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Chapter 16. Quadratic Programming

Introduction

LR R T E SLE SR TRl - RU L E SR U
(quadratic program) o iz F* 4% & é/%&ge&—gf_g R
— A g EL S EY S R a I Blac R 7= RG] (%
1)‘%%t%%31%(”17 ) fep i (% 19 %) e
— A ez = AP (QP) 14 PR AE

min g(x) = % Tex+ xTc (1a)
X
subject to
aix="b; ifiek, (1b)
aix=b; ifiel, (1c)

He 5 GAnxnHHFEL ¢, xeR"» E fr T £ F "L index
set> @ ¥¥rF cnjefuloa » RTegm b £.F #ico
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Chapter 16. Quadratic Programming

Introduction

AR HALT L h U E Y R (SEA S AE)

U E A4S RO FIEER B PR S ficendF o2 350 5 i
¥ o 4% Hessian 4B G & X & 2 NP4 (1) 50 QP> &
TAMRT o FA AT P W SO SRR o By QP
ﬂjﬁa G ED RehiEn @ b G E - B 7 % (indefinite) 4B

s (1) A5 250 QP 250, QP - Bk { & P > 7]

- ff

it 7 % 1 stationary point frk 8% ] & °

v

ESr AN
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Chapter 16. Quadratic Programming

Introduction

S AERPIFAET A et B P R (A G EfRE)
e & $5 RN FIERA Bt PR S B o 8 504 2 ik
¥ o 4% Hessian 4B G & X & 2 NP4 (1) 50 QP> &
TAMRT o FA AT P W SO SRR o By QP
Qjﬁaa G E 1 2ehfin s @ & G £- B % 2 (indefinite) 4B

AR (1) AL S 220 QP 2ogh QP — 4R %L & PR > 7]

# 7

U ¥ i % B stationary point frk #RE ] E ©
BAFY o APIERENL QP AP E LY g R -
By AEREY o
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Chapter 16. Quadratic Programming
Introduction

Example (Portfolio optimization)

FERFERTER GIFP LR G F - BT 0 A
RETRPHRP - RLFTFLFRLFLL PG KF s
A Y deie T 0 BT i ik T R T AT e
=12 n FF AR FTRD o HEFT K
e W ¥ A Ao @ BURR B RAK B A G g
RE-ANPTNULEFET PP ELE u=Eln] v 28k (L)
0} = E[(n—m)?] % F o0 ¥4 347 8 S $#H 2
Bk E AR o] fRATFRT P RE AR o LR R K
WA AR e AT OLBERRY 2 j 2 B adp M K e

pij = E[(“‘Mf)(’j‘ﬂj)] for iij=1,2,---,n.
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Chapter 16. Quadratic Programming

Introduction

Example (cont'd)

MET LERRFT o T AR NP ERR S e BB
HAER o 3 BAFFARS - Ac P A feT R OR T E G R ARMM S F
pij T L P> 2R B FTARRIT o AFAER B E 2 e B
TR EAPME -

RFEFLERT T h- 300 x £rIRF ¢ (B9 =
L2 ) kA g e Mw T E R 0
P ORFLEF L 0 RART R iE Z 12 x20-
BT s adpppld 1T 2R =

n

R= ZX,'I‘,'.

i=1
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Chapter 16. Quadratic Programming

Introduction

Example (cont'd)
BERERFT oL A4 o AP TR EEEP TS B S
#}ﬁ" o fRLE & —JF:] f']fﬁﬁjﬂﬁ?ﬂﬂj{ &

Var[R] = E[(R— E[R])Z] = Z Z xixjoi0jpij = x"Gx,
i=1j=1
BP pxpeoffr et GEAFELIERE (B2 1) &
o B (i ))-entry 3 Gj = pjjojo;.
BEFRT > APELSI - BIEH v Ty Bt BB &K
xPGx #o] chf Fle g o
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Chapter 16. Quadratic Programming

Introduction

Example (cont’d)

kL ﬁﬁ; PE VA ’EE

max x\ W — KX TGx subject to Zx,—1x>0
i=1

KBTI PR T L o 2] S 5 PE AT B UK T 0
B o R m#;\ A {llfi BT L Y E MR G TR lﬁﬁﬁi“
ik B P RS RERAEORE o { T ROKRT K
PIEL R LR EFL FRDFM > RIEERR] i E -
B EIF S B AT STIRF KT Y N AR T
iﬁﬁﬂ?hﬂpﬁﬁﬂ“iﬁ‘”i‘ff#ﬂﬁ?ﬁ"$ﬁ'¢§¥ ALK g R
REpE s Pp e AR I ApRg s ufﬂ 4,-{%% ENME o
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

BT RAPRLHSH QP wE 2 > § AL AT A% U
o i B AR B B T Y 3 SR 3L 7]

FHE NP FRfE- B RN H QP
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

FBTRAPRLLNH QP AEZE > B AL BT AE N U et
oo B B HEFRER B AR RGE Y YR A B F aR 2T > T
SD AR AR G - g o i QP A A
ARy ZRIE- BENLHH QP
¢ Properties of equality-constrained QPs
O OMEAR > APRENAG L ELA N R T 0 FRE L
QP AT - :

m)}nq(x) =- Gx+xc (2a)

subject to Ax=b (2b)

He A F 4| S8, mx n Jacobian 2B (H ¥ m<n) b E_
R™ ¢ ched »am Achs (5|8 al @ beh% [BAE 5 bo 2
AR A G oafk (full rank) — #7124 rank(A) = m > TR L4t
(2b) consistent o 3 ¥ & & §16.8 3t A f£ 3 K infEiw o
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

dARIL 121 (AN KKT R ehzae DT FEHY ) » %
Xy B_(2) fF > Pl-FpREEELAP > 3 A BARLF S Lagrange
% + % & (Lagrange multiplier vector) e & A\, & &= 2%

<=1 ©

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 16. Quadratic Programming

Theorem 12.1 — KKT conditions

Theorem (First-Order Necessary Conditions)

Suppose that x is a local solution of problem
ci(x)=0,ie&,
¢i(x) =0,ieT,

that the functions f and c; in (1)1 are continuously differentiable,

(D12

min f(x) subject to {
xeR”

and that the LICQ holds at x,. Then there is a Lagrange multiplier
vector Ay, with components \¥, i€ £ UZ, such that the following

conditions are satisfied.

