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Introduction
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method
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§18.1 Local SQP Method
U (31)12 0 2P B B A ATER AT P S s
L(x\) = f(x) — \Te(x),

B8 FOTHRAL (1) - 1 (KKT) 6812 (32)10 7 AR T &~ B
FZnt+mBAaxfe A in+m B AR kAR

VF(x) — Ax)TA
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? A(x) k4 77 '] 30 ficeh Jacobian 4B

F(x M) = Vi) L6 A) = =0, (2)
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§18.1 Local SQP Method
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§18.1 Local SQP Method
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T B3R 0 Bl3Z 4 §_non-singular °

Assumptions 18.1.
(a) Constraint Jacobian A(x) 7 & % ;
(b) 4B V2 L(x,\) £*T4] tangent space + H_it T ey 7

d'V2 L(x,\)d > 0 for all d # 0 such that A(x)d = 0.
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Chapter 18. Sequential Quadratic Programming

Theorem 12.6 — Second-Order Conditions

Theorem (Second-Order Sufficient Conditions)

Suppose that for some feasible point x, € R" there is a Lagrange
multiplier vector Ay such that the KKT conditions
Vi L£(Xs, M) =0, (32a)
Gi(xs) =0 foralliek, (32b)
Ci(xx) =0 forallieZ, (32¢)4,
Af=0 forallieZ, (32d)
Aici(x) =0 forallieE VL. (32¢)
are satisfied. Suppose also that
W V2 L(xe, Ae)w > 0 for all we C(xx, \s)\{0} . (60)12
Then x is a strict local solution for
ci(x)=0,ie&,
¢i(x)=0,ieT.

= = = = -

min f(x) subject to {

xeR"
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§18.1 Local SQP Method

o SQP framework
) - BRRAEEE (3) 5 (4) R o R A A (x6 )
oo A r - oA

min fi + VI p+ %pTfoﬁkp (5a)
P
subject to
Ap+c=0 (5b)

FBegt i e i § o do% Assumptions 18.1 & = v BI3Z R AL G
— (B % R T E R - i3 (py, L)

V)gx‘ckpk + Vi — Az‘gk =0,
Akpk + ck =0,

He (5 £ ik P4 (5) o Lagrange %+ -
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§18.1 Local SQP Method
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§18.1 Local SQP Method
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method

T AL B ] B hA) ik SQP 2 E e
Algorithm 18.1 (Local SQP Algorithm for solving (1)).
Choose an initial pair (xp, Ao); set k < 0;
repeat until a convergence test is satisfied
Evaluate fi, Vi, V2, Ly, ck, and Ag;
Solve (5) to obtain px and #y;
Set Xyt1 < Xk + pk and A1 «— Ci;
end (repeat)
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§18.1 Local SQP Method

AR I s RS
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subject to
Akp+ k=0 (5b)
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§18.1 Local SQP Method

AR I s RS

min f + V£Tp+ SPTVE Lip (5a)
subject to
Akp+ k=0 (5b)

P AR - (ba) P oenA IR kaTp T 5 Vi Ll(xk, )\k)Tp )
75 4] iE 2 (5b) @ 9
Vi L(x, \k) p = Vo — AL Awp = VI p + A} ek

Flmien SR DEREY o AT 0 (5a) LHPERY
P SHcihs tigiT o S BRBIAPERE - Y G)HETH
PO ARERERY] (1) FHIHBEENSU] c(x) =0
e Lagrangian ed /] it B 4E > #R {3 ¥ Lagrangian i& {7 = =X 3§ 1T
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method

¢ Inequality constraints
SQP 122 ¥ s i BB 7l - SanZb i 3| R AR

min £ (x) (7a)
subject to

ci(x)=0,ie€, (7b)

ci(x) =0,ieT. (7¢)

#-PPRE (7) ¢ ohp S s e (5a) P oehs =X S0 Bicig 1T -7
FlfrEtglampt s vENT 3£

min f + VA p+ SPTVELip (8a)
subject to

Veilx) p+ci(x) =0,i€€&, (8b)

Veilx) p+ci(xx) =0,iel. (8¢)
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§18.1 Local SQP Method
APETURT S 16 F ¢ iz - B TRGIE 2 KRR
3 (8) * #F pxk fv Akr1 £ (8) ehjfzfrip & ¢ Lagrange k& o PIFT
3% N B (Xkp1, Prr1) = (X + Pio Aky1) ©
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method
APF R 5 16 R 9 HEmEie - B S REE 2 ki
12 (8) * & pk Fv Ay & (8) efEqr4p e Lagrange %k =+ » BI#T
s gk (Xk+1 Prr1) = (Xk + Pi, Akr1) © Flo o 3% (8) > - B
local SQP = ;2 ¥ d Algorithm 18.1 ¢ #-# & & :xd (8) + 5 2

ixm 7 oo

Algorithm 18.1’ (Local SQP Algorithm for solving (7)).
Choose an initial pair (xp, Ao); set k < 0;
repeat until a convergence test is satisfied
Evaluate fi, Vi, V2, Ly, ck, and Ag;
Solve (8) to obtain px and {;
Set Xyt1 < Xk + pk and A1 «— Ci;
end (repeat)
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method
AR IQP 2 ¢ o B AL

min f + V£ p +5 Tv2  Lip (8a)
g subject to

Veilx)p+ci(xk) =0,i €&, (8b)

Veilx) p+ci(xx) = 0,ie. (8¢)

efz 2. active set Ax (H 2 (x, A\e) F B F1@A Se TH ko LR
Pl A # Alx)) HES A 2 RG] B 5\

min f(x) subject to { <i(x)

ef% 2_ active set iR ©

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method
AR IQP 2 ¢ o B AL

min f + V£ p + TV2 < Lkp (8a)
g subject to
Vei(x) p+ ci(xk)
Vei(xi) P+ ci(xi) =0
hjiz 2 active set Ay (H & (X, k) F M Fld 4e T4 ko TIL L
3 A # Alx)) A P 2R SUE B R AL

I
a
N

min f(x) subject to {c

enf% 2_ active set B o 4o % SQP 2 2 it 43 oA B O iE
B ifeactiveset (¥ ¥ Af8 N 2 e d Fp) 7RET
FREG- BEREEZNUG RIS F o 7Y gﬂ%iq&:
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Chapter 18. Sequential Quadratic Programming

§18.1 Local SQP Method

Let x, be a local solution of (7) at which the KKT conditions are
satisfied for some \,. Suppose that at (x4, Ay), it holds

@ the linear independence constraint qualification (LICQ); that is,
[Vci(xs)]icax) has full rank;

@ the strict complementarity condition; that is,

(VieZ)((AF #0) v (ci(xs) #0));
© the second-order sufficient condition; that is,
WTTX‘; L(xg, Ae)w >0 for all we C(xq, A\y)\{0}.

If (xk, \k) is sufficiently close to (x«, A« ), there is a local solution of
the sub-problem (8) whose active set Ay is the same as the active
set A(xx) of the nonlinear program (7) at x.
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§18.1 Local SQP Method

Let x, be a local solution of (7) at which the KKT conditions are
satisfied for some \,. Suppose that at (x4, Ay), it holds
@ the linear independence constraint qualification (LICQ); that is,
[Vci(x4)]iea(x,) has full rank;

@ the strict complementarity condition; that s,

(VieD)((AF #0) v (ci(xx) # 0));
© the second-order sufficient condition; that is,
WTTX‘; L(xg, Ae)w >0 for all we C(xq, A\y)\{0}.

If (xk, \k) is sufficiently close to (x«, A« ), there is a local solution of
the sub-problem (8) whose active set Ay is the same as the active
set A(xx) of the nonlinear program (7) at x.

BEARPE > ARAfEOE 3 SQP 2 2 ¥ i 59t active
set chifp 3+ ¥ 31 H3% gy o f2 032 5 -0 §18.7 -
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Chapter 18. Sequential Quadratic Programming

§18.2 Preview of Practical SQP Methods

¢ IQP and EQP
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§18.2 Preview of Practical SQP Methods

CER AR R EE SRR T LI R

(working set) » I W % 44550 5

min f, + VI p + %pTVEX/Jkp (5a)
P
subject to
Ap+ck=0 (5b)

A5
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P AT SRS TR 2 o 248 EQP
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§18.2 Preview of Practical SQP Methods

- B EQP = %t | & A §18.5 ¥ 33 e A AL S L)
(SLQP) = % » 3% i3 € B/

min f + kaTp—&-d}pT/VfX[,/kp (8a)
p
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§18.2 Preview of Practical SQP Methods
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§18.2 Preview of Practical SQP Methods

- B EQP = %t | & A §18.5 ¥ 33 e A AL S L)
(SLQP) = % » 3% i3 € B/

min f + kaTp—&-d}pT/VfX[,/kp (8a)
p

® gk = S pTVE Lip F Fio— B ERS U plo < Ak
I R KRR - BARBARIIRN A o B I PR RL] S R AL
active set AL 5 § W R h1 TR » REF T TR ]
FfEA- BEEEN UG s RGP (RIE pTV2 Lip £ AT
Fr) MEER SQP HiE o ¥ - AL HHEQP 2 2 4 §16.7

Poirdy st enig * 2t T R r2r24] (bound constraint) 1= =t 43
BPRE | et B R ;‘z o BinBEAEY > 1 TR FE T AR
THIRHPAT FRBEET PR, A o A R
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§18.2 Preview of Practical SQP Methods

¢ Enforcing convergence
TRERY SQP 2 & A g R AR BE o2l L R AT ok

o BT kA P LI 4o e 3 A local SQP K vk F Mz PR o
EN frﬂ—'ﬁ* IS W F FALE SRS S EALE ST B R
oo R Sofie f en 2 B A S 0T

my(p) = fx + kaT/H- ipTVkap

9 minimizer o 2 7F & X ZiTFEE G * o F % M PF Hessian
B V2 (x) ¥ A #eha @ s = ‘*"'175 B4

am%&,] l_E’_ °
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§18.2 Preview of Practical SQP Methods

