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Chapter 5

Applications on Partial Differential
Equations

5.1 Heat Conduction in a Rod

Consider the heat distribution on a rod of length  L:  Parameterize the rod by [0, L], and
let ¢ be the time variable. Let p(z), s(z), x(x) denote the density, specific heat, and the
thermal conductivity of the rod at position @ € (0, L), respectively, and u(x,t) denote the

temperature at position x and time ¢t."For 0 <x < L, and Ax, At < 1,

o+ Az t+At
J p(y)s(y) [uly, t+A8) —u(y, t)] dy = L [—r(z)ug (z, )+ r(z+ Az )u, (z+ Az, )] dt’

where the left-hand side denotes the change of the total heat in the small section (z, z+ Az),
and the right-hand side denotes the heat flows from outside. Divide both sides by AxAt
and letting Ax and At approach zero, if all the functions appearing in the equation above

are smooth enough, we find that
pl)s(x)u(z,t) = [/{(:p)um(x,t)}x O<z<L, t>0. (5.1)
Assuming uniform rod; that is, p, s, k are constant, then (5.1) reduces to that
uy(2,t) = &PUge (1), O<z<L, t>0, (5.2a)

where a? = % is called the thermal diffusivity. By re-scaling the length scale, we can

p
assume that o = 1.
To determine the state of the temperature, we need to impose that initial condition

u(z,0) = up(x) O<z<lL (5.2b)
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98 CuaPTER 5. Applications on Partial Differential Equations

for some given function ug : [0,L] — R and a boundary condition. Usually one of the

following four types of boundary conditions is imposed:

1. Dirichlet boundary condition: The Dirichlet boundary condition is used to de-
scribe the phenomena that the temperature at the end points of the rod is known/

controable. Mathematically, it is expressed by
w(0,t) = a(t) and w(L,t)=b(t) Vt>0
for some given functions a(t) and b(t).

2. Neumann boundary condition: The Neumann boundary condition is used to
describe the phenomena of insulation; that is, there is no heat flow at the end points.

Mathematically, it is expressed by
uz(0,t) = u,(L,t) =0 Vt>0.
In general, we can consider the boundary condition
ur(0,t) = a(t) and wu.(L,t)=0b(t) Vt>0
for some given functions a(t) and b(t).

3. Mixed type boundary condition: We can also consider the case that at one end
point the temperature is known while there is no heat flow on the other end point. In

general, this is expressed by
w(0,t) = a(t) and w.(L,t) = b(t) Vt>0

or
u.(0,t) = a(t) and w(L,t) =0b(t) Vt>0
for some given functions a(t) and b(t).
4. Periodic boundary condition: Suppose that instead of rods we consider modelling
the temperature distribution in a (big) ring (with perimeter L). Choosing a point on

the ring as the “left-end” point and parameterizing the point of the ring by arc-length,

we then have the “boundary” condition
u(0,t) = u(L,t) Vt>0.

This is called the periodic boundary condition.
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5.1.1 The Dirichlet problem

In this sub-section we consider the heat equation with Dirichlet boundary condition:

U — Uz =0 in (0,L) x (0,00), (5.3a)
u=uy on (0,L)x{t=0}, (5.3b)
u(0,t) =a, u(L,t)=0 forallt >0, (5.3c)
where a and b are given constants. Let v(x,t) = u(x,t) — b= %2 — a. Then v satisfies
Vp — Uy = in (0,L) x (0,00), (5.4a)
v =g on (0,L) x {t =0}, (5.4b)
v(0,t) =v(L,t) =0 for all t >0 (5.4¢)

b— .
7 @ —a. As long as the solution v to

where v : [0, L] — R is given by vg(x) = ug(x) —

a
x4+ a.

(5.4) is found, the solution u to (5.3) can be constructed using u(z,t) = v(z,t) + 7

Therefore, we focus on solving (5.4) (using the Fourier series method).