Vi L (X, Asx) = (32a),,
CGi(xx) = for all ie &, (32b),,

Ci(xx) =0 forallieZ, (32¢)4,

Af =0 foralliel, (32d),,

Mci(x) =0 forallie & UT. (32€)y5

= =
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

d A 2T 121 o
xe £_(2) chjz > Bl- A2 R ER AP > 5 - B S Lagrange
3+ w» £ (Lagrange multiplier vector) e £ A\, /& X > 422

-l e

e (3)'\?J‘lﬁiﬁdéi—x* AT R Xe =X+ pPUBRNEFER
Pox AR R (RREES AR "T#&xmlﬁ)’p{b’%

el
FEHEE o 3 2Pl PELTERTRI A7 AP F T
G A [ -p]_ &
2= 1] @
h=Ax—b, g=c+Gx, p=xs—X. (5)
#(3) 5B 5 (4) $TPE ARG v o
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

B (4) ¢ g 5 Karush-Kuhn-Tucker (KKT) &% > @ =
&% E %D 7 2 L non-singular - BL A iEE o BB % 15 F
- APERY ZA "HEFeE B A dnull space (- &
RE Ginx(n—m)EL; 7T ZHEAZ=02F %k -

Let A have full row rank, and assume that the reduced-Hessian
matrix ZYGZ is positive definite. Then the KKT matrix
[ G AT
k=127 ©)
is non-singular, and hence for each b and c there is a unique vector

pair (x«, Ay) satisfying

AN ®
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Suppose there are vectors w and v such that

Sz o

Then Aw = 0; thus from (7) we have that

o= [3] 5 4 ][3]=won
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Suppose there are vectors w and v such that

Sz o

Then Aw = 0; thus from (7) we have that

o= [3] 5 4 ][3]=won

Since w lies in the null space of A, it can be written as w = Zu for

some vector ue R"~™. Therefore, we have 0 = wlGw = vTZTGZu,

which by positive definiteness of ZTGZ implies that u = 0.
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Suppose there are vectors w and v such that

Sz o

Then Aw = 0; thus from (7) we have that

o= [3] 5 4 ][3]=won

Since w lies in the null space of A, it can be written as w = Zu for
some vector ue R"~™. Therefore, we have 0 = wlGw = vTZTGZu,
which by positive definiteness of ZTGZ implies that u = 0. There-
fore, w =0, and by (7), ATv = 0. Full row rank of A then implies
that v = 0. We conclude that equation (7) is satisfied only if w=0

and v = 0, so the matrix is non-singular, as claimed. o
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Consider the quadratic programming problem

min g(x) = 3X12 + gxg -+ 2X§ + 2x1x0 + 1x1x3 + 2x9X3
—8X1 — 3X2 — 3X3
subject to x1+x3=3, xo+x3=0. (8)

We can write this problem in the form (2) by defining

6 2 1 —8
o Y O e P )
1 2 4 —3

The solution x, and optimal Lagrange multiplier vector A\, are given
by

X = (2,-1,1)F, X, =(3,-2T.
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Consider the quadratic programming problem

min g(x) = gxf + gxg + %Xg + 2x1x0 + 1x1x3 + 2x9X3
—8X1 — 3X2 — 3X3
subject to x1+x3=3, xo+x3=0. (8)

We can write this problem in the form (2) by defining

6 2 1 —8
o Y I e P )
1 2 4 —3

The solution x, and optimal Lagrange multiplier vector A\, are given
by

X = (2,-1,1)F, X, =(3,-2T.
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Example (cont'd)
In this example, the matrix G is positive definite, and the null-space
basis matrix is given by

Z=(-1,-1,1) . (9)
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Example (cont'd)
In this example, the matrix G is positive definite, and the null-space
(9)

basis matrix is given by
Z=(-1,-1,1) .

R g k- e E

» D PR iEE (2

R B m e lemma g
= m t

EN L i‘,JF:]_ﬂ,

(Xes As) 7 B (2) - FE 2 B fE 12 o 3
2126 - LT R ) B (X, Ax) # AR E 0 FIP x & (2) Bt
BBl e FEL o AT IR B AR KRB X £ (2)

£ global solution -

okt - MAS038-*
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Chapter 16. Quadratic Programming

Theorem 12.6 — Second-Order Conditions

Theorem (Second-Order Sufficient Conditions)

Suppose that for some feasible point x, € R" there is a Lagrange
multiplier vector Ay such that the KKT conditions
Vi L£(Xs, M) =0, (32a)
Gi(xs) =0 foralliek, (32b)
Ci(xx) =0 forallieZ, (32¢)4,
Af=0 forallieZ, (32d)
Aici(x) =0 forallieE VL. (32¢)
are satisfied. Suppose also that
W V2 L(xe, Ae)w > 0 for all we C(xx, \s)\{0} . (60)12
Then x is a strict local solution for
ci(x)=0,ie&,
¢i(x)=0,ieT.

min f(x) subject to {

xeR"
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Example (cont'd)

In this example, the matrix G is positive definite, and the null-space
basis matrix is given by

Z=(-1,-1,1)T. (9)

Ao gg ] F A LG lemma ik 2 pE o T hrE- e §
(e, Ae) 8 B (2) = AR R GER o R B > - A AL GE R
e (Xe, Ax) = AR B Tt x A (2) R
PRkl E o B O APT LR B RSS2 RED X £ (2)

e global solution °

Let A have full row rank and assume that the reduced-Hessian matrix
ZTGZ is positive definite. Then the vector x, satisfying (3) is the
unique global solution of (2).
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Let x be any other feasible point (satisfying Ax = b), and as before,

let p denote the difference x, — x. Since Ax, = Ax = b, we have
that Ap = 0. By substituting into the objective function (2a), we

obtain
q<x>:§< pI'G(x — p) + Tx — p)

= §pTGp —prGxe — cTp+ q(x) .

