —2]

but BA is not defined.
Proposition 1.36. Let A € M(m,n;F), B e M(n,¢;F) and C e M(¢, k;F). Then
A(BC) = (AB)C.

Definition 1.37 (The range and the null space of matrices). Let A € M(m,n;F). The
range of A, denoted by R(A), is'the subset of F™ given by

R(A) = {AzcF"|zecF"},
and the null space of A, denoted by null(A), is the subset of F* given by
null(A) = {z e F* | Az =0} .

Proposition 1.38. Let A € M(m,n;F). Then R(A) and null(A) are vector subspaces of F"

and F™, respectively.

Definition 1.39 (Kronecker’s delta). The Kronecker delta is a function, denoted by 4, of
two variables (usually positive integers) such that the function is 1 if the two variables are

equal, and 0 otherwise. When the two variables are i and j, the value §(¢, ) is usually

s [0 iz,
BT 1 ifi=j.

written as d;;; that is,
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Definition 1.40 (Identity matrix). The identity matrix of size n, denoted by I,,, is the n x n

square matrix with ones on the main diagonal and zeros elsewhere. In other words,
In = [5ij]n><n7
where 0;; is the Kronecker delta.

When the size is clear from the context, 1, is sometimes denoted by I.

Definition 1.41 (Transpose). Let A = [a;j]mxn be a m x n matrix over scalar field F. The

transpose of A, denoted by AT, is the n x m matrix given by [AT];; = aj:.

By the definition of product of matrices, we can easily derive the following two proposi-

tions.
Proposition 1.42. Let A € M(m, n;F) and B € M(n, ¢;F). Then (AB)T = BTAT.

Proposition 1.43. Let A = [a;j]mxn be a m x 0 matriz over scalar field F, and (-, )m and

(v, )rm be the standard inner products on F* and ™, respectively. Then
(A.’B, y)Fm = <$, ﬁy)m‘n Vaxe Fn, Yy e F™.

Definition 1.44 (Rank and nullity of matrices). The rank of a matrix A, denoted by
rank(A), is the dimension of the vector space generated (or spanned) by its columns. The

nullity of a matrix A, denoted by nullity(A), is the dimension of the null space of A.
Remark 1.45. The matrix AT is often called the conjugate transpose of the matrix A.

Remark 1.46. The rank defined above is also referred to the column rank, and the row
rank of a matrix-is-the dimension of the vector space spanned by its rows. One should
immediately notice that the column rank of A equals the dimension of R(A) and the row
rank of A equalis the dimension of R(AT).

Theorem 1.47. Let A € M(m,n;F). Then rank(A) + nullity(A) = n.

Proof. Without loss of generality, we assume that nulltiy(A) = k < n, and {vl, e ,vk} be
a basis of null(A). Then there exists n — k vectors {'ka, e ,'vn} such that {'01, e ,'vn}
is a basis of . We conclude the theorem by showing that {A'ka, e 7A'vn} is a basis of
R(A).



12 CHAPTER 1. Linear Algebra

First, we claim that {Aka, e ,Avn} is a linearly independent set of vectors. To see

this, suppose that axy1,--- , o, € F such that
Qpy1AV + - FapAv, = 0.

Then A(ogy1Vp1 + -+ + apvy) = 0 which implies that agi vk + - + ayv, € null(A).

Since {'vl, e 'vk} is a basis of null(A), there exist ay, -+, a; € F such that

QU] + OV = Q41 Vg+1 + -+ Qp Uy .

By the linear independence of {vl, e ,vn}, we must have oy = -+ = ay = 0 which shows
the linear independence of {A'ka, e ,A'Un}.
Let we R(A). Then w = Aw for some v € F". Since {'vl, e ,'vn} is a basis of F", there

exist (1, -, fBn € F such that v = fiv; + -+ + Buv,. As a consequence, by the fact that
Avj=0for1 <j <k,

w=Av=A(f1v1 + -+ fuvn) = f1Av + - BuAvy = Brp1Avkpr + -+ BuAvy;
thus w can be written as a linear combination of {Avkﬂ, e ,Avn}. o

Theorem 1.48. The rank of a matriz. is the same as the rank of its transpose. In other

words, for a given matriz the row rank equals the column rank.

Proof. Let A be a m x n matrix, and (-,*)pn, (-, -)pm be the standard inner products on F",

F™ respectively. Then Proposition 1.43 implies that

ye R(A) < (y,Az)pm =0 forall ze F* < (ATy, )m = 0 for all z € F°
< ATy =0 < yenull(AT).