¢ Enforcing convergence
2OFERY SQP 2 & A S R AR o2 L R AT ok
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BT RS D R
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BEE] B oo RA R X A ERTEE B S Hk me Vo d 2
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Chapter 18. Sequential Quadratic Programming

§18.2 Preview of Practical SQP Methods
BE mﬁ\ux 2

g 2R E

A * 3 global SQP 2 o ek B

active constraint
V)gxﬁk A T e Pl =S B4R

. 1
min f + ViIp+ 5pvaxckp

subject to
Akp+ ck =0 (5b)
ForE- 3o VELx F EF PP o linesearch > 2 & A% &
TiHIT By FHU 0 & AD «rﬁ"i/»\ jRiEARY B 423 V2 Lo B
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§18.2 Preview of Practical SQP Methods
Trust-region SQP = j2 &3 AP 37 H4e 7 - BRI EE TP -
RN Y EH VI L AE D (5) PR L
GE =
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§18.2 Preview of Practical SQP Methods

Trust-region SQP = j &3 PP RE 7 3 4v 7 — B M- & 84 -
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§18.2 Preview of Practical SQP Methods
Trust-region SQP = /% &3 FP 4L ¢ 3 4v 1 — BRI 2 & 4] A
BR8N B VoL L3 1 A (5) Faan: L
v Foenfc A o LE»!LE = 2 5 49 &2 indefinite Hessian 4B'L foﬁk o
K@ s trust reglon 50T gRFIFEFEITF RS
RRET (T RJLEMIT NS € R F B 2 R TAFRDH
£ od :¢J£E’}E1§f’ Pamiitica 8 SQP * 2 ¢ ahizie - f -

z&

line search # trust-region — F8i § AP FE¥ (L5 P20 ¥ — 48 -
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Chapter 18. Sequential Quadratic Programming

§18.2 Preview of Practical SQP Methods
Trust-region SQP =/ &+ R AL ¢ R 4e 7 — BRI EE U] -
d

BREPN U] B &k V2L £F & 2R (5) ﬁ’K@tFMP T
TR ehioA] o 1B S 2 i 49 AR indefinite Hessian 4B' V2 Ly
#Rm@m > trust region 50 ~ F o5 g BIPHEBEEIFTEF TS

RAET (7 RS RAeA € F B2 R TR e §
oo :@EHE@&’ Bt iea 8 SQP 2 2 ¢ chiz e - f8 -

line search # trust-region — AR AP RER RGBT - Ao

wtm

F_k

PR AR R E Py BT SQP 2 2 ﬁvz-i::,i: o
& LR ¢ 5 merit function f H = £ p S8k f o B
B ] CiEARY BdF A o X “lf%ﬂ BPRE > AP @ * merit
function & filter 2% % (L §154) - izt %% ¢ @& * g

PE R &g rier SQP 2 A 4 mﬁxﬁﬂ1g5m1 ARG
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

hAAEY > APFET - FehL o Kk W h SQP
FEEFOEAREF AP LM AERET FELET 70
P 2 X HA 60 Hessian 4B enif (g4 > M2 H R ERL

Bl e
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

EAE? > APRHFET - FhLE o KFiaE T WE g 0 SQP
HEE R OEER AP ERM RS RALET 70
For o ¥ = A e Hessian 4B L e R iE % > M2 HEERR
!
e Handling inconsistent linearizations
SQP =2 ¥ iv & fii— B FIEp A 2L 4] s | i

Vi) p+cilx)=0,ie&, (8b)

’fr’
Vi) p+ci(x) =0,ieT. (8c)

FTRERK-BAT AT bde T EE n=127 45
X< 1o x? >4 pFo AP G x =1 iz s " TiE 7 R 1
PE o NP ER R A - Rend F 5N

—p=0 and 2p—3=0.
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§18.3 Algorithmic Development

w7 SRS TR FIEE 0 SN E s B AR

min f(x) (7a)
subject to
ci(x)=0,ief, (7b)
¢i(x) >0,ieT. (7¢)
EATEE A O TR
Join £(x) +M§(Vi+ w;) +u§t; (9a)
subject to

cilx) =vi—w,ief, (9b)
ci(x) = —ti,ieZ, (9¢)
v,w,t =0, (9d)

B >0 L[ 4k
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Bl R AL (9) AT Fene 4o 17 R oithen s Aok M
PR RE (7) £ 5 % R & PR ERR fE X, 0 T Aok ) Sk
RS R 0 TRA X (MR R U hindex i F v = wi =

7B A & XN hindex i tF = 0) BT RAL (9) GhfE o

(en}
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B0 R R (9) BAT Fehe 4o ¥ 17 R ATt ok 2@
PR RE (7) £ 5 % R & PR ERR fE X, 0 T Aok ) Sk
ORGSR x (13§90 % XU Sindex i § v = wF =0
R E NG index P F ot =0) TR AL (9) fE o
Y- 35 o dodk 2L pe 5\,} VERREE o K59k ’?Kﬁ%fj
FPRE ¥ FE® - 2 7 {7 & E o stationary point o p cEH A%
17 £ ¢ §34%E > £ 7 %% §185 ¢ L X% - SNOPT 2 £ 2
* o3 (9) 0 F OPEALAL S S0 (elastic mode) 0 K adT AU

it uﬂ%] A — i’< ]"} ®

%2 trust-region = ZAp R cop F b > §185 B A 5 H s Y
FlePfe R o
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§18.3 Algorithmic Development

e Full quasi-Newton approximations

Lagrangian 5 Hessian V2, L(xx, A\c) & B 1% & #cfo 4] & #oeh
G ARERT Y BLERLIFEIFE ML
* quasi-Newton i 174 3% (8a) ® ¢ Hessian V2, L(xk, \k) 27 *
e d 2 E LR hF T o BFGS 4 SR1 @5 @ Sl
FRAFH PPN L AR T e
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§18.3 Algorithmic Development

e Full quasi-Newton approximations

Lagrangian 5 Hessian V2, L(xx, A\c) & B 1% & #icfo 4] & Hoeh s
ZEBES  AFERYY R LFFEFE rﬂﬁh’-"{[ﬁ
* quasi-Newton i 174 3% (8a) # ¢ Hessian V2L (xk, \k) 2_7
grod A& X ILRM P F T 0 BFGS v SR1 254 ¢ G4k g
FRAFH PPN L AR T e

gy kH 3% k+1 > 2@ % BFGS & SR1 o3¢ (&
¥R ) KRPFEITT By 0 AP A w £
Sk = Xkt1 — Xks Yk = VL(Xir1, Mk1) — Vi L(Xi, Aey1) . (10)

AT e BaEAE g T T P RS licd Lagrangian L(x, \) &
A B RS D RS quasi-Newton I #TeiB 42 o i fEELEE "
T E«ﬁﬁ i i oy oo
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dodk b B 2 hRE Y VAL ED Teho PRAR Y BFGS {
AT By M-FE PR DR LS F R L F T SRR
Byar o e B L LR Y ABFGS 32 Y - o KA o ok
V2L 6 % p et Bl * I 4500w 0 BFGS = 2 ¥ &
§7F R AL BFGS L #7% K s fr yi % & F i sfy >0 &
(10) T & FFRT > Wi 12 NERITE > 2 T i & s L

[

l/’—f— l—
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§18.3 Algorithmic Development

dodk b B 2 hRE Y VAL ED Teho PRAR Y BFGS {
e B #-F PR R en Rl K2 4 7P R P
Byar o e B L LR Y ABFGS 32 Y - o KA o ok
V2L ¢ 5 #pcie > PR * B 28T &1 BFGS = £ 7 &

§7F R AL BFGS L #7% K s fr yi % & F i sfy >0 &
(10) T & PFRT > TS NEITHE > & Fa iRk A IEE o
B0 R R B FEE AT LA R KO

Sk Yk = 0sp Bisk

- B 58 (A 1072) 0 2fE

0
ﬁ%%f@ﬁni %ﬁ’*“1ﬁ¢ﬁsﬁ?ﬁ”

-t (=

P B
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§18.3 Algorithmic Development

— B F R FE AT A 4F 2R g s 2 HE 1t
Yk & KR i
Procedure 18.2 (Damped BFGS Updating).

Given: symmetric and positive definite matrix By;

Define s, and yj as in (10) and set

rkc = Okyk + (1 — k) Brsk,
where the scalar 0y is defined as
1 if s;(ryk = O.ZSEBksk,

9[( = 0.85;? BkSk
sy Bisk — Sy v«

(11)

if st yk < 0.25] Bysg;

Update By as follows:

BksksI B s
k Pk k'K
Bk 1= Bk - — 7= T

(12)

T T, *
Sy BkSk Sy Ik
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§18.3 Algorithmic Development
AT BRE* e B oy i

2

&3¢ (12) e 452 5 BFGS L #72 ;5
BT By 0 Teno FAT UEP G ek;é]_ﬂdj,;\lrgﬁ
s;(rrk = O.QSEBkSk > 0.
ROHEEREF LR RfE o AR P FER 0 =0 § 75
Bii1 =By @ E4 O =1 Rl § @5 & B :cen BFGS { #TA 4
(¥ it indefinite) 4B o Fpt > & (0,1) ¥ O, chig g A4 - B
fi 30§ a7 i Bk ‘f‘-" * 12 22 BFGS 23\ & 2 gug iz B asetd o

EHE O ik EARIY AL = 4’{-1‘?@ T iT 0 By MR iRE I

'f‘ilk:'_'_ o
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§18.3 Algorithmic Development