(10)

From (3) we have that Gx, = —c+ AT\, so from Ap = 0 we have
plGxy = pt(—c+ AT),) = —p'c.

By substituting this relation into (10), we obtain

1
q(x) = 5P Gp+ q(x). o
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Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Proof (cont'd).

Since p lies in the null space of A, we can write p = Zu for some
vector u e R so that

1
q(x) = §uTZTGZu + q(x) -

By positive definiteness of ZTGZ, we conclude that g(x) > g(x)
except when u = 0; that is, when x = x,. Therefore, x, is the
unique global solution of (2). o

v

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 16. Quadratic Programming

§16.1 Equality-Constrained Quadratic Programs

Proof (cont'd).

Since p lies in the null space of A, we can write p = Zu for some

vector u e R so that
1
q(x) = §uTZTGZu + q(x) -

By positive definiteness of ZTGZ, we conclude that g(x) > g(x)
except when u = 0; that is, when x = x,. Therefore, x, is the

unique global solution of (2). o

v
% reduced-Hessian 4&* ZTGZ & 2 1 % ° 4 R & icapF > %
¥ (3) e & x. .- B 5 I minimizer > = 2 & - B Bt en

minimizer o 4% reduced-Hessian 4&*L 5 [ $FfciE » 78A x, F A

— ® stationary point > @ 7% &_k #% minimizer °
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

hAE o APt g KKT d5 (4) chg =2 o - B E
G AT ] .,

A
A 0 ] ‘IUK L
¢ (indefinite) o 2% i ¥4+ FLAEL K e inertia & 5 27 1 ~
feR Fciedkg =z ~ e 7

E LR A o 4ok m> 1 78AE KKT &2 [

inertia(K) = (ny,n_, ng) .

TR R E 0 KKT %' &0 inertia ©

Let K be the KKT matrix defined by (6), and suppose that A has
full row rank m. Then

inertia(K) = inertia(Z*GZ) + (m, m,0).
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

EAEP > AP R KKT 5t (4) chg»e 2 o - BE
G AT ] .,

A
A 0 ] ‘IUK L
¢ (indefinite) o 2% i ¥4+ FLAEL K e inertia & 5 27 1 ~
feR FHcEiE = e W

E LR A o 4ok m> 1 78AE KKT &2 [

inertia(K) = (ny,n_, ng) .

TR R E 0 KKT %' &0 inertia ©

Let K be the KKT matrix defined by (6), and suppose that A has
full row rank m. Then

inertia(K) = inertia(Z*GZ) + (m, m,0).

Fpt o dek ZTGZ £ % eh s 78 inertia(K) = (n, m,0).
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

ThEFIEP T A (1] ¢ H 3] (EAFHET S EP ) -
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

EhEFRAEPN T LA [11L] P 5] (AAFHART T EP ) L
BB ERIEABER AT - Bo)|F P SRR e FP o dok A
i * B3 mﬂ'{%‘fﬁ‘w 5 x5 KKT 45

6 2 1 1 0
2 5 2 01
K=1]1 2 4 1 1
1 01 00
01100
A 7 5] inertia(K) = (3,2,0) °
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

EhEFRAEPN T LA [11L] P 5] (AAFHART T EP ) L
BB ERIEABER AT - Bo)|F P SRR e FP o dok A
i * B3 mﬂ'{%‘fﬁ‘w 5 x5 KKT 45

6 2 1 1 0
2 5 2 01
K=1]1 2 4 1 1
1 01 00
01100
A 7 5] inertia(K) = (3,2,0) °

=)

wif TILE g A FoafARE KKT 2L K I8 § & 2 (5]
inertia(K) & d B4 £ 5 1 ) BT k2 Pl fzd (4) ehi

S
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

e Factoring the full KKT system

f2 KKT k5t .

=18 g
- fA 2 A HER KKT L8 7= & 4 f2 > Rz &7
+ i {7 backward §= forward substitution o d 3t KKT &L § ¢ §
A Z B %o NP7 s @ * Cholesky 4 fiZ o Vi e g * 25
partial pivoting =g #7ij’ 3 2 (& 2 fFen ) k&7 LU » f2
WER Lfe UFF > g i s B2 Lk 7 Sl .

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

ipfAERT fj 2aneE 2.8 * symmetric indefinite factoriza-

tion o ¥t - B - MafLEE Ko BT A R0 5

PTKP = LBIT, (11)

Hv9 PE - B permutation 'L » [ F H =T = 44 > B 4
7 1x1 2 2x 2 block 5 block-diagonal & -
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

iti%?fﬁ‘f%‘;“i‘f B3 rxenvi % * symmetric indefinite factoriza-

3 — 1B — AL ey -}-;H,_,;EKE_ Ko e %]+ & 33558 5 ¢

tion °
PTKP = LBIT, (11)

He¢ P F - B permutation 5B > [ F H =T = A4 - B
7 1x1 & 2x 2 block ¢ block-diagonal 4E*% o &% P 131 »
A3 Aok £0 & KA 3ffeed afiinT

- ¥ 4 iRFEFFER 1L o Symmetric indefinite factorization (11)

dr g

B A ALK G g A - L

Bk it 22kt - MA5038-*
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

w0 RfE KKT ks (4) 0 g L3t 8 K 7 symmetric indefinite
factorization (11) o #Xfé » AP T 0T (TEH K F D] f2 :

< 4

h
@ solve Bz = z to obtain z;

O solve Lz= PT [ g} to obtain z;