In other words, R(A)* = null(AT). Since the column rank of A is the dimension of R(A),

we must have
nullity (AT) = nullity(AT) = dim (R(A)") = m — the column rank of A.
On the other hand, Theorem 1.47 implies that
rank(A") + nullity (AT) = m;

thus the column rank of A is the same as the row rank of A. o
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Definition 1.49. Let A € M(n,n; F) be a square matrix. A is said to be invertible if there
exists B € M(n, n; F) such that AB = I,,. The matrix B is called the inverse matriz of A,
and is usually denoted by A~!.

Proposition 1.50. Let A € M(n, n;F) be invertible. Then rank(A) = rank(A~!) = n.

Proof. Since A(A7'b) = (AA')b = b for all b € F*, R(A) = F* which implies that
rank(A) = n. We next show that R(A™') = F*. Denote A~! by B, and let b € F".
Then BY(ATH) = (BT'AT)b = b since BPAT = (AB)T = I,. This observation implies that
R(B™) =TF", and the theorem is then concluded by Theorem 1.48. o

Proposition 1.51. Let A € M(n, n;F) be invertible. Then A~'A = AA~ =1,,.

Proof. We show that for all be F*, A~'Ab = b. Since A is invertible, rank(A™') = n; thus
R(A™') = F™ which implies that for each b € F", there exists x € F such that A~'z = b. As

a consequence,

(AA)b = (A'A)(A'z) =A YAA )z = A 'z = b. o

1.4.1 Elementary Row Operations and Elementary Matrices

Definition 1.52 (Elementary row operations). For an n x m matrix A, three types of

elementary row operations can be performed on A:

1. The first type of row operation on A switches all matrix elements on the i-th row with

their counterparts on j-th row.

2. The second type of row operation on A multiplies all elements on the i-th row by a

non-zero scalar \.

3. The third type of row operation on A adds j-th row multiplied by a scalar p to the

i-th row.

The elementary row operation on an n x m matrix A can be done by multiplying A by
an n x n matrix, called an elementary matrix, on the left. The elementary matrices are

defined in the following

Definition 1.53 (Elementary matrices). An elementary matrix is a matrix which differs

from the identity matrix by one single elementary row operation.
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1. Switching the ig-th and jp-th rows of A, where ig # jo, is done by left multiplied A
by the matrix E = [e;;]nxn given by

o 1 if (4,7) = (do, jo) or (i,7) = (Jo,i0) or i = j = kg for some kg # i, jo,
Y1 0 otherwise,

or in the matrix form,

I T 0 NP ¢ B
o . 0 :
oo )
0O 0 O 1 - | <=the ip-th row
1
E= 0 0
1
1 0O 0 0 . | < the jo-th row
0 1
0 0 . 0
|0 0 1 |
1 1

the 7p-th column the jo-th column
2. Multiplying the kg-th row of A by a non-zero scalar A is done by left multiplied A by
the matrix E = [e;;]nxn given by
0 ifi#j,
€ij = A lf’l:]:ko,
1 otherwise,

or in the matrix form,

10 : 0]
0 1 0
0 1
E=|: 0O X 0 : | < the kp-th row
1 0
0 1 0
| 0 : 0 1
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3. Adding the jg-th row of A multiplied by a scalar y to the ig-th row, where 7y # jp, is
done by left multiplied A by the matrix E = [e;;]nxn given by
1 ifi=j,
eij = M if (17.]) = (i07j0>7
0 otherwise,

or in the matrix form,

(1 0 0]

0 1 0 0
1 0 | <« thedg-th row

0
E = 0 1 0 :
: 0 1-0

| O S 00 1]

!

the jo-th column

Proposition 1.54. Fvery elementary matriz is invertible.

Theorem 1.55. Let A € M(n,n;F) be @ square matriz. The following statements are

equivalent:
1. R(A) =T
2. rank(A) = n.
3. Ax = b has a unique solution x for all be F".
4. A s invertible.
5. A =E E;_1---ExE;q for some elementary matrices Eq, -+, Ey.

Proof. Note that by definition 1,2,3 are equivalent, and Proposition 1.50 shows that 4 = 2.
The implication from 3 to 4 is due to the fact that the map b — @, where x is the unique
solution to Ax = b, is the inverse of A. Proposition 1.54 provides that 5 = 4. That 3 = 5
follows from that at most n(n 4+ 1) elementary row operations has to be applied on A to

reach the identity matrix. O
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1.5 Determinants

In order to introduce the notion of the determinant of square matrices, we need to talk
about permutations first. Note that there are many other ways of defining determinants,
but it is quite elegant to use the notion of permutations, and we can derive a lot of useful

results via this definition.

Definition 1.56 (Permutations). A sequence (ki, ks, -, k,) of positive integers not ex-
ceeding n, with the property that no two of the k; are equal, is called a permutation of

degree n. The collection of all permutations of degree n is denoted by P(n).