Damped BFGS i%‘“ﬁé’ Fock 2430 L AT L T AR
7 E o U i% R & 2 f#;4 Lagrangian Hessian ¥ it 7 H_it T A
B3 I EBRFCSRIL{LF TR L i s REILLERS
SQP = i % 42iEHE - iBRY 2N (6.24) ¥t * (10) Tk eh
Sk fooyk o % 6 X fu it enikiEdy s 0 ¥ LK ¥ $ Lagrangian
#1 Hessian ¢ SR1 1712 » 7A@ > line search = j# % it &% 3 T¢h
Hessian 1717 » ]t ¥ 4 2 & 13 22 SR1 &% » ¥ 4 £ % 7 e
g S % i e S R L kR (19.25) T Ak -
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Damped BFGS i 370 F ek 04F 0 L AFEER ALY 4 T i A
& o T %2R % f2;4 Lagrangian Hessian ¥ it 7 #_it T3 A&
R e 20 B RFOSRL{HT R L s & AP LR EES
SQP = i % 42iEHE - iBRY 2N (6.24) ¥t * (10) Tk eh
Sk fr v % 6 F 4y i chiRckdy s 0 W Ik ¥ ¥ Lagrangian
77 Hessian 0 SR1 i7 17 o ;;;1 . line search = % % i 2% 3 %
Hessian 3702 » ]} ¥ 40 2 £ 18 22 SR1 258 » 7 iy 230 &% 7 e B
B e & 4y < ik F%‘Kﬂ_“:%j\ (19.25) #3235 o

i 0 343 0 quasi-Newton 3T 2 By #82% & ¢ n x n B
AR A PERT I L ARG IR TS G g B A o
mipfART 0 e RMLATEN Y B2 Y AR
FR (%2 (19.29) ¢4 a8 BFGS st rUiR i x0
) e
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§18.3 Algorithmic Development

e Reduced-Hessian quasi-Newton approximations

FATRAEH T L E N LR AL (1) 0 KKT k58 (6) BF -

g g I EE py b AL iR s Erd B B R
A

B3| Axpx = —ck i T o Lagrangian Hessian V2 L, 8,58 p,
B3 2R (7 A conull space) P R A o FpL s B A

P8 pe o Ag e null space ¥ A B o V2 Ly 7R304
71 quasi-Newton = 2 £ £ e A A&7 » AP B Aaig
2 reduced-Hessian iF 2 7 quasi-Newton = j# o % i e f BE f 3%
FRAOXVERA FlZRG N SQP 2 HA R R AL
(7) @ a4 & %8243 4815 # * reduced-Hessian = j& o

D
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7 42 ¥ reduced-Hessian = % » 2 i g @ % §16.2 ¢ & null
space * j* k34 2§ 3 20

v2 *Ck _AE Pk _ _ka (6)
Ax 0 Mev1 | | —e |
BEY AP LR EL Y fo Zo BFIAH span T AL 0
B3 fe Ay 7 null space « %28 pe B 5 pr = Yip, + Zkp, T
BH s (6) 5 APEE LT p A p, b Bk A
(AkYk)Py = —Ck, (143)
(ZEV2E LiZ)p, = —ZEVE LiYip, — ZE V. (14b)
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§18.3 Algorithmic Development

7 42 ¥ reduced-Hessian = % » 2 i g @ % §16.2 ¢ & null
space * j* k34 2§ 3 20

[vzﬁk _AEH pr ]_ {—ka]. (6)

Ak 0 —Ck

Akt1

¢ > AP K aprE Y ‘fr’ Z o B A Ay span 7 AT e

N'

5
B3 e Ag null space » ¥ 2 € p B 5 p = Yup, + Zkp, T
EE NN (6) o ApEEET py, v p, i R e % 5
(AYi)p, = —ck, (14a)
(ZEV2E LiZ)p, = —ZEVE LiYip, — ZE V. (14b)
3 AR (6) 1% - B block ¥ A w gl (BB G A
QP # = 9 Lagrange #+ ) Aey1 7 MR T S AR B ¢
(ALY ) Mer1 = YE(V i+ V2 Lipr). (13)

il
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AP e Ui i A null space > E P 5l x B BT k@A E

Hessian V2 Lx o F LA R FIF1 5 4 & N ETRPF pe § et 7
A OVACEFF ek R o AT (13) S RIBIEE T pe
138 o j&m decouple px v Agpq G038 > T2 Y “f 1fE (13) ¢
$iH VL g Ao ¥ BB R E ek - LEnT QP
FIenAs B L EMBE R ek APER V= AT (¥ A
}EAEEE- BT g AT @

Aer1 = (AAD) TANV . (15)
Fl Ny BALE B TR FE P LB

min [V, A)|* = [V fic — ALA
a O
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- BERET o TRy vt AEEA S RGBT RS
mARE G R FAUIPFERET R (2) Y- FEEIRIE
oo EPEA b B AT 2RI HESQP 2 2 x e A

¢ ;J,/);o

primal-dual 3% g v 2 %4 x B E ¢ &7 R4S

B it = 2k * MAB0O37-*
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development
i null space = 2 % - AR L 2R {M’,ﬁ%

(ZE V2 LKZ)P, = —ZENVELLY Py — Zg V. (14b)

den R 3 ZVE L Yip, o S F R EH ok s

(ZEV2 LiZ)p, = —ZLVH. (16)

T FEARF LT RTE (n—m)x (n—m) iITWAEL
ZINV2 LiZi > @ 3 E_(n—m)x m e 2 e ZIVE LYo %
m>»n—mpF T - BAPFIR K EErL o

Bk it 222t MAS037-*
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§18.3 Algorithmic Development

i null space = 2 % - AR L 2R {M’,ﬁ%

(ZEV2 LiZ)p, = —ZENV2£1Yiep, — ZEV L. (14b)

YRR IR ZTVZ EkYka v jEm B3] ﬁgﬁ 5% 5L

(ZEV2 LiZ)p, = —ZLVH. (16)
T FEARF LT RTE (n—m)x (n—m) iITWAEL
ZIN2 L4 Zr @ P E_(n—m) x m R FAEE ZIV2 LY %
m»n—mpFo B8 - BApER et o §F ZIV2 £47) A -
# quasi-Newton 1T B~ A pF > ¥ 12 £ 38 b 30 % 3F > ¥ 52
AR p HF e AR p, LR aTE o A @ @ (16)

% % (14b) eh— B 2dF g i o
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B3 9 %A Hessian ZIV2 LYy 218 0 2 it shdeote 35§14
W ZIVEL Zk o BRAPRIBIA - BHER appk = Xkp1 —
Xk = axZkp, + axYipy © Tk V2 Lii1 = V2 L(Xki1, Mer1) > R
15 5 ¥ LIRS

V2 Lir10kPk ~ Ve L(Xk + iebis Mcr1) — VoL Xy Aee1)-

$gctagama kg 2T ApEn
ZEV2 Lii1Zkaup,
~ —ZIV2 Lri1 Yiapy + ZE Ve L(xk + akprs Akg1)  (17)
— Vo L Xk, Air1)]-
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ok AP F 2R R Z VXX£k+1Ykaka (& * 2w 33 e
d ) TR s & oyt
S = OkP,
_ 7T
Vi = Zy [V L(Xi 4 apie, Meg1) — VL (Xie, Aieg1)]-
Bl My = ZL V2 LiZk—1 #% E 25> 42 (secand equation)

Mis156 = k-

Rig > AP v i T RDRE P E s fo oy & BFGS &

SR 274 ¢ » 1 HFTHRT 01 My © P> = & Hessian quasi-
Newton i iT > i&f& reduced-Hessian = ;% enifp 8Lz — & > g §
ik MR IR E R - FEEYL 0 reduced-Hessian { § ¥ i AL 2
e g &% BFGS =38P » %A line search e P #-F & {

% bt iR s o
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e Merit functions

SQP = ;2: % # * — % merit function X4+ T & F H X FEH
E’F o f line search = j* ¥ » merit function - "55?””'\ SR
trust-region = ;¢ > v * Npp R i k’&‘»#{»x BEIES o
FERHRRLELIRGHE - ASQP 22 > 2 g T
32T ) S B R Lagrangian ¥ % & merit function - 4%

N :l&-*-} '3t exact 25T 99 merit function > i& 4 merit

=1

function &t % 15 £ q{c¥ 17 & 3% <0 {1 merit function °
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BT kandin Y o AP ER AT URIFI F N0 b 5
B3 ENUR] o(x) =0 F AR T A5

c(x,5) =c(x) —s=0,
He s>0 853 (slack) » & (A % 283452 s> 08 ¥ 7

% merit function & $°) o
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§18.3 Algorithmic Development
BAET RIS o AP RE G TIPS RN s )
5 ENUG] c(x) >0 F AR T AN

c(x,5) =c(x) —s=0,

2

HY s>0 A £ (slack) & (A # £ 2 s> 03 F 7

% merit function & $°) o

¥ EEZN A4 i B4R (1) 0 41 merit function 37538 40 ©
b1(x: 1) = F() + ()1 (19)

A line search = /£ @ » j§ X Ju 4 b ik it

d1 (Xk+ kP k) < d1 (X por) +noeD(d1 (xis 1) P)s m € (0,1), (20)

9 B R opp BALFER 0 B D(P1(xk ) k) T o1 &7

wope P e AT R R IR AP RER L ek

T S8 K- o PlERTREERL .
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§18.3 Algorithmic Development

Let px and A\xy1 be generated by the SQP iteration

Vil —Ak p |_ [ —-Vh
| e ey ©)
Then the directional derivative of ¢1 in the direction py satisfies
D(¢1 (xk; 1); Px) = V1! prc — e (21)

Moreover, we have that
D(¢1(xi; 11); Pi) < =Pk Ve LiePi — (1 — At loo) il (22)

V.
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§18.3 Algorithmic Development

Let px and A\xy1 be generated by the SQP iteration

Vil —Ak p |_ [ —-Vh
| e ey ©)
Then the directional derivative of ¢1 in the direction py satisfies
D(¢p1 (xk; 1); Px) = V1! prc — e (21)

Moreover, we have that
D($1(xi; 11); Pi) < =Pk Ve LiePi — (10— At loo) il (22)

By applying Taylor's theorem to f and ¢;, i=1, 2, - - -, m, we obtain
¢1(xk + ap; ) — P1(xk; 1)
= f(xk+ ap) — fi + plcbxk + ap)|1 — pl ks
< aVETp+ya?|p|? + pulck+ aAwp|r — plex
where v bounds the second-derivative terms in f and c. o

= = =
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Proof (cont'd).
If p = pk is given by (6), we have that Aypx = —ck, so for a < 1

we have that

b1 (xk + apis 1) — b1 (xk; ) < [ VEE i — pllell] + o] pil*.
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Proof (cont'd).
If p = pk is given by (6), we have that Aypx = —ck, so for a < 1

we have that
61 (xk + api i) — ¢1(xi; 1) < @[V pi— plleilln] + o pi*.
By arguing similarly, we also obtain the following lower bound:

b1 (xk + apis 1) — b1 (xk; 1) = [V i — pllellr] — o] pil*.