O solve LTz = 7 to obtain z

Q set [;5]:Pz.
gt pssp Poe PT chap kv sl B B & £ 375
AR KT LB E B o 245 B =z vk E
—{Lﬁ»]fﬁlxlﬂfr2x2,,€ S50 TP (Tt B E % ‘«u‘ﬁ.fi(
t- ] Bl RRAGFE R RS e g Lo LT e
T ARG o U P HHE 2 AP J-z“ﬁm B R o el
B ¥ 334 {7 symmetric indefinite factorization (11) 2 & o

i + okt 3
= S ] e

n‘u
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

BRE RIS (n+m) x (n+ m) KKT B (6) i& {7 4 fiden j2
W3 S R oo KA o § AN ERICE RERRLTE
PR LS OfFE i i Rt R TG 2
o @ L Rentalicet K {4 8 o
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

BRE RIS (n+m) x (n+ m) KKT B (6) i& {7 4 fiden j2
Hr SRR oon e BRa 0§ AN EReE RATEREIE
P EE R LB s e Rt R g
Fxo RE L R lcedt K{BE -

e Schur-Complement method
Bk GER T NPT UM (4) ¢ % - B aENf AGT!
RigpR2 ¥ BN - B Ee o N\ A LA

(AG'AT)\, = (AG g — h). (12)

AR R ELD R R R Ao ABLER (4) DY - B

= A2t
Gp=A")\, —g (13)
m B po
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

mxm s AG-LAT

Ja R RN peE Gk, ¥ 34
i fR o FJPt o e fd S E AT R T G
e G &_well-conditioned * % % i& f;g{.g\g B (Glde s F G A
diagonal 2 block-diagonal F# ) ;
o i5iF quasi-Newton { 372 P g 7 G 1) &
o FN U E m] 0 R FEE AGTIAT #1F HE v
RfE= # g5 %o
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

LS R RAPIRE Gl Ak 2358 mxm L AGTIAT
L fE e F]Pt o A R AT R G ¥
e G #_well-conditioned * % % i& F‘i@ﬁ pE(blde o 5 G A
diagonal 2 block-diagonal F# ) ;
o 5§ quasi-Newton { 372 AP v 7 G &
o BN FHE mi) o TR AEE AGTIAT T %
ffaz il g1+ o
“Schur-Complement = j#” en & fLi>t 1 T E F B Al AT
E_KKT 2% K ¢ & 3 % G & Schur complement » @ 31:& G &
Schur complement s ¥ # KKT &' K 37 f# =

K— G AT _ I 0 G AT
T 1A 0 | | AGY I 0 —AG AT
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

7 5 (6) @ * G ¥ 5 pivot iE {7 block Gaussian elimination >
AP I KKT 4B K £ %R KKT &

IR ®

S
I o0][6G AT -P|_|&
AG™' T ][0 —AG'AT A | T | A
i F f218 52T g block upper triangular % st
-p | _ g
AG 1AT A h—AG 'g |’
(12) & (13) ;% E3d i #-z48 block elimination i/ * 3t %

s (4) ¥4 17 block backsolve @ 3| e
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Chapter 16. Quadratic Programming
Schur Compelement

A B ¢ o #73) &0 Schur complement £ 4+t - B L
3 Sk Fhe K- B3 Mo #H A X w B blocks B =&
A B

w=[¢ 5]
He A D=2 m B CT LRt | amid o st¢=3 1
g B AL AL Dy AP
Q@ £ A7 i B A ¢ Schur complement 5 D— CA™'Bo
@ £ D ¥ i% > B| D ¢ Schur complement % A— BD!'Co

'l
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Chapter 16. Quadratic Programming
Schur Compelement

LA S fpE ¢ 0 973 e Schur complement E M- B 2 L
i 4 ke B - B Mo #H A 2w B blocks B &
A B ]

M:[c D

#¢ AD:i=3ta B CT Ak#E ] asmid o gr4f=3 i M
i B33 A Do EAN A

Q@ £ A7 i B A ¢ Schur complement 5 D— CA™'Bo

@ £ D ¥ i% > B| D ¢ Schur complement % A— BD!'Co
51:& Schur complement ¥_5 7 #-E # Schur complement &+ = "
g Wi {5 block triangular 4 f# o I BF % Schur complement #_
i B R (1’) 2 nk sy T ,I'J”ﬁ ’2;“%;’ v Je T R AT
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Chapter 16. Quadratic Programming
Schur Compelement

Q F AV Rl

M_AB_ I o0][A B
“ | ¢c D| | cCAT' 1 0 D—CA'B |

% { - # A & Schur complement ¥ i » B M ek 5B 5

—(D—CA'B)"1CA™! (D—CA'B)"!
Q@ F D7 i#p > Rl

A Bl J[A-BD'C B I 0
C D| 0 D D'C 1

% L 8- # D ¢ Schur complement ¥ i » B M enf 55 5

A+ A'B(D— CA'B)"'CA' —A"'B(D—CA'B)! ]

(A—=BD™'C)™! —(A=BD*C)"'BD !
-D'C(A-BD'C)™* D '4+D'C(A-BD'C)'BD!
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System
F & % @ it Schur complement % it (4) ¢ KKT &L a1k 4

CARE R

G ATl [ c E
A 0 T ET F )
C=G'-G'AT(AGtAT)tAG !,
E= G 'AT(AG'AT)

F=—(AG1AT)~L

L=k 2t -~ MAS038-*
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

F & % @ it Schur complement % it (4) ¢ KKT &L a1k 4

A
G ATl [ c E
A 0 | EY FY)
C=G"1 -G 1AT(AG1AT)1AG ],

E= G 'AT(AG'AT)
F=—(AGtAT)~L.
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System
e Null-Space method