The idea of using the Fourier series tosolve (5.4) is that for each fixed ¢ > 0 we express v
in terms of its Fourier series representation (using proper “basis”). Recall that for a function

f:[0,L] — R, we have the Fourier representation

C = 2rkx 2rkx
f(;p)“:w_o—i—chcos 7 + spsin 7 ze|0,L],

2V O
L L
where ¢, = = | f(x) mhe dx and s, = QJ f(z)sin 2mhir dzx, so
0 L Jo L
col(t = 2rkx . 2rkx
v(z,t) =" Oé ) + Z cx(t) cos 7t sk (t) sin 7 ze|0,L],

for some sequence of functions {ck(t)}zozo and {sk(t)}zo:l. However, this particular Fourier
series of v is not a good choice of solving (5.4) since it is difficult to validate the boundary
condition (5.4c).

Note that for f : [0,L] — R instead of the Fourier series representation above we can

also consider the “cosine” series or “sine” series that are obtained by treating f as the
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restriction of an even or an odd function defined on [—-L, L] to [0, L]. In other words, define

fes fo 1 [—L, L] > R, called the even and odd extension of f respectively, by

flz) ifxel0,1], flz) ifxel0,L],
fe(x) = . and  fo(z) = .
f(—x) ifxe[-L,0), —f(—z) ifze[-L,0),
then f = f, = f. on [0, L]. Since
& = wkx = rkx
(@) ="24 ) ¢ cos — and folz)“=""» spsin — rxel-L, 1],
2 L L
k=1 k=1
2 (L rkx 2 (L . mkx
where ¢, = Lfo f(z)cos I dx and s, = Lfo f(z)sin I dx, we have
& - wkx - wkx
Fl@)“="2+Y" ¢ cos — and flx)“=" ) sgpsin— xel0,L].
2 4 L k=1 L

Using the sine series, for each ¢ > 0 v(z,t) can be expressed as
o0
2 sin — zel0,L].

for some sequence of function {dk(t)}zozl to be determined. We note that using this partic-
ular representation of v the boundary condition (5.4c) automatically holds. Therefore, it
suffices to find {dk(t)}zozl such that (5.4a,b) hold.

Assume that the differentiation of the series can be obtained by term-by-term differen-

tiation; that is,

0 Tk = 0 ka
ade( sin— Z % sm— de
k=1 k=1

and
o0

02 . 7rlm: o 02 Tkx k2m? . 7kx
W Z dk(t Sl —— Z 72 dk Sln T) = — Z ?dk(t) SIHT .
k=1

x
k=1 k=1

Then (5.4a) implies that

> a0

k=1

k272 wkx
As a consequence,

k272

di(t) + di(t) =0 VkeN. (5.52)
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To determine dj uniquely, an initial condition for dj has to be imposed. Noting that (5.4b)

implies that
sm — xel0,L];

||M8

thus

S

2 (* mkx
di(0) = Tog LJ vo(z )sdex
0

Solving the initial value problem (5.5), we find that
k272
di(t) = oope” 22 ¢ VEkeN;

thus the solution to (5.4) can be written as
0
~ —&t . krmx
e 2 _—
v(x,t) Z Uoge P sin —— .
k=1
Therefore, the solution to (5.3) can be written as

0

u(m,t):Zﬁbke i tsm@%—b—am—l—a.

L L
k=1

(5.5b)

(5.6)

e the long time behavior: Suppose that the temperature at the left-end and right-end points

are fixed as a and b (as described in the boundary condition (5.3c)). Then we expect that

no matter what the temperature distribution is given initially, the temperature distribution

approaches a linear distribution; that is; we expect that u(x,t) —

all x € [0, L]. This expectation is in fact true, and we try to prove this here.

Using (5.6), we obtain that

u(z, t) — b O — al < Z |Gox|e” =

By the fact that
. 2 (* 2

|Gor| < ZL |vo ()| dz = ZHUoHLl(o,L)a

we find that
b—a = 2 ok
’u(x,t) -7 T — a’ —HUOHLI 0,L) Z '< EHUOHU(O,L) 2 €
k=1 k=1

2 o0
—HUOHLl 0,1)€ L2 Z
k=1

s
2

2.2

s
2

—a
T+ aast — oo for
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2,2

. . 2 22 Xk
thus with C' denoting the constant EHUOHLl(O,L)eLQ > e 17, we have
k=1

—_— 7\—2
sup |u(z,t) — boa, _ al < Ce 12, (5.7)
2e[0,1)] L
. b—
Since C' < w0, we conclude that the function u(-,t) converges to the function %2 +a

uniformly on [0, L] as t — .