Ching-hsiao Arthur Cheng #%5 % Bk it 222t MAS037-*



Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

Proof (cont'd).
If p = pk is given by (6), we have that Aypx = —ck, so for a < 1
we have that
6103 + api; 1) — ¢10x; 1) < @[V pic— pll el ] + @ ]lpil>.
By arguing similarly, we also obtain the following lower bound:
610k + api 1) — 10 1) = a [V pe — pllela] — oyl pul.
Taking limits, we conclude that the directional derivative of ¢; in

the direction py is given by
D(¢1(xk; p); pr) = Vi pic— plleklln, (23)
which proves (21).
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§18.3 Algorithmic Development

Proof (cont'd).
If p = pk is given by (6), we have that Aypx = —ck, so for a < 1
we have that
6103 + api; 1) — ¢10x; 1) < @[V pic— pll el ] + @ ]lpil>.
By arguing similarly, we also obtain the following lower bound:
610k + api 1) — 10 1) = a [V pe — pllela] — oyl pul.
Taking limits, we conclude that the directional derivative of ¢; in

the direction py is given by

D(¢1 (xk; 1); Px) = Vi pic — pllel (23)
which proves (21). The fact that py satisfies the first equation in
(6) implies that

Y m ) — T2 T8
D(¢1(xk; 11); Pk) = =Pk Vi LkPk + Pic Ak A1 — plleilli. o
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§18.3 Algorithmic Development

Proof (cont'd).
From the second equation Axpx = —ck in (6), we can replace the
term pEAE)\kH in

D(p1 (X 11); Pk) = —Pk Vi LiPic + Pk Ag Mes1 — iy

(from the previous page) by —c} A\ki1.
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§18.3 Algorithmic Development

Proof (cont'd).

From the second equation Axpx = —ck in (6), we can replace the
term pEAE)\kH in

D(¢1(xi; 12); P) = —Pk Vi LPk + Pk Ak Mer1 — ptll el
(from the previous page) by —CE)\;(H. Inequality

D(1(x; 12); i) < —Pic ViscLwPi = (1= [Meraflo)lerl s (22)

is then concluded by making this substitution in the first identity (in
this slide) above and invoking the inequality

— e Miert < el Akt foo. -
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1995 (22) eh % 2 do% pe# 0~ V2 Ly &1 Teho 2

> Akt oo (24)
HTEE 0 py ¢ PTES o L EHmchA T V2L

2
AT e BERT AR AR Z & reduced-Hessian
ZIV2 LyZ R

2 =

b tis 7 E® i) ¢S %“Q@:u ShATIE ch- f8E LK

e T o

'
L T——kt~lj~mulﬂ/§’i(24) J*ﬁ—iﬁ”ﬁ}i’l",’\%
TRARE TR EERIRF O BTSN FRE AR
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Fo it (21) hF R 2 2R A0 e BE AL BAR L [ P

zg"\ s ER

D(¢1(x; 11); i) = VL p — pll el < —ppllenlln
He pe(0,1) o Fif 7 £55 2 4ok A ppeg

= kaTPk
(

T o)l (25)

i EEHE A R Lagrange ke T AFH Y AR A o
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— 3 * ** line search {r trust-region = /% év’ﬂ{ jé *xml%"a‘& 7=z ]
Wk R B 2§ % merit function #-3) &

TEAREE G (AE) - S

3
g
\%-\
(=
e
=

qu(p) = fu+ Vi P+ 2 p Vi Lup + umip), (26)

Nhud
wL,

m(p) = | ck + Axpl1,
oA - BETOSE AP EIHEE p 218 APER L
CREL SIEE JRE
9u(0) — au(px) = pp[m(0) — m(px)], (27)
4 pe(0,1) < 134 (26) 4v (5b) » # % 5% (27) & = ehig 2 L

VE i+ (9/2) i Vg Lxpi
(1 = p)llel

o= (28)
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dodkm - =t SQP Bz i d g eniEis B (28) 0 R T B iR
FAR B p ERR AR H ("~*"€#”")59§i(28)°ﬁ7’
#ic o B * 3 EIE Hessian 4B V2 L) 2L0 TehlfR « T& o 5

1 if pr VELipi > 0,
O‘ o
0 otherwise.

R B BAe: b R (28) 0 b o SE AR

D(¢1(xk; 11); pi) < —ppef ekl
FI p B T3 oy 0=12% p Vﬁkpk<OEELF’LE’
BAHA - RA 2 o Wi R (25) fo (28) 0 AP L FF 1 f
o>0FF > &3 (27) kg §EH - B L S DT Sl KA
L ArE AR LG S lic B gt 5 o ptgF R ’ﬁ’f g1 F A L_~E'fé i
T oo HEE L F 7 A merit function &% o
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e Second-order correction

% 15 % ¢ > AP iE- o7 6| BT 7 3F % merit function ¥ it
Faifit B2 e B o iR R ARHE 5 Maratos »ajl o IR A
BT

B¢ T e R Ed SQP 32 A 4 eho
Example (Revisit of one example in Chapter 15)

Consider problem

min f(x,xp) = 2(xf + x5 — 1) — x; subject to xZ + x5 =1
At the iterate x, =

(cos 6, sin A)T, let us compute a search direction
px by solving the SQP sub-problem

min f + VA p+ 2P V2 Lip (5a)
subject to
Ap+ck=0 (5b)
with V2 L, replaced by V2 L(x;, \s) = L.
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Example (cont'd)

Since

fi = —cos@, ka:{llczziiel]’ AL =

2cosf
2sinf |’

the quadratic sub-problem (5) takes the form

1 1
min(4cosf — 1)p; + 4sinfpy + §p12 4 ipgz
p

subject to py + cot @p; = 0.
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Example (cont'd)

Since

fi = —cos@, ka:{llczziiel]’ AL =

2cosf
2sinf |’

the quadratic sub-problem (5) takes the form

1 1
min(4cosf — 1)p; + 4sinfpy + §p12 4 ipgz
P
subject to ps + cot p; = 0. By solving this sub-problem, we obtain
[ sin? 0 }
Pk = ,

—sin 6 cos 0

the direction

which coincides with (23);5.
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

# §15.4 ¢ > 3R 1|22 Maratos i 4p M enFEE T 1L 1E = l%
B kR o F LR - TS 2 PR ki H
— 7};@? 5 m‘?ﬁ‘u" ;E °

Bk SQP = 2 (8) P 3 E - BHEE pro ok T BHE
FR Gy SRR 4o T AR TS P S RU T
BMFE . 30 LRGBS AT L EATE (8) H Y A
ST (8b) £ (8c) P e Sl ¢ (xi) + Vi (xe) p Ak e %
Z X iTw

1 .
ci(xi) + Vei(x) p + 5 prV2ci(xi)p. (29)

R oo W@ AN 9 Hessian 2B & 7 * > B 5| e 0 F B AE
T AL D AREE IR o TP > NP IR ATEE X 4 pr U S B
SnficlE o T TR eniT i o
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

S B g
1
ci(xk + pr) ~ ¢i(x) + Vi) i+ §PEV2 ci (Xk) P - (30)

Bk (PAfdn) HEE pA g p 4R34 PP
#-(29) ¥ endts - TG

p Ve (xi)p = pk V2 i (k) i (31)
Wit (29) ¢ B> 41 (30) 0 APEEIINT H
PEiS T S R AE .
mpiankTp + 5pvax,ckp
subject to Vc,-(xk)Tp +di=0,i€eé&,
Vi) p+di=0,iel,
H ¢

di = ci(xk + pk) — Vc,-(xk)Tpk, ieEUT.
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Chapter 18. Sequential Quadratic Programming

§18.3 Algorithmic Development

BE-_MBBEHEETRIE utp) (P ieEUT) 7
P EdF 2 & & =X merit function O #ic (B 3 4c E%JF'E TIN5 W

K o - W eE AT A merit function #f 4 # 5F ¥ U e B

FUEP o 5 HEE pAd SQP 32 (8) A A PEF o dRiTR A -
PR m it enfEp PR 2 EHRPAEHEE p A B HE
£ pk+Pc (P =p— p)° Merit function # € + 3 % > F]pt F
T3 AL F i #85  — fE o
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method

g - S dndm  APFLg 35 ;# % 7 F &9 line search SQP
3% > T Pt Hessian 4BML 3T i erst & 2 58 ~ g F 3R 4]
EFHUCFEZEEC 6w AR c A PRAR- BTLE BER
- BEMa s FH nSQP HiE P > * MR AR 4R

min f(x) subject to { ZEX ; 8::§§’ (7)
P EFREDHEM AP R 2R
Xr’e’lvﬂtf +M;5 vi + w;) +u§t, (9a)
subject to G(x)=vi—w;,ie&, (9b)
ci(x) = —ti,ie, (9¢c)
v,w,t =0, (9d)
R TR BT 7T S F P B rhed -
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method

NF o HE S e B RS R AT

min f + VA p+ SPTVE Lip (8a)
subject to
VCi(Xk)Tp+ Ci(Xk) =0,ieé,
Vei(x) ' p+ cilxi) = 0,ie T,
EE o AN RER - RG] (8) Ay FIRAPT U B AR
*

16 & ¥ 45 i = =x 2E| 0 active set * ;2 (Algorithm 16.3) % 2
eSSV
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method

Algorithm 18.3 (Line Search SQP Algorithm).