Null-space * = % Z & B3k G v # 14 » F]p it Schur-complement
2 G LR AT o U WK lemma enif 2 A 2 5 T A
4 afr ZTGZ B wehe KA > v F &y null space A A 4E
W7o ik Schur-complement G-tk vl 7 KKT k%P e
block 1 » #- (4) decouple & & i fi | &1k 5L
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

e Null-Space method

Null-space = /2 7 % & BE3K G ¥ F 4 > F]pt b Schur-complement
2 d LR AT o v WEK T lemma i 2 5 T A

F s ZVGZ . wiho a0 v F & 4riE null space KR

W7o ik Schur—complement FiE- ko v 7 KKT & 3te an

block ‘*1‘# #- (4) decouple 5 & i fie-] e,k 5L o

# (4) ¢ o B p g

ETIRS

p=Yp,+Zp,, (14)
2P ZEA nx(n—m)null-space A xEL Y I & [YV:Z] ;5
Ty EsmiE- nxmaELop E-Bmaviop, £- B
(n—m) &m B o APe 4 §153 ¥ HHBEL Yio Z2 2 ¢ F
154 (A7 F ) &7 Yx, L Ax=b - BFfE - a Ix, £-%

B o
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Chapter 16. Quadratic Programming

] 15.4 from Chapter 15

Ax=b

Figure 15.4: General elimination: Case in which A € R'*3, showing
the particular solution and a step in the null space of A.
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System
BANL (14)hpr (B) PSS - B3 ERr AZ=0> 74
(AY)p, = —h. (15)
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

BAN L (1) ehp ik r () hFZ BRI R AZ=0> 73

(AY)p, = —h. (15)
g At i mE [YiZ] - % nxon v e SRR
A[YiZ] = [AY:i0] ifx 3 me F1 > AY E- B mxm ¥ $4E
s wges p T 2 A2 (15) @ 19 .
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

NG (14)chp it r (4) % - B feXR* AZ=00 7 F
(AY)p, = —h. (15)
d3 Aefc i m?2 [YiZ] 2- B nxn ¥ HEL s 9100k F
AlY:Z] = [AY:0] cfc 5 mo F|p > AY & - B mxm ¥ #4E
W A p Fod 2 AR (15) @ o Bt e pE s SV U A 5t
2 (14) ehp v~ (4) 0% - B 2 F 5
—GYpY—GZpZ+A e =&

Fig-HatiEggEapigk ZT (£ain ZTAT=0) A
(ZTGZ)PZZ—ZTGYPY—Z g. (16)
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

AN E () ehptir () ey - BRI RY AZ=0> 7
(AY)p, = —h. (15)
d3 Aefc i m?2 [YiZ] 2- B nxn ¥ HEL s 9100k F
AlY:Z] = [AY:0] cfc 5 mo F|p > AY & - B mxm ¥ #4E
W A p Fod 2 AR (15) @ o Bt e pE s SV U A 5t
2 (14) ehp v~ (4) 0% - B 2 F 5
—GYpY—GZpZ+A e =&

Fig-HatiEggEapigk ZT (£ain ZTAT=0) A
(ZTGZ)PZZ—ZTGYPY—Z g. (16)

.'ﬂ % reduced-Hessian 46 ZTGZ ¥ it % > 7 2 i£ {7 Cholesky
j\ﬁ* (16) l[},f fu’,{u—\mﬁkp o d LL,J\.]FH"‘IL[“_LE m
ﬁg!‘ p = Ypy+ZpZ
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

¥+ Lagrange &+ » & A\ AT B KKT 45 (4) @ %
-Brmzk YA @Iz
(AY)' A = Y (g + Gp). (17)

d 3 AY 7 a5 o fEF aE kAR T U E R Ao
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

¥t Lagrange 3w & A0 P T 0 KKT k3t (4) ¥ %
- Bz YA @D e

(AY)' A = YT (g + Gp). (17)
d 3 AY 7 i o fEF aE kAR T U E R Ao

Consider the problem

min q(x) = 3x? + gxg + 2X32 + 2x1x9 + 1x1x3 + 2x9x3
—8x1 — 3x9 — 3x3
subject to x1+x3=3, xx+x3=0. (8)
given in previous example. Recall that

Z=(-1,-1,1)T. (9)
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

Example (cont'd)

We can choose

2/3  —1/3
Y= | -1/3 2/3
1/3  1/3

so that [Y:Z] is non-singular and AY = 1.
Suppose we have x = (0,0,0) in (5). Then
—8
h=Ax—b=—-b, g=c+Gx=c= [ =3 ]
-3

Simple calculation shows that

py:{o]v ,DZ:[O],
so that
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

Example (cont'd)

After recovering A, from (17), we conclude that
xe = (2, =1, )7, s = (3,-2) .
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

Example (cont'd)
After recovering A, from (17), we conclude that
xe = (2, =1, )7, s = (3,-2) .

% n—m #] BF o null-space = 2 7 i 224 § 2% o Null-space = 2
A B LN T EL N AREE 7o AR oA P ALY 15 £
AR HARZEARFREY PR FELRRADFEEA LT

Il] o
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System

Example (cont'd)

After recovering A, from (17), we conclude that
xe = (2, =1, )7, s = (3,-2) .

