Chapter 0O

Introduction - Sets and Functions

0.1 Sets

Definition 0.1. A set is a collection of objects called elements or members of the set.

To denote a set, we make a complete list {x1, 72, -, 2N} or use the notation

{ac : P(x)} or {x’P(x)},

where the sentence P(z) describes the property that defines the set. A set A is said to be a
subset of S if every member of A is also a member of S. We write z € A (or A contains x)
if x is a member of A, and write A < § (or S includes A) if A is a subset of S. The empty

set, denoted (¥, is the set with no member.

Definition 0.2. Let S be a given set, and A < S, B < S. The set Au B, called the union
of A and B, consists of members belonging to set A or set B. Let Ay, Ay, - be sets. The

set U A; = {x |z € A, for some i} is the union of Ay, As,---. The set A n B, called the
zntersectwn of A and B, cons1sts of members belonging to both set A and set B. Let

Ay, Ay, -+ be sets. The set ﬂ A; = {z |z € A; for all i} is the intersection of Ay, Ag, - -
i=1

Remark 0.3. Let .# be the collection of some subsets in 5. Sometimes we also write the

union of sets in .# as (] A; that is,
AeF

|JA={zeS|34eFs0e4}

AeF

Similarly, (| A={z e S|VAe.Z 5z e A} is the intersection of sets in ..
AeF
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Example 0.4. Let A = {1,2,3,4,5), B = {1,3,7), S = {1,2,3,---}, and & = {A, B).
Then |J E=AuB=1{1,2,3,4,5,7},and (| E=An B={1,3}.

FEesF FEes

Definition 0.5. Let S be a given set, and A € S, B < S. The complement of A relative
to B, denoted B\A, is the set consisting of members of B that are not members of A. When
the universal set S under consideration is fixed, the complement of A relative to S or simply
the complement of A, is denoted by A°, or S\A.

Theorem 0.6. (De Morgan’s Law)

1. B\ ['jl A = Fﬁl (B\A) or B\ | A= (1 (B\A).
2. B\ ﬁl A= iGI(B\Ai) or B\ (L A= U (B\A).

Proof. By definition,

0 ©¢]
:EEB\UAi@xGBbutxgéUAi(:)xeBandx¢Aif0ralli

=1 =1
< zreB\A; forall i< e ﬂ(B\Az)
i=1

The proof of the second identity is similar, and is left as an exercise. =

Definition 0.7. An ordered pair (a,b) is an object formed from two objects a and b,
where a is called the first coordinate and b the second coordinate. Two ordered pairs
are equal whenever their corresponding coordinates are the same. An ordered n-tuples
(a1,a9, - ,a,) is an object formed from n objects aj,as, - - ,a,, where for each j, a; is
called the j-th coordinate. Two n-tuples (a1, ag, - - ,a,), (c1,¢2,- -+, ¢,) are equal if a; = ¢;

forall je{1,---  n}.

Definition 0.8. Given sets A and B, the Cartesian product A x B of A and B is the
set of all ordered pairs (a,b) with a € A and b€ B, Ax B ={(a,b) |a€ A and b€ B}. The

Cartesian of three or more sets are defined similarly.
Example 0.9. Let A ={1,3,5} and B = {, o}. Then

A x B={(1,%),(3,%),(5,%),(1,0),(3,0),(5,0)} .
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Example 0.10. Let A = [2,7] and B = [1,4]. The Cartesian product of A and B is the
square plotted below:

O A

Figure 1: The Cartesian product [2, 7] x [1, 4]

0.2 Functions

Definition 0.11. Let S and T be given sets. A function f .S — T consists of two sets
S and T together with a “rule” that assigns to each x € S a special element of T" denoted
by f(x). One writes x — f(z) to denote that z is mapped to the element f(x). S is called
the domain (% %3 ) of f, and T is called the target or co-domain of f. The range
(@5 ) of f or the émage of f, is the subset of T' defined by f(S) = {f(z) |z € S}.

f
KL N\

Definition 0.12. A function f : S — T is called one-to-one (- ¥f- ) , injective or
an injection if x; # x9 = f(xr1) # f(x2) (which is equivalent to that f(x;) = f(z2) =
x1 = x9). A function f : S — T is called onto (B = ) | surjective or an surjection
ifVyeT, dx € S, > f(r) =y (that is, f(S) = T). A function f : S — T is called an

bijection if it is one-to-one and onto.