A sequence (ki, ks, -+ , k) can be obtained from the sequence (1,2,--- ,n) by a finite
number of interchanges of pairs of elements. For example, if k; # 1, we can transpose 1
and kp, obtaining (k1,---,1,--+). Proceeding in this way we shall arrive at the sequence
(k1, ko, -, ky) after n or less such interchanges of pairs.

In general, a permutation (kq, ke, -+, k,) can be expressed as

Tlin,gn) " 'T(iQ,jz)T(iLﬁ)(lu 2, ,Il) = (kh k27 Ty, kn)u

where 7(; ;) is a “pair-interchange operator” which swaps the i-th and the j-th elements (of
the object fed into), and N is the number of pair interchanges. We call such pair-interchange

operators the permutation operator. Since 7(; ;) is the inverse operator of itself, we also have
T(i1,51) T (iz,52) * 'T(iN,jN)(klv ko, ka) = (1,2, ,n).

We remark here that the number of pair interchanges (from (1,2,--- ,n) to (ki, ko, -+ , kn))
is not unique; nevertheless, if two processes of pair interchanges lead to the same permuta-

tion, then the numbers of interchanges differ by an even number. This leads to the following

Definition 1.57 (Even and odd permutations). A permutation (ki,---,k,) is called an
even (odd) permutation of degree n if the number required to interchange pairs of
(1,2,--- ,n) in order to obtain (ki, ks, - ,ky,) is even (odd).

Example 1.58. If n = 3, the permutation (3,1,2) can be obtained by interchanging pairs
of (1,2,3) twice:

7(2,3)

(1,2,3) 29 (3,2,1) 22 (3,1,2);
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thus (3, 1,2) is an even permutation of (1,2,3). On the other hand, (1,3, 2) is obtained by
interchanging pairs of (1,2, 3) once:
7(2,3)

(17 273) - (1737 2)7

thus (1, 3,2) is an odd permutation of (1,2, 3).

(Y 1)

Even permutations Odd permutations
Figure 1.1: Even and odd permutations of degree 3

For n = 3, the even and odd permutations can also be viewed as the orientation of the
permutation (ki, k2, k3). To be more precise, if (1,2,3) is arranged in a counter-clockwise
orientation (see Figure 1.1), then an even permutation of degree 3 is a permutation in the
counter-clockwise orientation, while an odd permutation of degree 3 is a permutation in the
clockwise orientation. From figure 1.1, it is easy to see that (3,1,2) is an even permutation

of degree 3 and (1, 3,2) is an odd permutation of degree 3.

Definition 1.59 (The permutation symbol). The permutation symbol ey, ,...k, is a function

of permutations of degree n defined by

1 if (ky, ko, - -+, ky) is an even permutation of degree n,
Chikokn —

—1 if (k1 ko, - -+, ky) is an odd permutation of degree n.

Remark 1.60. One can extend the domain the permutation symbol to all the sequence
(k1, ka2, -+, ky) by defining that ey, g,..k, = 0 if (k1, ko, -+, ky) is not a permutation of degree

1.

Definition 1.61 (Determinants). Given an n x n matrix A = [a;;], the determinants of A,
denoted by det(A), is defined by

n

det(A) = Z Ekiko-kn Hagk,_,.

(k1 kn)eP(n) =1

n
We note that the product [] asm, in the definition of the determinant is formed by
=1
multiplying n-elements which appears exactly once in each row and column.
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Proposition 1.62. Let E be an elementary matriz. Then
1. det(E) # 0.
2. det(E) = det(ET).
3. If A is an n x n matriz, then det(EA) = det(E) det(A).

The proof of the proposition above is not difficult, and is left as an exercise.

Corollary 1.63. Let vy, -+, v, € R® be (column) vectors, ¢ € R, and
A= ['vlf f'vn},
B = [’U1; ’Ujfl)\’UJ’l)]+1 E’Un:|,
C= ['vlf f'vj_lfvj—kuvifvjﬂf E’Un} for’somei;éj.

Then det(B) = Adet(A), and det(C) = det(A).

Proof. The corollary is easily concluded since B = E;A and C = EsA for some elementary
matrices E; and Ey with det(E;) = ¢ and det(Ey) = 1. =

Corollary 1.64. Let A be an n x n matriz: Then A is invertible if and only if det(A) # 0.
Proof. (=) Since A is invertible, Theorem 1.55 implies that
A=E,E;,_1---EE;

for some elementary matrices Eq, - -+, Eg, and this corollary follows from Proposition
1.62.