% n—m #| PF > null-space = 2 7 i 224 § 5 o Null-space = ;z
A ERF AN ZRIEAREL Zoa e AY 156 F
AR HARZEARFREY PR FELRRADFEEA LT
Tl RRAEE 27 EvE- oo FEHET G R AR

(ZY6Z)p, = —ZTGYpY— Z'g (16)
¥ it » ill conditioned - & Z e{7 v & ﬁ‘%\ A Z_ null space i
orthonormal # & » B ZTGZ chig i* ﬁtri ¥2 08 GAE- K
F oo fedrpteh /- AR F g v 'HIIFB{EE’B’»I,,O .\n%_
FLPF > orthonormal éh Z g3 8 > RAPFAE R * % 15 %
PRt sV e Zo
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System
{XEL ¥ null-spae = ;2 fr Schur-complement = ;2 ep 2% &
DR P 0 FlE EAedt s Z A B ASFE Ak A
BReBP3Y 2 €l FLR -
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Chapter 16. Quadratic Programming

§16.2 Direct Solution of the KKT System
{XEL ¥ null-spae = ;2 fr Schur-complement = ;2 ep 2% &
DFE P > Fl L FE At 7R EAE R Ak A
BB 47 & ¢ 3 aMFLE o - AR > 4ok G &1 T
AGIAT 7 it P15 G A ¥ FdEE A %5 mAapfH* n i
AL et B R REREE S BIAPE U E ® Y Schur-

complement S o BRI K L EER? null-space *iE 0 H|
E3E Gerappn i ARee Zuz ZTGZ a5 £
Lo
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

1_1_)

bW B HnE BA R SAE A S 2 R B s Rk
KKT % (4)c 222 # g2ty cenii, #74
T EL o LR (CG) > F 7 Lféi?f AR AP
&S (4) v Fl L AZEDR T KA Vo A AR T e 3 anEH
Krylov = j% » 3§ * 30— S endU & 47 3;,]‘& BLoiEEEE R
GMRES ~ QMR 4= LSQR = i ; ;%—%“QEL'E_ ® e i TR o
H w2327 108 null-space 3 2 ¢ 74 0k o B2 B
B R OCHR A (16) o iBa 2 LY 18 ¢ 19 £ K i en
Mok T A @B RINSEETHH o BBET Randm Y o AR

ek BR ZVGZ B 1 %ih o

&"’

f#
¥ i
3

Ching-hsiao Arthur Cheng B2k - MA5S038-*



Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

e CG applied to the reduced system
AN
min q(x) = % TGx+ xTc subject to Ax=b (2)
X

1% % null-space * j2 o g A K- (2) dfEE T &
X = YX, + Zx,, (18)
HPY x, eR"™™ x, eR” 5 F R & > @ " LF|;8 Ax=b 7 4817
AYx, = b, (19)
Bx, o b¥ 15 Rf T LBF T P Y PER S A
- B EHTEEE (19 REER (FEER)) -
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

e CG applied to the reduced system
EAN R

m}n q(x) = % TGx+ xTc subject to Ax=b (2)

1% % null-space * j2 o g A K- (2) dfEE T &
X = YX, + ZX,, (18)
He x, eR™™, x, eR" 5 Ffw g > @' Ax=b ¥ ¥
AYx, = b, (19)

Ex, o ¥ b EHETEFFr Y uEE > H
FER TR AR (19) s g (FEER]) % (18)
g

[RIPS (2) &3 X, = E 3 q‘"fﬁ/}f:\‘ A8
min x ZTGZX —|—x C,,
mﬁ; ’ ﬁ F‘ Z

¢, =Z"GYx,+Z"c.
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

P R R AR x, i AU A

T
Z7GZx, = —c,. (20)
d 3 ZTGZ 8.1 eh> v 0 #- CG = 2 B % 0 id B AR
Foo @ x, o (18) ¢ RHE (2) enfE o
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System
PR UR T R AL IR x, 8 Ak B
Z'GZx, = —c,. (20)

g ZTGZ B % eh > AP e 0 CG = % % i B A
S B, B0 (18) ¢ 0 R (2) f o

L4 5 % ¢ #r34 % e preconditioning ¥ 12 3 B CG ¥ K h
Yo agiE B 0 Fp AP Bk ¢ 5% T B preconditioner W, —
preconditioner W, & & W_Y2(ZTGZ)W_1/? chk + 215 | #
Hed et B3 1 (SR AE BT 1) &1 (n—m)x (n—m) $
F TAEL o b * 3t (20) 5 preconditioned CG = ;= (Algorithm

53) 4T T AR - RS APH d, 7 CG AL LT
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Chapter 16. Quadratic Programming

Preconditioned CG from Chapter 5

Algorithm 5.3 (Preconditioned CG)
Given xg, preconditioner M,
Set rp < Axg — b, solve Myy = ry for yp;
Set po = —y0, k< 0;

while r, # 0 -
re Yk
Qg — T Apr (39a);
Xk+1 <= Xk + QkPk; (39b);
k1 < rk + QpApk; (39¢)s;
Solve Myjy1 = riy1; (39d)s5
rE 1Vk+1
Bry1 < +T ; (3%)5
rk Yk
Pk+1 < —Yk+1 + Brr1Pk; (3%);
k—k+1,; (39f)
end (while)
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

Algorithm 16.1 (Preconditioned CG for Reduced Systems).

Choose an initial point x.;
Compute r, = Z'GZx, + ¢,, g, = W, 'r,, and d, = —g,;

repeat

o rTgZ/dTZTGZdZ;

g, — . .
until a termination test is satisfied.
T Aehisa gl - rTW Ly B4 | Bs ki o

zz ' Z
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

ERCA R E N %"@_ﬁ_ﬁ a5 % reduced-Hessian ZTGZ > 7]

2 CERRFRAPFENE ZELTELE T LH - F %

J"”J‘éi\rl’“swapﬂ%ZﬂfrZT_%'i?i_{i)rév%ﬁva&ﬁsi&% ks

Zhn i w c W E L Z G R LT ERELE Z
9450 .
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System
iz i2¢ > ¥ 2 Z & E A5 reduced-Hessian ZTGZ > 7
s CGrin W R FRR s ELael e B4 R
P Z4 Zrﬁﬁn?'fﬂ%ﬁ’#%%
Z.'rﬁ:“a?jéf oo R L ZhER > RERHAPEEE Z
5o 04 PAY 15 F Y TR o