5.1.2 The Neumann problem

In this sub-section we consider the heat equation with Neumann boundary condition:

U — Uz, =0  in (0,L) x (0,00), (5.8a)

u=wy on (0,L)xA{t=0}, (5.8b)

uz(0,t) =a, wu,(L,t)=0b for all >0, (5.8¢)

where a and b are given constants. Let v(x,t) =u(x,t) < b —La (22 +2t) —ax. Then v satisfies
Vp — Uy = 0 in- (0,L) x (0,00), (5.9a)

V=g on (0,L)x {t=0}, (5.9b)

v.(0,t) = vy (L, t) =0 forallt >0, (5.9¢)

where vy : [0, L] — R is given by vo(2) = ug(z) — b2_Lam2 —ax. As long as the solution v to
(5.9) is found, the solution u to-(5.8) can be constructed using u(z,t) = v(z,t)+ b;LaxQ—l—ax.

Therefore, we focus on solving (5.9) (using the Fourier series method). We look for {dj(t)}72,
such that

do(t) k
v(z,t) = 02( ) + Z di(t) COS%
k=1

validates (5.9a,b).
Assume that the differentiation of the series can be obtained by term-by-term differen-

tiation; that is,
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and
0% o rkx % rkx O k22 rkx
5.2 ’;dk cos —— = g 322 ) cos T) = —;dek(t) COS —— .
Then (5.9¢) holds automatically, and (5.9a) implies that
H(t C- k%2 mkx

Therefore, dy is a constant and dy satisfies (5.5) as well. Moreover, expressing vy in terms

of cosine series, (5.9b) implies that

L
dk(O):UAOkEif Uo(x)cos$dx VkeNuU{0}.

0

Solving (5.5) with the initial condition above, we obtain that
k272
dp(t) = tore” 22" Yk eN;
thus the solution to (5.9) can be written as

1 (" = k2 kmx
v(x,t) = I f vo(z) da + Z Doe” 12 ' cos <
k=1

0

Therefore, the solution to (5.3) can be-written as

- 1 (* d S K22, krx  b— 24 oy
u(x, )—E ) vo() x+];v0ke 2 7 5T L(2? 4+ 2t) + ax.

e the long time behavior: Suppose that the rod is insulated at the end-points; that is, the
temperature u satisfies u,(0,t) = u,(L,t) = 0 for all t > 0. Then vy = uy and we expect that

no matter what the temperature distribution is given initially, the temperature distribution

: 1k
approaches the average temperature; that is, we expect that u(z,t) — Lf uo(x) dx as
0

t — oo for all x € [0, L]. Similar to the derivation of (5.7),

k 7r2t 2 >
L2 7 g ZHUOHLl(OL Z
k=1

2 _ﬁ _ & _k27r2
<ZHUOHL1(0,L)6 Tzt ”Ze 7

k=1

271,2

L2

1 (F 2 -
‘u(m,t) — Lfo UO(SU) dm’ < ZHUOHU(O,L) Z €
k=1
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. . 2 2 XL kn?
thus with C' denoting the constant EHUOHLl(O,L)eLQ > e 17, we have
-1

L 2
sup )u(:c,t) - 1f up () dx‘ < Ce 7t (5.10)
z€[0,L] L Jo

L

1
Since C' < o0, we conclude that the function u(-,¢) converges to the function LJ uop(z) dx
0
uniformly on [0, L] as t — c0.