(«) Note that A is invertible if and only if rank(A) = rank(A") = n. Therefore, if A is not
invertible, the row vectors of A are linearly dependent; thus there exists a non-zero

vectors (o, -+, ay) € F™ such that
a1V + QU + -y =0
where AT = [v;1---v,]. Suppose that a; # 0. Then

vj = G1vr + - G101 + Bia Vi o Bt
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thus after applying (n — 1)-times elementary row operations of the third type (adding
some multiple of certain row to another row) on A we reach a matrix whose j-th row

is a zero (row) vector. Thereofre, for some elementary matrices Eq, -+, E,_; we have
det(En_1 ce E1A> =0
which implies that det(A) = 0. o

Corollary 1.65. Let A be an nxn matriz. Then the determinant of A and A*, the transpose
of A, are the same; that is,
det(A) = det(A").

Proof. If A is not invertible, then AT is not invertible either because of Theorem 1.48.
Therefore, det(A) = 0 = det(AT).
Now suppose that A is invertible. Then Theorem 1.55 implies that

A =EE; 1 E By
for some elementary matrices Ej, ---, Ex. Since all E]T’s are also elementary matrices, by
Proposition 1.62 we conclude that
det(AT) = det(ET - -+ El) = det(E]) - - - det(E})
= det(E])- - -det(ET)
= det(Ey) - - -det(E;) = det(Eg - - - E1) = det(A). o
Corollary 1.66. Let A, B be nx n matrices. Then det(AB) = det(A) det(B).

Proof. 1f A is not invertible, then AB is not invertible either; thus in this case det(A) det(B) =
0 = det(AB).
Now suppose that A is invertible. Then Theorem 1.55 implies that

A=EE;_i - EE;

for some elementary matrices Eq, - - -, E;. As a consequence, Proposition 1.62 implies that
det(AB) = det(Ey, - - - E1B) = det(Ey) det(Ey_1 - - - E1B)
= ... =det(Ey) - - - det(E;) det(B)
= det(Ey - - - E;) det(B) = det(A) det(B) . o
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Definition 1.67 (Minor, Cofactor, and Adjoint matrices). Let A be an n x n matrix, and

A(i,7) be the (n—1) x (n— 1) matrix obtained by eliminating the i-th row and j-th column

of A; that is,
[ an
A A Q(;—1)1
AGj) =] Y
A(i41)1
L an1

12

A(;—1)2

A (i4+1)2

Qn2

ai(j—-1) A1(j+1) (1n
Ai-1)(j—1)  Ai-1)(j+1) A(i—1)n
A(i+1)(j—1)  A+1)(j+1) A(i+1)n

an(jfl) an(j+1) Ann— |

The (i, 7)-th minor of A is the determinant of A(4,7), and the (7,7)-th cofactor, is the
(7, 7)-th minor of A multiplied by (—1)""/. The adjoint matriz of A, denoted by Adj(A),

is the transpose of the cofactor matrix; that is,

[Adi(A)].. = (1) det (A(J,7)) -

1 2 3 -3 -3 6
Example 1.68. Let A= |3 —1 2 |. Then the minor matrix of Ais [-8 —1 2 |,
0 2 -1 |7 =T =T
-3 3 6 -3 8 7]
the cofactor matrix of Ais | 8 —1 =21, and the adjoint matrixof Ais | 3 -1 7 |.
T =T | 6 -2 —T7]

The following lemma provides a way of computing the minors of a matrix.

Lemma 1.69. Let A be an'n x n matriz. Then

2

(klv"' 7kn)€P(n): ki=j

det (A(%,j)) = (—1)i+j Ekikgkn H Aok, -
1<{<n

0#i

Proof. Fix (i,7) € {1,2,--- ,n} x {1,2,--- ,n}. The matrix A(7, j) is given by A(7,7) = [bags],

where o, 6 =1,2,--- ,n—1, and
e if
by = 4 12 ?f
Ga(p+1)  if
Aati)(p+1) i
Each permutation (07,09, ,0,_1) of degree

(k1, ka2, -+, ky) of degree n such that

a<iand g <j,
a>iand g <j,
a<iand > 7,
a>iand > j.

n — 1 corresponds a unique permutation
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L. ki =j;
2. foreach7e{l,---,i—1}and te {i,i+1,--- ,n— 1},

e P SO A IS S
We now determine the sign of €,,4,...0,_, and € k,..k,- Note that if a process of pair inter-
changes of the permutation (01,09, ,0,_1) leads to (1,2, - ,n— 1), then similar process
of pair interchanges of the permutation (ki, ko, , ki—1,7, kiv1, -+, kn), by leaving the i-th
slot fixed, leads to the permutation of degree n
(1,2,---,7—1,5+1,-- i—1,7,4,--- ,n) if >y,
(1,2,---,i—1,5,4,---,7—1,4+1,--- n) if i <7,
(1,2,-+,n) if j =i
For the case that i # j, another |i — j|-times of pair interchanges leads to (1,2,---,n). To
be more precise, suppose that ¢ > j. We first interchange the (i — 2)-th and the (i — 1)-th

components, and then interchange that (i — 3)-th and the (i — 2)-th components, and so on.