12 18 ¢ preconditioner ¢ # ¥ WZ_21/2(ZTGZ)WZ_ZI/2 =1, 7%
W,,=ZTGZ- iz BmEhAHY » AP Y Bas4e
W,,=Z"Hz (21)
¢ preconditioner » # ¢ H £ - B (¥ ZTHZ 3 & 24" eitfi
B o TG AR - B H eiEdE o Aj4e (21) &0 precondi-
tioner LF AP A nATFRY CGC 3 » BT kAP RE-H
243
vl oem
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

e The projected CG method
drk i * A4

W,,=Z"Hz (21)
71 preconditioner fv Ax = b g fE > A ¥ 10 i3 iz Algorithm
161 %3 - BAFHEFAREBL Zeh™ 2 o B> 23 % AL
ill-conditioned & Z &4 7 iF @ 58 o

& 1

P e ol

2B TRANGHCGIFEE AP KT scaled nx n LA

P=2ZHz)"1Z"T, (22)
H ¥ HH A4 (21) e preconditioner ® 1 preconditioning matrix °

naz e > CG 4T | A1t o
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

Algorithm 16.2 (Projected CG Method).
Choose an initial point x satisfying Ax = b;
Compute r= Gx+c¢, g= Pr, and d = —g;

repeat
a—rlg/d*Gd; (23a)
X<+ X+ ad; (23b)
rt « r+aGd; (23c)
g« Prt; (23d)
B (r)gt/rig; (23e)
d— —g" + f3d; (23f)
g—g; rerh (23g)

until a convergence test is satisfied.

- B R E LA T =rTPr A PR R
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Chapter 16. Quadratic Programming
§16.3 Iterative Solution of the KKT System

e Algorithm 16.2 ¥ #13eh gt (& 4_g) # AL % preconditioned
residual - & ** gt % A & null space ® o F]g » d Algorithm
162 4 sen?r R > » d » JF’K = A & null space ® o F|pt
% XJF’K‘}% L Ax=b-
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Chapter 16. Quadratic Programming
§16.3 Iterative Solution of the KKT System

e Algorithm 16.2 ¥ #13eh gt (& 4_g) # AL % preconditioned
residual - & ** gt % A & null space ® o F]g » d Algorithm
162 4 sen?r R > » d » JF’K = A & null space ® o F|pt
SR xAE L Ax=bedek ZTGZ 4w ZTHZ 88 it weh > 7R R
Algorithm 16.2 ¢ % % §_ well-defined (& ¥ & (23a) & (23e)

RS e A NS RISy ) e
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Chapter 16. Quadratic Programming
§16.3 Iterative Solution of the KKT System

e Algorithm 16.2 ¥ #13eh gt (& 4_g) # AL % preconditioned
residual - & ** gt % A & null space ® o F]g » d Algorithm
162 4 sen?r R > » d » JF’K = A & null space ® o F|pt
SR xAE L Ax=bedek ZTGZ 4w ZTHZ 88 it weh > 7R R
Algorithm 16.2 ¢ % % §_ well-defined (& ¥ & (23a) & (23e)
RS e A NS RISy Yo AL T Ui iE

Xy = YXx, + ZX, (18)
Kz d Algorithm 16.2 4 = &% 8 x ¥7 Algorithm 16.1 =32 &

x, 2. B enp % o
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Chapter 16. Quadratic Programming
§16.3 Iterative Solution of the KKT System

% Algorithm 16.2 ¥ null-space & AR 4E' Z &1 R AR F e
P=2Z(Z"Hz)~'Z" (22)
oA APSp L FEYIAREL ZhRFL T A
& Prtoo T A i gy
QO H=1I;
Q H g # # ¥ preconditioner W,, = ZTHZ & #_;

B0 BHERKNHARP A v Z g AN T2 E Prtoo
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Chapter 16. Quadratic Programming
§16.3 Iterative Solution of the KKT System

% Algorithm 16.2 ¥ null-space & AR 4E' Z &1 R AR F e
P=2z(Z'Hz)~1Z" (22)

oA APSpRE FRYAREL ZhR LA
B Prto ™ Adp g

QO H=1;

Q@ H E 3% # ¥ preconditioner W,, = ZTHZ o %_;
A BHR KGR AP i Z R AN T Prioe — g
k> H=1 4 H = diag(|Gji|) &_ preconditioning matrix H 7

BRHEE®E  RAZL R - ¥ H KL G block diagonal

3B B Ao
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

FhY B H=1 iR $00 P, k&7 Sassking Po @

P, %&{A e null space et R P T

P =2z(Z'zy'Z".
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

FhY B H=1 iR $00 P, k&7 Sassking Po @

P, %&{A e null space et R P T

P, =z(ZTz2yz".
% (23d) 54 7 - preconditioned residual gt = P rt &t & ¥ rid
WA NEFT - AN EHBFBEG N KRE T P
P, =1—- AT(AATYIA.

gt R E s gt = Pt
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

FATR H=1ahm > £00 P k& 7@ EFARGFRG P iz
P, %&{A e null space et R P T

P, =z(ZTz2yz".
% (23d) 54 7 - preconditioned residual gt = P rt &t & ¥ rid
WA NRF - AL FEER N kAT P
P, =1—- AT(AATYIA.
SR AT P E g = Pt AT gt A 4 gt =

ATV 29 b B ks

AATVT = Art (24)
hfR o BB BB gt = Pt e 2§ 5 normal equation
o o@m i (24) T L E ¥ AAT 217 Cholesky A4 j& % 4% o
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

I AT g+ B rt (25)
A 0 vl | 0|
de@ ATl o i % L ¥ i i symmetric indefinite factorization
Fefz o AR S 2 LG ek S (augmented system) i o
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

Tt P 3K preconditioning matrix H & § — 435 5% o
Q@ % HP gp > Aipw g 2t
gt = Prt, where P=H ™' (I— AT(AH'AT)'AH™!) (26)
H gt e A E HT g EASE S (26) TR
Q@ & (H#2vigie) #3 A dinull space » eh#75 2% % & 2
34 ZTHz# 0 pF » A 0 # gt 35 17 suenfz