Choose parameters n € (0,0.5), 7 € (0,1), and an initial pair
(X0, Ao);

Evaluate fy, Vi, co, Ao;

If a quasi-Newton approximation is used, choose an initial n x n
symmetric positive definite Hessian approximation By, other-
wise compute V2 Lo;

repeat until a convergence test is satisfied
Compute pi by solving (8); let A be the corresponding Lagrange

multiplier;
Set py < X — Ak
Choose ik to satisfy (28) with o = 1;
Set oy « 1;
while ¢ (xk + akpi; k) > d1(xk; k) + nakDr(o(Xk; pk) Pr)
Reset i, « T4k for some 7, € (0, 7];
end (while)
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method

Set Xpy1 < Xk + aupr and Agpq — A+ appy;

Evaluate fii1, Vi1, Chy1, Akrt, (and possibly V2 L 1);

If a quasi-Newton approximation is used, set sy < aypx and
Yk < Vi L(Xi1, A1) — Ve L(Xi, A1), and obtain Byyq
by updating By using a quasi-Newton formula;

end (repeat)
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method

Algorithm 18.3 (Line Search SQP Algorithm).
Choose 7 € (0,0.5), 7 € (0,1), and an initial pair (xo, Ao);
Evaluate fy, Vfy, co, Ao;
If a quasi-Newton approximation is used, choose an nx n positive definite
Hessian approximation By, otherwise compute V2 Lo;
repeat until a convergence test is satisfied
Compute py by solving (8); let A be the Lagrange multiplier;
Set p,\<—X—/\k and oy <« 1;
Choose p to satisfy (28) with o = 1;
while ¢1 (xk + cupi; i) > P1(xis k) + neuDr (@(xi 12k) pic)
Reset o < 7ok for some 7, € (0, 7];
end (while)
Set Xpy1 < Xk + axpk and Agp1 < A+ appa;
Evaluate fii1, Vfir1, ki1, Axr1, (and possibly V2 Lii1);
If a quasi-Newton approximation is used, set sy «— axpx and yx «—
Vi £(Xkt1, Mkt1) — Ve L(Xk, Akt-1), and obtain By 1 by updating
By using a quasi-Newton formula;
end (repeat)
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Chapter 18. Sequential Quadratic Programming

§18.4 A Practical Line Search SQP Method
AEHFFALS > NPT L AR &3 AP A F
Boo Bldo o AP T L RE B RGF R AL (FRA AT LW

— =t SQP i & i ¥ active set °

& Algorithm 18.3 ¢ » 22 5 % ) quasi-Newton iT il ih/m & o
APT LR o bldeo i F 44 AR 3Lt L i BFGS 4
% o dr%k A% % exact 1 Hessian 4B' V2 L) 0 & iP9 ER ¥ 2
Yd & el %49 null space P E_ ® e

AT AN IR “while” i B¢ & * - B filter (%2 §15.4) >
@ # E_ig * merit function XFx TH £ ai e 4r §15.4 itk
4r% d  backtracking line search # = e2fZ% # & /| 3t - B X5 2 eh
& & (threshold) » R ¢ 3 * — & feasibility restoration phase i
#E % * merit function B E_filter » AR S ) PENEE ST T

~H ¢ 5§ PR Maratos 2o ©
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

Trust-region SQP = /2 & 5 B B3l A chfdfd o H¥ & 3270 3
2R A (8) ¢ s B V2L, £ e Wi AF f Hessian
&' 4 Jacobian 4E'L singularities iR T o T e A A iR
BenfrE o X 5] 2B jCACNB ] - - 2 3 R iF IQP ©
FETRA- BAENYAP TR oA H T E'Jﬁ.fﬁ EQP = £
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

Trust-region SQP * ;2 2 3 A @wil L qgFd o He @ ;};LI‘? i %
2R A (8) ¢ s B V2L, £ e Wi AF f Hessian
&' 4 Jacobian 4E'L singularities iR T o T i i :}';;ﬁlj-)t iE
T E 0 TR BT 2 T °‘l§?5ﬁ~§?ﬁ|QP%
FTfEA- BRENU IR R E T E“Jﬁfﬁ EQP =2 -
B f§ 8 ehd| 2 trust-region SQP = 2 17 38§ - trust-region *T4
FAeEl S R (8) ¢ o o A

min fi + VFI p + pTV2 Lip (32a)
’ subject to

Veilx) p+ ci(x) =0,i€&, (32b)

Vei(xi)p+ci(xi) = 0,ieZ, (32¢)

lpll < A (32d)
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

g 4] (32b) ~ (32¢) A_Ap % > d 3T trust-region T4 (32d)
Hi i B RET RS AR DS R AP AR LY B
e 7- BENAF e Z Ul MmPEitd FMRAT >
trust region d L& Ay PRI Bl & T o p B¢ Pk KA T L
e iEE p 23 trust region 2. ¢k o d PG| ¥ ¥ J‘l—;]‘ EINERE LA 1)
fRenfelicr ApF % N e B8 AT EfE

)

A7y

Agp+c=0

AR
\_

Figure 1: Inconsistent constraints in trust-region model.
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
500 R ] (32b) ~ (32¢) v trust-region L] (32d) 2 @
T e o BB e Ap B RIS EAE UGN EE p &

trust region 1p X 3 Eif e ofd D iF § F ## * trust region
g7 B 0 F] 5 trust region % X w &k - BAP G EZHCA (32a)-

(32c) EAEF Pr P A UH Sl iT 3 T B o KA K F 0 B

EAF L W i R -

Bk it 222t MAS037-*
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

500 R ] (32b) ~ (32¢) v trust-region L] (32d) 2 @
FaafrR o HBE R4 Ay EFIR ARG B e R p &
trust region 1p X 3 Eif e ofd D iF § F ## * trust region
47 % 0 F] & trust region A% kT &k - B AP R A (32a)-
(32c) # gz F pt p A ] S0l {7 5 PR B o AT RF o &
EAF L W i R -

Ui 5 REEE > &F — o Ui /s R T U e £ 3 & 2

L pE RN IP“}@FZ" He x4 ;Ii RS OT FH 0 B
?ivmnﬁmﬂ%Mﬁam%mTﬂm BT e R
ARGz f87> 2 relaxation /% ~ penalty ;2 {v filter i ek

e
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

e A relaxation method for equality-constrained optimization
AL T EE iR AL (1) A R T R A
G4t - ezt 2R ) B B8 e relaxation 2 0 F|H @ ¢ 7N gRE
Peprenihee s NPT R 19 F A BP0 AR x ¢ o A
WiEfEAS PRk E SQP %33? :

min fi + Vilp+ 3 pvaxﬁkp (33a)
subject to

Awp + ¢k = ri, (33b)

Ipll2 < Ax. (33¢)
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

ERRETrE n FRGFY R F
Penp REEHE n 5 E *H*“” i 4 iﬁ
4] (33b) ~ (33c) EAp % chde] eh
PEARAT G B

ust region X & Aj

-E;fg&-% PE= Er e
tr

T T

& P‘LilJ 'E‘l‘!:. 5 1\

min |Agv + 3 (35a)
subject to
[vile < 0.8Ak. (35b)

e BF RAEfE E v T K

re = AgVk + ck. (34)

BTk A PG @ (33) KPEHRE po Tk FT A
A p Y

%Xk+1—Xk+PkT’€‘*§xJ"* +
T A1 e AR 0 L (33b) ~ (33c) EApF e Fli it v E

p= vk I PFS & o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

TR RS 000 R 2 R E > FL R AL (33) r (35) £ 7
T E A el E ¥ V2L, 7 % (indefinite) PF o %18 1 f_»

AT R B AR B kPR R BP0 * 7 AR o

AL E B 4 F 7 i o dogleg i K fR i 24 3 B (35) °
327 % & - B Cauchy step pv fr— B “Newton step” p& > ¥
R B (35a) 4 B v —Alck b o minimizer 1 % &
& 'L % 2 T 9 minimizer - @ *% (35a) ¥ 5 Hessian 4B £_7

T v AR SET i pP EFE o T FLEF TR
ApP+ck=0° R PE iR B p8 = —AT[AAT] tex X ER L}
Be-| o e ps o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

R P v B L F pUs pB foa st
N TpY if 0 <

p(T) = -
pU+(r—=1)(p2 —pY) ifl<

F_& 2 b (35a) 9 minimizer °
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

MAAPH- vy B5 S F py s pB fra st

~ TpY if 0 <
p(r) = .
pU+(r—=1)(p2 —pY) ifl<
F_& 2 b (35a) 9 minimizer °
¥ (33) T 022 py p E HFE Algorithm 16.2 ¢ e i &
fﬁaﬁw&;z o AR B P R B % Ao =] (33a)-
(33b) » & 4R trust region "4 (33c) vk iR & AE D w
B RS PIT R Y IR 52 §7.1 ¢ Algorithm 16.2 3

E- BV Fadedegl VOUER S v

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

TfE ¢ (A & dmerit function B 2k ch fy Sl po (X ) =

F(x) + plle(x)z = 24 Pl 0T Sk ik v
%@%=ﬂ+vﬁb+%fvi&m+um@%

H ¢

“ m(p) = ek + Axpll

(8 (26)) ° A PEH K5~ rflrf) S8 @3 £ (27) B3

o 3

J,
]

E B - EF Pk rf"'\f_';}%.irfj}_ y 2\ f]aﬂit-;

_ aredy _ G2(Xk, pt) — P2(Xk + Py 1) (36)
pred, 9.(0) — g (pk)
BT EAPHTEL RN

L) il i B AR (1) ehizfE trust-region
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

Algorithm 18.4 (Byrd-Omojokun Trust-Region SQP Method).
Choose constants € > 0 and 7, v € (0, 1);
Choose starting point xp, initial trust region Ag > 0;
for k=0,1,2, -
Compute fx, ¢k, Vik, Ak R
Compute multiplier estimates Ay by (15);
if [V — AL Ak|oo <€ and |ckfoo < €
stop with approximate solution x;
Solve normal sub-problem (35) for v, and compute rx from
(34);
Compute V2 L or a quasi-Newton approximation;
Compute py by applying the projected CG method to (33);
Choose p to satisfy (27);
Compute py = aredy/predy;
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

if pe>n
Set Xk11 = Xk + Pk
Choose Agy1 to satisfy Agiq = Ay,
else
Set xkr1 = Xk
Choose Ay to satisfy Ayy1 < v|pxl
end (for).