Remark 0.13 (P2 = So#icenk 4zit). If f S — T is not onto, then 3y € T, s Vx € 5,
flz) #y. — HKE > F3 — Bl hscit Vstatement A, Istatement B 3 statement C
= F oo PRE-U enfp B o4cit en® 2 5o dstatement A, 3 Vstatement B, statement C 7 = * o
BH a2 1 1.Veo32.3P3Q o3V P ~Q.
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Definition 0.14. For f: S — T, A< S, we call f(A) = {f(x) ‘;1: € A} the image of A
under f. For B< T, we call f~}(B) = {a: €S | f(x) e B} the pre-image of B under f.

Example 0.15. f:R > R, f(z)=2* B=[-1,4 < T, f"4(B)=[-2,2].

T T x
Lo | 12

Figure 2: The preimage f~!([—1,4]) is [-2,2] if f(z) = 2?

Proposition 0.16. Let f : S > T be a function, Cy ,Co € T and Dy, Dy < S.
(a) f7HCI L Co) = f7HC) U [THCy).
(b) f(Dru Ds) = f(D1) v f(D2).
(©) f7HC1nCy) = fHC1) n f7HCy).
(d) f(DrnDs) < f(D1) A f(D2).
(€) f7U(f(Dy)) 2 Dy (“="if f is one-to-one).

(£) f(fTHC)) = Oy (“="1if C < f(9)).
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Proof. We only prove (c¢) and (d), and the proof of the other statements are left as an

exercise.

(c) We first show that f~1(C1nCy) = f~HCy) N f71(Cy). Suppose that z € f~1(C1 N Cy).
Then f(z) € C; N Cy. Therefore, f(z) € Cy and f(x) € Cy, or equivalently, x € f~1(C))
and z € f~1(Cy); thus z € f~HC}) n f7HCy).

Next, we show that f~1(Cy) n f~1(Cs) < f~1(Cy n Cy). Suppose that x € f~1(Cy) N
f7YCy). Then z € f71(Cy) and = € f~!(Cy) which suggests that f(z) € C; and
f(z) € Cy; thus f(z) € Cy n Cy or equivalently, z € f~1(Cy n Cs).

(d) Suppose that y € f(D; n Dy). Then 3z € Dy n Dy such that y = f(z). As a
consequence, y € f(D;) and y € f(D3) which implies that y€ f(D1) n f(Ds). -

Example 0.17. We note it might happen that f(D; n D) S-f(D1) n f(Ds). Take D =
[—1,0] and Dy = [0,1], and define f : S =R — T =R to be f(z) = 2. Then f(D;) =
f([=1,0]) =[0,1] and f(D2) = f([0,1]) = [0, 1]. However,

f(D1n Dy) = f({0}) = {0} < [0,1] = f(D1) n f(Da).-

0.3 Exercises
§0.1 Sets
Problem 0.1. Let A, B, C be given sets. Show that
. AuB)nC=(AnC)u(Bn(C).
2. (AnB)uC=(AuC)n(BuUC).
§0.2 Functions
Problem 0.2. Let S and T be given sets, A< S, B< T, and f:S — T. Show that
1. f(f7Y(B)) € B, and f(f~%(B)) =B if B < f(S).
2. f7Hf(A)) 2 A, and f7I(f(A)) = Aif f: S — T is one-to-one.

Problem 0.3. Let A and B be two non-empty sets and f : A — B. Show that
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L f~YDyuDsy) = f~HDy)ufH(Dy), fH(DinDy) = f~HD1)nf~1(Ds), f~HDi\D2) =
FTHD)\fH(Dy) for all Dy, D, < B.

2. f(Cl V] Cg) = f(Ol) U f(OQ), f(Cl N 02) - f(Cl) N f(OQ) for all Ol, Cy C A

Problem 0.4. Let A and B be two non-empty sets and f : A — B. Show that the following
three statements are equivalent; that is, show that each one of the following statements

implies the other four.
1. f is one-to-one.
2. For every y in B, the set f~1({y}) contains at most one point.
3. f7Hf(C)) = C for all C' < A.
4. f(CL N Cy) = f(Cy) n f(Cy) for all subsets C} and Cy of A.

5. f(CQ\Cl) = f(Cz) — f(Cl) for all C; < Cg c A,



