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National Central University, May 11 2022

In this midterm exam, H and X are used to denote the Hadamard gate and the NOT gate, respectively.
Moreover, for a given function f : t0, 1un Ñ t0, 1u, Uf denotes the (n+ 1) qubit oracle

Uf |xy|yy = |xy|y ‘ f(x)y , where x P t0, 1un, y P t0, 1u and ‘ denotes the addition on Z2 ,

and for a give function f : t0, 1un Ñ t0, 1un, Qf denotes the 2n qubit oracle

Qf |xy|yy = |xy|y ‘ f(x)y , where x, y P t0, 1un and ‘ denotes the addition on Zn
2 .

Problem 1. Complete the following.

(1) (10%) Let ϕ1, ¨ ¨ ¨ , ϕn P R. Prove that for each n P N
n

â

ℓ=1

(
|0y + eiϕℓ |1y

)
” (|0y + eiϕ1 |1y) b (|0y + eiϕ2 |1y) b ¨ ¨ ¨ b (|0y + eiϕn |1y)

=
2n´1
ÿ

j=0

ei(j1ϕ1+j2ϕ2+¨¨¨+jnϕn)|jy ,

where |jy = |j1j2 ¨ ¨ ¨ jny if j = (j1j2 ¨ ¨ ¨ jn)2.

(2) (5%) Use (1) to deduce that for each n P N,

Hbn|jy ” Hbn|j1j2 ¨ ¨ ¨ jny =
1

?
2n

2n´1
ÿ

k=0

(´1)j‚k|ky ,

where ‚ is the bitwise dot product.

(3) (10%) Write down the definition (using the Dirac |¨y notation) of the n-qubit quantum Fourier
transform QFTn (in class it is denoted by FN with N = 2n). Also show that

QFTn|0ny = Hbn|0ny .

Problem 2. (10%) Let f : t0, 1un Ñ t0, 1u. Given the oracle Uf , explain how one implements the
quantum gate

|xy ÞÑ (´1)f(x)|xy (in class we use the notation |iy ÞÑ (´1)xi |iy).

Problem 3. (15%) Let U,V be 1-qubit quantum gates satisfying V2 = U. Show that the quantum
circuit

V V: V

is the same as the controlled-controlled-U gate. Recall that the controlled-controlled-U gate is the
3-qubit quantum gate which activates gate U on the third qubit when the first two qubits are both
|1y, and otherwise does nothing.



Problem 4. (10%) Show that the final state of the following quantum circuit

|0y H

|0y X H

is 1

2

(
|00y ´ |01y ´ |10y + |11y

)
using the matrix representation of the quantum gates/circuits.

Problem 5. Let f : t0, 1u2 Ñ t0, 1u2 be defined by f(x1, x2) = (x1 ‘ x2, x1).

1. (10%) Show that the quantum circuit

implements Qf .

2. (5%) Draw the quantum circuit for Simon’s algorithm for determining whether f is one-to-one
or two-to-one.

3. (15%) Now given the quantum circuit

|0y H
QFT2

|0y H

|0y H

|0y H

and suppose the outcome of the measurement is |00y. Find the quantum state after this
(projective) measurement.

Problem 6. (10%) Draw the quantum circuite for QFT´1
3 , the inverse quantum Fourier transform

for 3-qubit system, using the Hadamard and the controlled-R˚
s gates, where

Rs

(
α0|0y + α1|1y

)
= α0|0y + α1 exp

(
2πi

2s

)
|1y .