After (i — j)-times of pair interchanges, we reach (1,2,---  n). Symbolically,

(1727'” 7j_17j+17 ,i—l,j,i,"' ,Il)

LT aion
(1,2, G 1,441, i=2j,i—1,---,n)
LTsio9
(1,2, —1,§ 41, ,i—3,j,i—2--,n)
l
l
(1,2,--- ,n).

Similar argument applies to the case ¢ < j; thus

Eorosmony = (= 1) lep ey = (= 1) gyt

As a consequence,

n—1
det (A(7, 7)) = > c—
=1

(01,02, ,on—1)€P(n—1)

= (—1)i+j Z Ekka-kn H Qg - o

(K1, kn)EP(n), ki=7 l<ten
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Theorem 1.70. Let A be an n x n matriz. Then
Adj(A)A = AAdj(A) = det(A)L,.

Proof. Let A = [a;;]. By definition of matrix multiplications,

(Adj(A)A)ij = Z Adj(A)), o Qg = Z [ Z Ekiko ki H agké] U j
m=1 m=1

(klv"' 7kn)€P(n)7k7n:i 1stsn

L#£m
Z Ekiko-kn Hag;w if 1= j,
= (k1, ,kn)EP(n) /=1
0 if 7 # .
The conclusion then follows from the definition of the determinant. o

Corollary 1.71. Let A = [a;;] be an n x n matriz, and C =/[¢;;| be the adjoint matriz of
A. Then

det(A) = 2 a;iCji = Z ajiCij <i1<n.
=1 =1
. - Adj(A)
Corollary 1.72. Let A be an n x n matriz and det(A) # 0. Then the matrix det(A) is the
inverse matriz of A, or equivalently,
Adj(A) = det(A)A™. (1.2)

1.5.1 Variations of determinants

Let 6 be an operator satisfying the “product rule” §(fg) = fég+ (6f)g. Typically 6 will be

differential operators. By the definition of the determinant,

1) det(A) = 2 €k1k2”'kn5 H Qg
(K1, ,kn)EP(n) /=1

n

_ 2 [ Z Ekrka ko Oik; H aek’f]

(K1, kn)eP(n) 1%5“
Z Ehrha-hn O ik, 1_[ a’fk‘g:|
i (kl"" ,kn)GIP(n),ki:j 1<4<n

L#i

(—1)" det (A(4, 7)) da; -

I
& &
HM’ u[']’
— —
| —|

7

Therefore, we obtain the following
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Theorem 1.73. Let A be annxn matriz, and § be an operator satisfying §(fg) = fég+(5f)g

whenever the product makes sense. Then
d det(A) = tr(Adj(A)dA), (1.3)
where §A = [0aij]nxn if A = [@ijlnxn. In particular, if A is invertible,

6 det(A) = det(A)tr((A™'6A) .

Example 1.74. Let A(z) = [igg ZETCH and § = % Then

B L g f, g/ B kf’—gh’ k’g'—gk’
§det(A) = tI'< |:—h f:| |:h/ k/:| ) - tI‘( |:—hf’+ fh/ _hg/ + fk/:| )
—kf —gh' —hg' + fk.

1.6 Bounded Linear Maps

Definition 1.75 (Linear map). Let V and W be two vector spaces over a scalar field F. A
map L :V — W is called a linear map from V into W if

L(av + w) = aL(v) + L(w) VaeF and v,we V.

For notational convenience, we often write Lv instead of L(v). When V and W are finite
dimensional, linear maps (fromV into W) are sometimes called linear transformations

(from V into W).

Let Ly, Ly : V — W be two linear maps, and « € [F be a scalar. It is easy to see that
aly + Ly 'V — W is.also a linear map. This is equivalent to say that the collection of

linear maps is a vector space, and this induces the following
Definition 1.76. The vector space Z(V, W) is the collection of linear maps from V to W.

Definition 1.77 (Boundedness of linear maps). Let (V, |-[ly) and (W, |-|lv) be two normed
vector spaces over a scalar field F. A linear map L : V — W is said to be bounded if the

number

|L|zwwy = sup ||Lv|w = sup (1.4)

lofv=1 vr0 [vly
is finite. The collection of all bounded linear map from V to W is denoted by Z(V, W),
and #(V,V) is also denoted by (V) for simplicity.
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Remark 1.78. When the domain V and the target ¥V under consideration are clear, we

use | - || instead of | - | zv,w) to simplify the notation of operator norm.
Remark 1.79. If V is finite dimensional, then Z(V, W) = B(V,W).