L7 ¥ E Maratos a0 F M4 Av D PERR D o % TP RSk f e
WS c BB A2 %> FFE 1 B A A ANRPEF
BRE® > T F R Hessian 48 V2 Ly & e fh - 12

o e (16.32) i FEt A fafow S d A ;3R §16.3 -
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
e S/1QP (Sequential /; Quadratic Programming)

S A At

Vei(xk)'p+ ci(x) = 0,i€ €, (32b)
Veilxi) p+ ci(xe) =0,ieT, (32¢)
Y0 R AR H o 2 RPN 0P R A BT S R
. 1
min g, (p) = fi + Vi P+ 5P Vi Lip
+u |C,' (Xk) + Vi (Xk)Tp‘
Zg (37)
+MZ [C/ (Xk) + VC,' (Xk)Tp] B

iel
subject to [[po < Ak,

B op B S @ 5L [y]T =max{0,—y} *& y
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
SIARERE veowst (80 APT UERAE B RE AT

min fi + VI p+ PTV2 CW—FMZ i+ wi) +,u2t, (o8]

proowt ie€ iez
subject to

Vei(x) ptcilx) = vi—wi, €&, (38b)

Vei(x) p+ cilxi) = —ti, ieZ, (38c)

v,w,t =0, (38d)

Pl < A (38e)

fh A WER (9) S enaL i > IR T - BRI
#l e
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

IBF; {Erx‘”“lﬂf n+ li-krol{;fgﬁmo d 4’\/%§’ﬁe‘?pi§{f% * Eoo %;

BR Fho (38) £ ks % W“’”E’ ML S
BIE R B W T LR E K (38) hjRil R bR

R REAR Y o

BARE 5 T U@ % 10T g9 /) merit function X Fx b B2 E B
é1(x; 1) —i—uZ]c, H—MZ ci(x (39)

ie€ i€
¥R (37) ¢ wmaE g, VOUARAR G X H o1(xop)
] 0 Rl Y > APEEARM I RiTinE B S8k ¢

KM f FHE - BE 5 KPP BRI L s X Sk
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

B (38) tEH e E pp i8> AP A * merit function ¢1 v
qu T E T &

_ aredg _ &1 (XK, 1) — 1 (Xk + prs 1) (36)
K7 Dred, 3.(0) — 4. (px)

RFE T 5 pro £ R E trust region 2R > 75 W A
184 ¢ ;e Ny kil I RELANIEZZALEE 5T
b Maratos »efle i3 4 > ¥ 0o - B

Algorithm

SHQP 2 B4 BBl A b gk 2 a5 (37) SR MU
LG F A 07 4p F 1 0 BT trust-region P e B F s & o
US4 ZIE'“E‘ v2£k "Mh SR %(38) ¢ 7 4‘:(‘},3:‘(&‘5 ®*F E\‘_ﬁ?

14 % quasi-Newton 3T - v & F & F & THE fo

Ching-hsiao Arthur Cheng i g MAS037-*



Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

ERET S p BRI P FER LS o
1SQP =27 oo 3% E EH ) Sl kR AR B0 &R
PEZahed p Boidd pop BB/ Va2 82k
Wrohpy BV EREESEMR - 5T AR F R
s :

&L
s
T
& 3
i~
¥
&
g
|
=
o
&
Ny
=
F_k
poh
A
-y
i
')',
e

FwiEHE p i
%8 T @ 7 Algorithm 18.5 o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

¢ Sequential linear quadratic programming (SLQP)

Pl SQP 22 A E KB kY FRMEA- B Heh (R E
FENYP ) - AR RSB R IE BT
JRR AL [ AT e gt b B SQP 2 E Y @ (7 R)
B 4 BB P E_FELan o

Iy

@R P (SLQP) 2 2R B ES BIF a8 ki
LR A H P AR B 03 PR R R A R
—E‘E’q’qgt_o—g;t )‘a’%Lzﬂr}Lﬁ_‘é]( ) e - B1IEgE Wo

FE RN g RE] (EQP) FRE ﬁ%—ﬁﬁ%ﬁ

o e f%% W o S e 5 B U R KA o 3% R
g e B A MB AR &R R E @ s e B i
‘-L:’ ,/i\‘.f]wm ;/_F‘fvm"
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
AAE AL (LP) FRbe » S K 340 T R AR

min f + V£ p (40a)
’ subject to

ci(x) + Vei(xi)p=0,ie&, (40b)

ci(xk) + Veilx)p=0,ieZ, (40c)

[Pl < AL (40d)

BEIE S SQP 3 R AL (32) R fe 2 Auhit s P RS fs
FEFEARL R T » T8 @ % 0 [y %ﬂij\igﬁl;iﬁﬁﬁ °
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
d TR RE (40) U F oA A - R AP DR A 4 A
HzZxioT @

min, £, (p) = fx + VFIp+ /‘Z |ci (xk) + VC;(Xk)Tp‘
ie€ — (413)
—i—,uz [C;(Xk) + VC,'(Xk) p]
iel
subject to Iplleo < AP (41b)

il@%l » l,’E’ F\:B’?EE (38) 4 7”3 & E’f"%’i‘}é i‘%“g“ s F\ TFB'\:" 1l ;fz_}i‘f{t{ (4]_)
A5 AR E] (LP) - 250 (41) chjg > Aipeic prs £% §
13 § ¢ ehisimplex 235 (B0 ehe $aEBfE? > NP ED LT
B ¥ active set B ;N 5 2t

.Ak(p'—P) = {iE E ‘ C;(Xk> + VC,'(Xk)TpLP = O}
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

Py > AP EEENURIELE Ve 50
Vi(p'?) = {ie E|ci(xk) + Vc,-(xk)TpLP = 0}
u{ieI

C,'(Xk) = VC,' (Xk)Tp'-P < 0}.

A1 TR W, & 5 active set Ax(ptP) g BB S

B o

RS2 AT Sk ¢
(Cauchy step) &

IBERE AP REFTH

p¢ = alPpt?, (42)
ot e (0,1] BB AN g ¢ (LREE(3T) AR D
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
TAEE Wi APRAfRA- B R E SN ehs R
%(EQP) B Wi ¥ TS BN gk it B e g o A
RN I U L T

. 1 T
m;n fi + §PTV3X[,/<D a4 (ka + pk Z ’y;VC,'(Xk)> p (433)

i€V

subject to  ¢j(xx) + V¢ (xk)Tp =0,ie & Wk, (43b)

Ci(Xk) =k VC;(xk)Tp =0,ieZ "W, (43c)

Iplla < Ag,  (43d)

He + 25 i B F W4 hAgk@Bsho 13 0 if % (43d)

A5 & Ayt (41b) ¥ R ¥ PR EEREBLE AP £33k

e o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
ROAL (43) W iE e * Algorithm 16.2 «hik B2 £ H A& % K2 v £
pe o i i * Steihaug W% (Algorithm 7.2) & mJ® 17 #f % 35 ') o

SLQP * i et £ p Tk S

i = pC + a®(p? — p°),
Y ae0,1] £ AaHA g, (RFEE (37) ¢ T | e

_1';1 o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
EQP fffenf i 8 L T Ay R ¥ £ F G %88 { AT R
FLRT PR X AP ER L S EE FIAT ¢
B P ¥ B F active set iR o Ai‘:_l E R E S RHE
PV A o T L H @ - T [49] o Hessian V2 Ly ¥ i * ih
Flc N AR 1 FE Wb | - kit (2374 15) &
i@ AT ¢ E’v"!indexi‘]f;’fiy Ai=0-

SLQP & % eh— @exil A cnFgp g > G FAFe g i34 LP
e EQP + FAh+ PR A - 3 FEHLP 22 faf2i2 5
A EH B AR A EQP F R MR T N B B
HB 2B A 2R o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

e A technique for updating the penalty parameter

AP PR S R e S€1QP i SLQP é"ﬂg%ﬂ S iE AT
B oM AENPHH - BAFHEYAREP G 2L ! LT > hjtarik
HAED L EHRE P %%{35%73‘& 390 e po MU §L B merit
function ¥ NI A X B e T, 2 X K535 o URHEE AF
TEAY AMMEIET L BE SR E o AP A SHQP 22

Gt T W B RiskEHIEE P SLQP 2 2 o0
;\:O
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

2\ ,Fa‘a’ﬁu—r—s =\ 3‘;& 7 u&.@é« Xk }g@mmﬁj 3 m,;,\_ﬁ)‘zﬂk}*ﬁ:—ml 0

mi(p) = )] |ci (xk) + Vi (xe) |+ > [ci(xi)+Vei(x) ' p)]~, (44)

€€ i€eT

4% SQP & W4T (37) P o deT 1B 5
1
qu(p) = fic+ VI p+ 5p" Vi Lip + pmi(p). (45)