5.2 Heat Conduction on R"

Consider the heat equation on R"

—Au=0 in R" x (0,00), (5.11a)
u = g on R" x {t=20}, (5.11Db)

where A is the Laplace operator, called Laplacian, defined by

Au = divVu).

oz (

k=1 k
For a function f of x (and probably also t), let Z(f) = f denote the Fourier transform
of f in x; that is,

A~

F(f)(&t) = f(&t) = f(x, te ™€ da

\/%

Then by assuming that (-, %) exists for all ¢ > 0, Lemma 3.11 implies that

<mu=<i;;> i<&$ww

k=1
& ou $ a( .
- X F (5 )6 0) = Y6l 1) = —lePa(e.1).
=1 k=1
Assume further that
atu(f,t) atm ) dx = \/ﬂ ) u x,t)e dx

- _ fu@ J(z,)e S de = (€, ).

n

5.
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Taking the Fourier transform of (5.11a), we find that
0 ~ ~

Since u(€,0) = Z(u(+,0))(€) = up(&), solving the ODE (5.12) with this initial condition we
obtain that
(g, 1) = 1o (€)e ™ = (&) Par(6)

2|2
where P(z) = \/1?,16_275. By Theorem 3.26, we conclude that
1 1 lz—y|2 1 |z —y/?
w(x,t) = (ug* Poy)(x) = - Z€ Aty dy = "J e~ 4t dy .
( ) ( 0 Qt)( ) m o \/% O(y) Y \/m . O(y) Y

(5.13)
This induces the following
z|2
1 ne’% is called the heat kernel.

vArt
Having introduced the heat kernel, the solution to (5.11), given by (5.13) can be ex-

Definition 5.1. The function H(z,t) =

pressed by
u(z,t) = (H(-t)%uo) (x).
e Non-uniqueness of solutions: The Fourier transform method only picks up solutions whose

Fourier transform is defined, and it is possible that there are other solutions to (5.11).

Consider the function

u(z,t) = i g(k)(t') z?* (5.14)

where ¢ is given by
exp(—t—2) ift>0,
g(t) =

Then there exists 0 > 0-such that

k! 1
(k) 142
g™ ()] < G exp ( 5! ) Vit>0. (5.15)
In fact, using the Cauchy integral formula,
|
G0y = P 9() .

2w Sy (2 — )R

where § € (0,1) is chosen so small such that |g(z)| < exp (—%tﬂ) on |z —t| = 6t. The choice

of such a 6 is possible since by writing z = x + 1y,

2 2 ; 2 2 2 2
. Yo — x4 2ixy Yyt —x 0c—(1—-0)* o\ . 1
l9(e +iy)| = ‘eXP ((:v2+z/2)2>‘ = oxp (o) <o ((rgryemet ) H0<3




1

By the fact that o] < L we find that
O g 0 2%k )
g™ () Qk‘ z Loy [1&_1—2]
,;)‘(%)!z g,ﬁzok!(et)kexla( st ) =exp |1 (F —5t7)] Vi>0zeR. (516)

Therefore, by comparison the series in (5.14) converges for all ¢ > 0, and trivially also
converges for t = 0. Moreover, (5.16) shows that for each ¢ € R, (5.14) is a convergent power

series; thus

02 9P (t) 922k o gM() 2k—2
Uze (2, 1) = —u(x,t) = =) ——x Vt>0,xeR.
0x? kZ:O (2k)! 02 ];1 (2k — 2)!
(k+1)! 1. :
On the other hand, by the fact that o] < = if £ >1, using (5.15) we find that
for all t > 0 and x € R,
h ) )\‘g ‘—'—2 9tk+1exp(—§t )
=0
1 1‘2 )
=o' % (915) P [Z(? =)
g* (1)
Therefore, the series Z 2% converges uniformly on any bounded set of R; thus

(2k)!

O gk+1) (¢ & *) (¢
(2,1) = g ():C%:Z g ()ka—2

(2k)! = Uge(2,)  Vt>0,2€R.

k=0

This implies that u satisfies the heat equation

Up — Ugy = 0 in R x (0,00),

u=70 on Rx {t=0}.

Note that using the Fourier transform method to solve the PDE above we obtain trivial
solution. The reason for not seeing the solution given by (5.14) using the Fourier transform

method is that the Fourier transform of the function u given by (5.14) does not exists.
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