Proposition 1.80. Let (V,| - [lv) and OV, |- |w) be two normed vector spaces over a scalar
field . Then (B(V,W),|-|) with | -| defined by (1.4) is a normed vector space. (Therefore,

| || 7s also called an operator norm).

Definition 1.81 (Dual space). Let (V,| - |) be a normed vector space over field F. An
element in Z(V,F) is called a bounded linear functional on V, and the space (Z(V,F), | -
| #(v,)) is called the dual space of (V,] - [), and is usually denoted by V.

Definition 1.82. Let (V,| - |y) and (W, | - |lv) be two normed vector spaces over a scalar
field F, and L € Z(V,W). The collection of all elements v € V-such that Lv = 0 is called
the kernel (or the null space) of L and is denoted by ker(L) or Null(L). In other words,

ker(L) = {veV|Lv=0}.

Theorem 1.83 (Riesz Representation Theorem). Let (V, (+,-)y) be an inner product space,

and f :V — R be a bounded linear map.. Then there exists a unique w € V such that
f(v) = (v,w)y forallveV.

Proof. The uniqueness for such a vector w is simply due to the fact that there is no non-
trivial vector which is orthogonal to itself.

Now we show the existence of w. If f(v) = 0 for all v € V, then w = 0 does the job.
Now suppose that ker(f) < V. Then there exists u € ker(f)* such that |ul, = 1.

For v € V, consider the vector y = f(v)u — f(u)v. Then y € ker(f); thus y- u = 0.

Therefore,

0= f(v)|ul}, - f(w)(v, )y = f(v) — (v, f(w)u)y

which implies that f(v) = (v, w)y with w = f(u)u. o
By the Riesz representation theorem, we conclude the following

Theorem 1.84. Let (V, (-, -)y) and OV, (-,-)w) be two inner product spaces. Then for all
Le BV, W), there exists a unique L* € B, V) such that

(Lv, w)y = (v, L*w)y VveV,weW.
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Definition 1.85 (Dual operator). Let V and W be two inner product spaces, and L : V —
W be a bounded linear map. The dual operator of L, denoted by L*, is the unique linear
map from W into V satisfying

(Lv, w)y = (v, L*w)y VveV,weW,
where (-,)y and (+,-)y are inner products on ¥V and W, respectively.

Definition 1.86 (Symmetry of linear maps). An linear map L € ZA(H) is said to be

symmetric if L = L*.

The last part of this section contributes to the following theorem which states that every
bounded linear maps near by (measured by the operator norm) an invertible bounded linear

map is also invertible.
Theorem 1.87. Let GL(n) be the set of all invertible linear maps on (R™, | - |2); that is,
GL(n) = {L € Z(R",R") | L is-one-to-one (and onto)} .
1. If L e GL(n) and K € B(R",R™) satisfying |K — L||||L7!| < 1, then K € GL(n).
2. The mapping L — L™ is continuous on GL(n); that is,

Ve>0,30>03 |[K7' — LY <e whenever |K—L|<9.

Proof. 1. Let |[L7Y] = i and {K — L| = 8. Then § < «; thus for every z € R",

alzlzn = | L7 Lajlrs < o L7 | Lol = [ Lo

< fllz|re +| Kz|gn -

wo < (L = K)o + [ K]

As a consequence, (o — f)|z|lgn < |Kz|gn and this implies that K : R* — R" is

one-to-one hence invertible.

1 €
0L 208
then K € GL(n). Since L™' — K~' = K~}(K — L)L™!, we find that if |K — L|| < ¢,

2. Let L € GL(n) and € > 0 be given. Choose § = min«{ } If|[K—L| <4,
_ _ _ _ _ _ S
K =27 < 1B = L7 < KK = L2 < 1K
which implies that |K | < 2|L™!|. Therefore, if |[K — L| < 4,

|27 = K7 < [KHIK = LI < 2|70 < e o
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1.6.1 Matrix norms

Each m x n matrix A € M(m, n;F) induces a linear map L : F* — F™ in a natural way: let
A = [@ij]mxn De a m x n matrix, B = {e;}_, and B = {&,}, be the standard basis of F*

and F™, respectively. We define the linear map L : F* — F™ by

m n n
— ~ m _ n
Lx—ZZaijxjeieF ,  where :E—ijejelﬁ‘ ,

i=1j=1 j=1
or equivalently, [Lz|z = Alz]z. The linear map L is called the linear map induced by
the matrixz A.