A AR AW ) S EE g0 R ARG AL
(37) (& % # ¢ (38)) © 4% % L4354 (38b) ~ (38c) » » Ht5
% Vi‘Wi‘tii""Si‘“* (¥ mp(px) =0) > RIF oy BE
WHEer NPRE o=y > TE - BFEDEFR NPT Y
WEHEE pp FRAMNL DT 7T 2288 hfede? + 30

trust region X & o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

b my(p) >0 RIS v o B RAEE D B A
e A EE-BARYE A PRY g Bapy £ AR

7

A QP .
min q,(p) = fi+ VAL p+ 5p Vi Lip
1) |ei(xi) + Vi (xx) " p]
ie& (37)
+1 Y [ei(x) + Veilx) ]~
i€l
subject to ||pfo < Ax.
TRRE A (37) oo PR S Bk mk(p) Bl o AhE AT e
B oprfho AP ABT N ABE 4ok m(p) =00 £ 7 &
BEREP AL UFET Feh NPER e > 0 7

mi(px) =0 B R 2 4ok my(pe) >0 M PEHE g > ppq 0 #
Bopegrem gt I pe B (RB) o d- 308 o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

BATEORRT o ER > ey B EERHH e g g Ak
(bl4ogidg 4 10 B ) > T E£37fE - K RHIFPHE (37) kK F Rehro

Y

TS R R 0 AP RS SCRBIR AL (37) R B
p(p) > 3B R H RN S ERE - S po A7 A

trust-region *L4] (38e) T ¥ mk( ) BFE L afi e T B
M) Sl g TERLE R SOQP HER py AR

B
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods

Algorithm 18.5 (Penalty Update and Step Computation).
Initial data: xk, pk—1 > 0, Ag > 0, and parameters 1, €2 € (0, 1).
Solve the sub-problem (38) with p = uk—1 to obtain p(uk—1);
if mi(p(pk-1)) =0
Set put — pk-1;
else
Compute p>;
if me(p ) =0
Find u" > px—1 such that me(p(pt)) = 0;
else
Find u™ > px_1 such that mg(0) — mu(p(u™)) = e1[m(0) — mk(p=)];
end (if)
end (if)
Increase i if necessary to satisfy
Gt (0) = qur (p(uF)) = eap™ [mi(0) — mi(p(u™))];  (27)
Set iy < pt and py — p(u™).
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
& ¥ Algorithm 18.5 F & f3 /- w3f b ez KRB AL > e A0
FLAE LRy ) S R R Rk (e
oSl Rigadic) o @ A AT FHE R (%
8. Framework 17.2) o
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Chapter 18. Sequential Quadratic Programming

§18.5 Trust-Region SQP Methods
& ¥ Algorithm 18.5 7 & fi# /4 — &b ez SR RFIR 4L > A
F Y EE R Ry o Sk kR R Rk (e
B ARG REIE) > B AT FEREHEORDIR (%
8. Framework 17.2) o

BESHEP o i SLQP = 2/ % 4 Algorithm 18.5 it
7 i & (adaptation) P& > ¥ 128 P iR { R4S B op 2R D s
R feehiptt PR oA REWE R g, DA (37) 7 ;{;‘1
V2Li=0" % f* Algorithm 185 krrz_pu ¥ 3+5 LP #H & ¢
p @ EE e pipfAfiRT o Algorithm 185 % & g #ten LP &
REUFEFEEF R0 FEPHRSDEHE L, FIL N
e S R LP g R L 0 % 7 T Sdic

7L
B o©
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Chapter 18. Sequential Quadratic Programming

§18.6 Nonlinear Gradient Projection
£ 8167 ¢ 0 A rE T R U S S RA B R RS o M
A RE T TR AL A R
min f(x) subjectto /< x<u, (46)
2 fE2@MPSEc (fou» BT Rhfet Faw g o

A Al - EREE D E o Ay TR AR AP HE S X
A
Gulx) = it VA (x— i) + ¢ (x— 3 Bulx—x),  (47)
H ¢ By B V%f(x,) ehi 3T 02 (positive definite approximation) e
BT ok AR F - IR R K EE (Algorithm 16.5) k&
P+ A
min gx(x) subjectto £<x<u (48)

AT K o
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Chapter 18. Sequential Quadratic Programming

§18.6 Nonlinear Gradient Projection

PR e TE G pe=X—x AL B BES Xy = Xk + Qi
oy ERE L

f(xk + akpr) < f(x) + VL pi,
29 ggqe(0,1)

d
hn )
N
Pl

BRRPHEE e p AR LD RS OTES 5 AP
Algorithm 16.5 e B » 4 §16.7 #r3t#hehe w 8- T » 357 2
e EABRRMEE (BB ET ) #% Cauchy point x€
B AEIERLAT P Bl b g BRI vu A x o mnH R

EorafEes B R URN g AR B

fE x-e

R

3
(i
N}
A&k
N
oL
RS
4y
&
—~
~
(o]
N—r
&
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Chapter 18. Sequential Quadratic Programming

§18.6 Nonlinear Gradient Projection

Cauchy B x° B 2 HEH AR 2EE 0 Bl qu(x€) < qulxx) ° &
Algorithm 16.5 # & 7 — B 3 R ALf2 X » % L qu(X) < gu(x©) » &
(Al A R S

R 1
fo = qi(xk) > qr(x°) = qu(X) = fiu + VA p + §PEB/<P/<-

~

B EN@ET VAlpe <0 Fl5 Bk By .0 2o

i

Ching-hsiao Arthur Cheng it .5 % Bk it 222t MAS037-*



Chapter 18. Sequential Quadratic Programming

§18.6 Nonlinear Gradient Projection
AR AT R GRS RLEE KRR AL (46) - AP
A o A (47) 0 e d N E g L R R AT
# By & 5 Hessian V2f(xy) # i #& BFGS & SR1 2 ;¢ gf,, m
quasi-Newton 7 i o # &8 py ¥ B RKfE10 T F BPFALE I en

min gx(x) subjectto < x<wand |[x— xk|oo <Ak  (49)
He Ap>0- 2B T A E - B3 R UW§ 0z 1)
F 5\ B 1B o

min gx(x) subject to max{/, xx — Axe} < x < min{u, xx + Age},

49 e=(1, ,1)T < Algorithm 16.5 ¥ rz * k-ﬁﬁzzéi@; B
{E #H g k{?%ﬁv}%x v iR T I F I K vE R (T T
TG £ R EHEE p rildzi gy mé&*'“éfé&m'ﬂ'bﬂ*
LaT2ie Ags 20% 4%
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Chapter 18. Sequential Quadratic Programming

§18.6 Nonlinear Gradient Projection
TR AR PR AR S F AR AT R R B RS
@#%ﬁ::%4W%E’Fubaﬂﬁkja.mp-zgogsa, i’
VLA EQP 32 0 Fli v R * 7 Algorithm 16.5 % f3i4
TR B2 F AL ET5 T Cauchy BRkibm]- B iFg & >

RUEAERL TR AU AR AU hfaik- BREE
RO AL HA A ARG L R H RS &

REFZEE] (LRI (50)6) ° 7 R & - BigE2EX
BB A RETEHY B FOER L 2> (o i)
Cholesky 4 f# » 3% ;2 & Algorithm 7.3 ¢ 3 ;¥ lofy i o
BREF S ZRA I T UFBEFL - b (RELD) G4 - &
Ao d MNP RRPI - MR EE DI A H o FEFRLA N
3R 4R AL (46) o
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

BER A AW ok E %90 SQP fo SLQP & i i ¥ T rt it o
e 4 Bh e RT3 o FI0 » A PSR A BSR4 b R
o 1R R 4 P TR R B o B 2 e aelAT
A B 2 gk o f e 2t ’#’ B E -

SREEPPETHERI LRI DG R TR () s

B> 14 % constraint Jacobian i Rl E 1T 5 5% 7] iR o 3T

E RIS B ER 0 P IR AiEeY 2
APl o AN P RME- BEL S hiltackk R

B R SQP & B w2t R E g KKT ghenif it o

A
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

S B SQP Sk o i RfES S RAIR AT (8) k3 4z o
w pg e AP EK e (8a) ® o Hessian 4B'E V2 Ly 5 B $H4L 2
T EERTI By B o AT NBEE R G X1 Pk B Pk
Hil- Bwmades k3 o KE & B T A8 T 7iE
i pE gk

G1(Xk + awpr; ) < d1(xk; 1) — nok(9(0) — qu(px)),

HY ne(0,1)> 2 ¢ 4 (39) #E & o gy v (37) #FE&E o 57
2Rt R AP RRE B T RBIN AL (8) MAF 7 end A
TR E pro B ERAT) Sl p $OVITF kPR T
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that the SQP algorithm just described is applied to the
nonlinear program (7). Suppose that the sequences {xx} and {xx +
Pk} are contained in a closed, bounded, convex region of R" in which
f and c; have continuous first derivatives. Suppose that the matrices
By and multipliers are bounded and that y satisfies 1 = || Ako + p

for all k, where p is a positive constant. Then all limit points of the

sequence {xx} are KKT points of the nonlinear program (7).
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that the SQP algorithm just described is applied to the
nonlinear program (7). Suppose that the sequences {xx} and {xx +
Pk} are contained in a closed, bounded, convex region of R" in which
f and c; have continuous first derivatives. Suppose that the matrices
By and multipliers are bounded and that y satisfies 1 = |A¢|oo + p

for all k, where p is a positive constant. Then all limit points of the

sequence {xx} are KKT points of the nonlinear program (7).

AL HAE L AR R 0 BRG] {x+
Pk} FFE e d R R E P g R ‘,f. 7 Hessians By £ constraint
Jacobian % i ill-conditioned % o T 32 19.2 §_ A { P hiE
T AR N LR 2 P BoackE s (- ) edgien
X% ¥ 44 trust-region SQP 2 aE 2 oo
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

¢ Rate of convergence

AP ERT kJe il EE SQP 2 iE A I aceniE 2 > R FEIRAZ AR
MoicarFenig i o 537 B i@ APEEH P AR EEN
L4 i 1 e Algorithm 18.1 + » ¥ 4 B3+ ¥ V2L, B % exact
Hessian 2t #_quasi-Newton & B % ek A o 2@ % I enE & 7
PR YA E N AR REehE 2 0 — T active set AL T H B
#EEEpE (L RIL18.1) -
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

FE RN A HE - R PR A - R

Assumptions 18.2.

Bl x, 2K A
min f(x) subject to c¢(x) =0, (1)

kIR HIR R LT EE

Q “ox, EBAPBP > S f fo W] cEF A7k
Moo H - e f Lipschitz i § &0 -

Q fxy Fus A LICQ - 2BiFE R AFFAEBREIT & N>
19 A x, Bhs KKT i (5% (32)12)°

O o (X, \i) Bud B - FF A iEd (232 12.6)-
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis
A AL G- B * exact - FFFEHHSQP 2 E o

Suppose that Assumptions 18.2 hold. Then, if (xp, \o) is sufficiently

close to (xx,Ax), the pairs (xx, A\x) generated by Algorithm 18.1

converge quadratically to (X, \sx).
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

AiE LY - B exact - FFEH SQP i o

Suppose that Assumptions 18.2 hold. Then, if (xp, \o) is sufficiently
close to (xx,Ax), the pairs (xx, A\x) generated by Algorithm 18.1
converge quadratically to (X, \sx).

PRI P e g2 112 - $ o F] 5 AP Algorithm 18.1
AR E T EEESMM K F(x A\ =0 gt 2 > B Fd

VF(x) — Ax)TA

Flo ) = Vi £ 3) = | 77

—0 (2

?:'l—i—f‘i% o
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis
AT k#-p ke Algorithm 18.1 7 quasi-Newton % %8 -

Bzt 48 ¢ > Lagrangian Hessian V2 L(xk, Ak) # quasi-Newton
Til B Boi% o A §18.3 3 T ¢ * % A Hessian it i g

i# 0 B I HILP Hessian Z V2 L(xk, \k) Zk 1T 12 £ reduced-

Hessian = % o 4rfp A5 eniddh > AP EK Ze £- B nx (n—
m) 4&*L > H {7 span Ay 9 null space » I %f ¢ Bk Z, chiF A

orthornormal 13 % 4 (15.22) -
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Jo g A KKT % 5%

[ Valk —AL ] [ Pk ] _ [ —Vfi ] (6)
Ak 0 Akt1 —Ck

H% - B RAFIR Y Z SN iE T

ZEV2E Lipk = —ZL V1. (50)
X fr AN P BB PR REER o U SN E (6) %
Z B RBI Apk = —cx — A2 BN R DFET_pg NE o FE
oo} Hessian ek 2 ZIV2 Ly A8 F i 5 V2 Ly chf|4p3n
A(mwE e AT chEB B R B o py kT PR

TP A o
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

@B (50) 11 Zo B EET AL P v BT A ¢ null
space _}
P =1— AT [AkA"kf] A= Z 2T,
AT E R (50) £ 5
P2 Lipk = — PV f.

PR L w32 1845 £ P 4o %k i # quasi-Newton 4B By >
® % PyBy & ®ig it P V2 Ly > B quasi-Newton = i &k 38+ &
Yo age o ok PyBy fi4F ¥ 3T PVE L0 B 2 BATRM YT ac
e 2R FZ BREL AR APALT - BEE TR
AP AN (T3 36) AENWHFRTHHE - ik
T keamddm e 0 VE Ly & V2L(x, k) °
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that Assumptions 18.2 hold and that the iterates x; gen-
erated by Algorithm 18.1 with quasi-Newton approximate Hessians

By converge to x,. Then x, converges superlinearly if and only if
the Hessian approximation By satisfies

v _
i I1PK(Br = Ve L) a1 = x| _ (51)
k=0 Ixir = il

V
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that Assumptions 18.2 hold and that the iterates x; gen-
erated by Algorithm 18.1 with quasi-Newton approximate Hessians
By converge to x,. Then x, converges superlinearly if and only if
the Hessian approximation By satisfies

lim |Px(Bk — ngxﬁ*)(xkﬂ — xi)||
k—00 [xk1 — xkl

— (51)

V.
AT LR BEREERY AT D G 3% E 0 quasi-Newton {
T % B AE A (10) chR B BFGS i i77F © & 7 i3 BFGS

i@ 170% 4o B well-defined » 2% 7 g2t (3% ) B3k > T Lagrangian

She

¢ Hessian #B" & f& i f_it 270
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that Assumptions 18.2 hold. Assume also that V2 L, and

By are symmetric and positive definite. If ||xo—x| and || By—V2 Ls||
are sufficiently small, the iterates x, generated by Algorithm 18.1
with BFGS Hessian approximations By defined by (10) and (12)
(with r, = si) satisfy the limit (51). Therefore, the iterates xj

converge superlinearly to x.
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that Assumptions 18.2 hold. Assume also that V2 L, and

By are symmetric and positive definite. If ||xo—x| and || By—V2 Ls||
are sufficiently small, the iterates x, generated by Algorithm 18.1
with BFGS Hessian approximations By defined by (10) and (12)
(with r, = si) satisfy the limit (51). Therefore, the iterates xj

converge superlinearly to x.

0425 182 ¢ B diehfE i BFGS { 37Hw - A e ugp d
feagid F & RAgM M (@ 2 £ ¥ 0 QAL MM a# ~';€'3-§Uﬁ
&) e
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

B g AT 0 My Bl ZIV2 LiZy 0 reduced-Hessian
SQP = % o & P, e &/ ¢ > ANipEE E, alf ZkI\/IkZT ¥ O AR AR
4 R P V2 LyPy ch— §E1 12 o d 3% reduced-Hessian
23T 0 E G PVEL AP R (Bl) 22 oo 3
B2 x> AT L R (B1) B AT A kAR M T A

HIE & L

Pi(Bk — V2 L) Pi(Xks1 — xk)

i
[ Xkt — x| (52)
Pi(Bk = V2 L4)(I = P) (X1 — Xk)] -0
X1 — x| ’

B 2E Be=2ZMZ[ - 1T RERET o WF - AR E
T T AR T e BRRSEAF 0 T AR T i -
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

Suppose that Assumption 18.2 (1) holds and that the matrices By are
bounded. Assume also that the iterates xi generated by Algorithm
18.1 with approximate Hessians By converge to x, and that

i 1PE(Bk = Ve La) Pl =0 _ (53)

k=00 [X+1 — el

Then the sequence {xx} converges to x, two-step superlinearly; that

is,
i P2 =5l _

k=[x — x|
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Chapter 18. Sequential Quadratic Programming

§18.7 Convergence Analysis

fi¢ * BFGS { #7¢ reduced-Hessian = j2 ¢ » i 54 3
X1 = Xk + YiPy + Zkp,

2% p,fep, o
(AYi)py = —ck, (14a)

(ZEVELKZK)p, = —Z¢ Vi (16)

frindl > Hd (16) ¢ eh (ZIVELiZy) it el e B 2 L
TR 418 1T My 0 BFGS 2 58 97  #7e0 My #75 # o 4ok A
Bk * 2 AR » £ 9 null space A RAEE Z), ® i T 7w
BV T Lt 32 18,7 KRBT xi 4B AT T acehiE 5

B °
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Chapter 18. Sequential Quadratic Programming

§18.8 Perspectives and Software
4o % active constraint k&

SQP i T iR T 2 F A -
BorogRageR- 50 4 A A d REEE PHR
5 o B2 qugmented Lagrangian = ;2 4pt > U PP B {0 i BB
TP AR LSRR LT - R a2 B 2
i P W A E A< ANAEY 0 IQP & EQP 2 2 vi- f&
{FrcepoaTy B9 FEFT LR SQP v SLQP = 2 f2

A {EEJ*"W'] o
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Chapter 18. Sequential Quadratic Programming

§18.8 Perspectives and Software

A e = q1SQP £ # ¢ 35 SNOPT [128] f= FILTERSQP [105] -
aw—*z:}%?* line search = /& » @ & 2 X F R ERELAHEE D
filter 2_ trust-region # % - §18.5 7 #1 SLQP = j# & KNITRO/
ACTIVE [49] ® R - 2= BREMe AR R H 7 (71
F# i constraint Jacobian &_ rank—deﬁaent B 38 e 4] - SNOPT
S (2 RS TS 0 2225 (9)) & SQP R
227 ¥ {7 & Lagrange aﬁ—* 1;’ Bt o S ST S
3¢ o FILTERSQP & 45— &7 LA f - 15 1 i e actt
B Poig Bulieacd) 2 ¥ (7 8w o KNITRO/ACTIVE § %6 -
# & * Algorithm 18.5 { A7 v chjlr )= 2 -
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§18.8 Perspectives and Software
P Bz 3 :xngsleP GERWR o R RAFRET N ES o
CONOPT [9] & 1 i * " MR > 2 12 SQP = 2

%9 B ¢ - Lagrangian 5 Hessian 46 V2 L, % % # * quasi-
Newton i 35 « BFGS [ #7 4 "U4| e 417 i@ ¥ L & g £ UF
TR A Fl R R MEFRELOT THiT o dFEEE
¥3EG B o &a > SNOPT 4= KNITRO % .47 BFGS o
"Liedh BFGS @7 & F* ¥ 2 245 - KNITRO # i i1
W BFGS 38 { § »ctn SRL 98 » ©doim b i 3 F A 114
i it e 2> quasi-Newton @717 % &i&— #4773 - RSQP %  [13]
F I — 1B %45 % reduced-Hessian 77 quasi-Newton :& i7#7 SQP
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§18.8 Perspectives and Software

Yo% &% Maratos i » % * 22T merit S0 #c filter i it
ERZV R EMEFRR R AFBY > EHEE B DR
I %5,5)72? NS A R BPRE o

AR E R PHRKE S 2 HF R TRON [192] 4o
LANCELOT [72] - iz@ BB * R R E A RFA 73 3
B ] it > T /* 2 % 2> Cholesky 3 1% i B o LBFGS-B [322]
fo BLMVM [17] # 37 & * $ "2z 48 BFGS { #7 % % 2 % & iF
Hoif R B o F el BFGS GBH T % 4§ okt (7R
PHRIEEfF ZFE ]~ -SPG[23] w1 # * 2LE B M2
R EF D E o
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