By matrix norms it means the operator norm of the induced linear map. However,
as introduced in Section 1.6, the operator norm of a linear map depends on the norms
equipped on the vector spaces. In particular, we have introduced p-norm on F", and we

have the following

Definition 1.88. Let A € M(m,n;F) with induced linear map L : F* — F™. The p-norm
of A, denoted by | A],, is the operator norm of L : (F",| - |,) — (F™, | - |,) given by

| L
|Al, = sup [Lx|, = sup L.
Jllp=1 w20 [
Remark 1.89. We can also choose different p in the domain and the co-domain. In other
words, the (p,¢)-norm of A € M(m,n,F) is the operator norm of the induced linear map

Lz (B - ) — (B, ] - [q) given by

| Lz
| Alp.q) = sup |Lz], = sup 1
lzlp=1 e20 [Z[lp

From now on, for notational simplicity we use Az to denote [Lz|z if B is the

standard basis of the co-domain.

Example 1.90. Consider the case p =1 and p = o, respectively.

m m m
Lop=ooi Al = sup [ Ae]s = max{ Y layl, D, lagsl, - D lans]}-

[#]lco= j=1 j=1

Reason: Let x = (21,29, ,2,)T and A = [aij]nxm‘ Then

a1 + -+ A1 Lm,

A1+ + Ao T,
Ax =

Ap1T7 +--+ ApmTm
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1<i<n 4

m m
Assume max Z ai;| = Z |lay;| for some 1 < k < n. Let
j=1 j=1

r = (sgn(ar1),sgn(arz), - ,sgn(ag,)) -
Then ||z], =1, and |Az|, = D] |ak;|-
=1

J

On the other hand, if ||z], = 1, then

m m m m
]aﬂxl “+ ajppx9 + - - -aimxm\ < Z ’ai]" < max{ Z ]alj],z ]a2j|, e Z ‘an]"};
J=1 j=1 j=1 j=1

m m m

thus | A, = max{ Z |yl Z |ag;l, -+ Z ]anj|}. In other words, || A is the largest
j=1 j=1 j=1
sum of the absolute value of row entries.

2.p=1 |A|, = max{z ‘ail‘72 |, - >Z ‘aim|} :
i=1 i=1 i=1

Reason: Let (-,-) denote the inner product in R™. Then for x € R* with ||z||; = 1, by
Holder’s inequality (1.1) and Theorem 1.25 we have

|Az]y = sup (Azyy)= sup (z,A%y) < sup |z]i|A Y[

lylao=1 Jylo=1 Jylo=1
=-sup. ATyl = A oo ;
lyloo=1

thus |A|, = sup|Az|; < |A"|». Similarly, if y € R™ and |y|. = 1, then

[zl =1

[ A%yl = sup (z,A%y) = sup (Az,y) < sup [|Az|u]y]e

lzlli=1 lzli=1 lzlli=1

= sup [Az], = Al

lzli=1

which implies that |AT], = sup [|[ATy|sx < |A]:. As a consequence,
lyllo=1

n n n
Al = AT = maxc { 3 Jaa|, 3 laials -+ > laim
=1 =1 =1
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1.7 Representation of Linear Transformations

In Section 1.6.1, we see that any m x n matrix is associated with a linear map. On the

other hand, suppose that V is a n-dimensional vector space with basis B = {v; };-1:1, and

W is a m-dimensional vector space with basis B = {w; ;. Define V = [vi---iv,] and
W = ['wl Dt wm}, and let L e Z(V,W). Since Lv; € W, for each 1 < j < n we can write

Lv; = ), a;;w; for some coeflicients a;;. Moreover, if w € V), then
i=1

n
u:chvj or c=[ulp or u= Ve,
j=1

and by the linearity of L,

n m

Lu= L( Z Cj’Uj) = 2 CjL’Uj = Z 2 cjaij'wi = Z < CLZ‘jCj> w; .
j=1

j=1 j=1li=1 i=1  j=1

Let bl = Z ai;Cj, and b= [bl, s ,bm]T. Then
j=1

J

[Lulz = b= Ac= Alu]z.
The discussion above induces the following

Definition 1.91. Let V, W be two vector spaces, dim()) = n and dim()/) = m, and
B, B are basis of V, W, respectively. For L € Z(V, W), the matrix representation of L

relative to bases B and B, denoted by (L] 5, is the matrix satisfying
[Luls = [Llgsluls Vue).
If Le Z(V,V), wesimply use [L]|z to denote [L]g 5.

1.8 Matrix Diagonalization

Definition 1.92 (Eigenvalues and Eigenvectors). Let V be a finite dimensional vector spaces
over a scalar field F, and L € #(V). A scalar A € F is said to be an eigenvalue of L if
there is a non-zero vector v € V such that Lv = Av. The collection of all eigenvalues of L
is denoted by o(L).

For an eigenvalue A € F of L, a non-zero vector v € V satisfying Lv = Av is called an
eigenvector associated with the eigenvalue A\, and the collection of all v € V such that

Lv = \v is called the eigenspace associated with .
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Let dim(V) = n and B be a basis of V. Then if A € F is an eigenvalue of L € Z(V),

there exists non-zero vector v € V such that
[L|g[v]y = [Lv]p = A[v]s;

thus the matrix representation [L]g of L satisfies that [L]z — Al is singular (not invertible).
Therefore, det([L]g — AL,) = 0 which motivates the following

Definition 1.93. Let A € M(n,n;F) be a n x n matrix over scalar field F.. An eigenvalue
of A is a scalar A € F such that det(A — AL,,) = 0.

Theorem 1.94. Let L € B(F") be symmetric. Then o(L) < R.

Proof. Let A\ € o(L), and v be an eigenvector associated with A. Then
A, V) = (A0, V)pn = (Lo, v)pn = (v, L*0)pn = (v, LY)pn = (v, \v) = A\ (v, v)pm
which implies that \ € R. =

Lemma 1.95. Let L € B(F") be symmetric, and (-, ) be the standard inner product on
F". Then the two numbers

m= inf (Lu,u)p and M = sup (Lu,u)pm

lleeflpn =1 e pn=1

belong to o(L).

Proof. Suppose that M ¢ o(L). Let [u,v] = (Mu — Lu,v)p. Then [-,-] is an inner product
on F*; thus the Cauchy-Schwarz inequality (Proposition 1.16) implies that

Hl/QHU UHl/Z'

Hu,v” < Hu,u

9

By Theorem 1.25, we find that

|Mu — Lulg = sup |[(Mu— Lu,v)m| = sup |[u,v]| < sup Hu,u]‘l/z‘[v,vﬂlm

vl =1 vl =1 vl =1

< (M —m)"*(Mu— Lu,u)il?  VueF", (1.5)

where we use the fact that sup Hv, v]|1/ - (M —m)"/? to conclude the last inequality.
Jolen=1
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Let B be the standard basis of F", and {u;};2; be a sequence of vectors in F* such that
|ug|m =1, and klim (Luyg, ug ) = M. Then (1.5) implies |[Muy — Lug|pm — 0 as k — 0.
—00
Since M ¢ o(L), M1, — [L]g is invertible; thus

[uk]B = (MIn - [L]B)_l(M[Uk]B — [L]B[Uk]g) — 0 in F"
which contradicts to |ug|m = 1 for all k € N. Hence M € o(L). Similarly, m € o(L). o

Definition 1.96 (Diagonalizable linear maps). Let V be a finite dimensional vector spaces
over a scalar field F. A linear map L : V — V is said to be diagonalizable if there is a

basis B of V such that each v € B is an eigenvector of L.

Theorem 1.97. Let L € AB(R") be symmetric. Then there exists an orthonormal basis of

R consisting of eigenvectors of L.

Example 1.98 (The 2-norm of matrices). Let (-, -)gr denote the inner product in Euclidean
space R¥, and A € M(m,n;R). Since ATA is a symmetric n x n matrix, it is diagonalizable
by an orthonormal matrix P; that is, ATA = PAPT for some orthonormal n x n matrix P

and diagonal n x n matrix A = [\;0;;]. Therefore,
|Az|3 = (Az, Ax)gm = (2, A" Ag)pw = (2, PAPT2)ge = (PT2, AP 2)gn
which implies that

sup HAng = sup (PTx,APTx)Rn = sup (y,Ay)rn (Let y = P'z. then lylo = 1)

z2=1 [z]2=1 lyllz=1
= sup (\uf + Aays + -+ + Aayd)
[yl2=1
= max {)\1, e ,)\n} = maximum eigenvalue of ATA .

As a consequence, |Al; = y/maximum eigenvalue of ATA.

1.9 The Einstein Summation Convention

In mathematics, especially in applications of linear algebra to physics, the Einstein sum-
mation convention is a notational convention that implies summation over a set of indexed
terms in a formula, thus achieving notational brevity. According to this convention, when

an index variable appears twice in a single term it implies summation of that term over all
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the values of the index. For example, with this convention, the inner product u - v of two
vectors u, v € R", where u = (uy,--- ,u,) and v = (v, -+ ,vy), can be expressed as w;v;,
and the i-th component of the cross product u x v of two vectors u, v € R? can be expressed
as g;ul vk

In this book, we make a further convention that repeated Latin indices are summed

from 1 to n, and repeated Greek indices are summed from 1 to n — 1, where n is the space

dimension. In other words, we use the symbol f;g; to denote the sum > f;g;, and the symbol

i=1
n—1

faga to denote the sum > f,g,. Starting from the next Chapter, we use such summation
i=1
convention for notational simplicity.
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