P
H AT g+ B r+
A 0 v |

0
AR (27) £(25) eh- BIEA -
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

I A P B3R preconditioning matrix H & 3 ig A7 5\
Q & H¥apF » Apw g r o
+ = Prf, where P= H ' (1— AT(AH'ATY 'AH™!) (26)
PR gt A E HT iy fEAEE (26) TR AT
Q@ & (H#2vigie) #3 A dinull space » eh#75 2% % & 2
3G zTHz £ 0 pF > AP T 2 gt 45 17k sz

H AT g+ B rt
A 0 vi |10
LR P (27) £ (25) h- BLA -
WP H=G» A ipv jE®E - B "= 3" 7 preconditioner » it
-

WERA T @ ZTHZ A0 2 Ho (27) 58 ¢ esprtad §

A AL % constraint preconditioner e

(27)

I
P
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Chapter 16. Quadratic Programming

§16.3 Iterative Solution of the KKT System

""#;’:%25’1_%35155 P S ‘F‘K 23 & * null-space A KEL Z

(1 Jiy g+ P rt ehif 42 i”**w’ ApEe by d x=
AT(AAT)"1p e AAT e 2

@ 7j2 (25) fr (27) FE=F® chap i A R S P T 1L B f

Z
AT x]_[o] o [H A ][x]_JO
A 0 y| | b A 0 y| | b
PDI-BEREI X
Flpt s AT AN FHRPEFE T HEEL FHAHE D BT
X F fam -3 4y Algorithm 16.2 c4~ 458k o 3 9 0 3 8
gt en® 2 v it § A2 B F s » 34 > FI R " iterative
refinement k3% & #Errd o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

bk TS A PR SRR e 3 R AR S
Flendy QP aw &2 o
Q@ p 1970 & 2 %k > active-set = ;= & AL F L ¢+ o ¥ F)
for AR REZEF F ook o TP LF G sk R R aE f e
PV A TP ¥ S B ® active set e Erim it o
Q PMEFEITE KA RENGE > A REFER 1990 £ & o v
PEF A FRAA AN L AR FiEA - kP QP
BT i Aot sino
AL R Y - AARAH G B RIKE S 2 (gradient projection
method) 3 7R 58 4] active-set * ;2 > B8 2 AR ALY -
A E L RS TR BN T REAR G G e
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

e Optimality conditions for inequality-constrained problems
- H I 0 AP RS ¥ AT QP d B

B R B LR A A PR o

Seh w3 121 (T d KKT @Rz dm) v g ® 5B AE (1)

min g(x) = % Tex+ xtc (1a)
X
subject to
aix=b; ifieé&, (1b)
alx>b; ifiel. (1c)
AR Flie B R 480 Lagrangian 3
_1lrr T._ (3T — b
L(x,\) = 5 Gx+x'c ,'GIZUg Ai(aj x— bj) .

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 16. Quadratic Programming

Theorem 12.1 — KKT conditions

Theorem (First-Order Necessary Conditions)

Suppose that x is a local solution of problem
ci(x)=0,ie&,
¢i(x) =0,ieT,

that the functions f and c; in (1)1 are continuously differentiable,

(D12

min f(x) subject to {
xeR”

and that the LICQ holds at x,. Then there is a Lagrange multiplier
vector Ay, with components \¥, i€ £ UZ, such that the following

conditions are satisfied.

Vi L (X, Asx) = (32a),,
CGi(xx) = for all ie &, (32b),,

Ci(xx) =0 forallieZ, (32¢)4,

Af =0 foralliel, (32d),,

Mci(x) =0 forallie & UT. (32€)y5

= =
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

i KKT if 2 (320);, * 3% (1) 2> ArgRE e (1) o3
Xe POk XUT - R D3 & Lagrange k+ A # @7

Gxx + c— 2 Afai=0, (28a)
i€ A(xx)

alx, = by forall ie A(xy), (28b)

alx, = b; forall ie T\A(xy), (28c)

Af=>0 forallieZn A(x), (28d)

H ¥ active set A(xy) e X E FTF)E N2 2 P0G index
=] N

Ax) ={ieEUT| ajxs = b} . (29)
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

- BN e AGA I 121 ¢ > APEXRT R
= mﬁ];\ g i (LICQ) 7 3]i% & o 4r §12.6 #1if » 4o &k 2
PR LICQ F4 2 B I FREE » 514450 3 S
FE o RIREAUEM RS 2 o 2 QP ¢ LIS F B REI 7
FErte Sl QP B EiE Y > A E T K A fE ke active

constraint gradients ¥ U4 = 50
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

- BN e AGA I 121 ¢ > APEXRT R
= mﬁ];\ g i (LICQ) 7 3]i% & o 4r §12.6 #1if » 4o &k 2
PR LICQ F4 2 B I FREE » 514450 3 S
FE o RIREAUEM RS 2 o 2 QP ¢ LIS F B REI 7
FErte Sl QP B EiE Y > A E T K A fE ke active

constraint gradients ¥ U4 = 50

Hw 0 QP § G A X e ifid

( -? B2}
global solution &7 & i i » 4o F T I 551 o

L E X+

If x,. satisfies the conditions (28) for some \¥, i € A(xx), and G is

positive semi-definite, then x is a global solution of (1).

3 i&{;n, » ¥20 1, QP @ 7 KKT point #¢ 2 global solution °
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

If x is any other feasible point for (1), we have that alx = b; for all
i€ & and alx > b; for all ie A(xy) nZ. Hence, al(x— xz) = 0

i

for all ie € and al (x — x;) = 0 for all ie A(xs) N T.
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

If x is any other feasible point for (1), we have that alx = b; for all
i€ & and alx > b; for all ie A(xy) nZ. Hence, al(x— xz) = 0
for all e € and al (x — x;) = 0 for all i€ A(xs) n Z. Using these
relationships, together with (28a) and (28d), we have that
(x—x4 )N (Gxy+-C) = D Afa al (x—x4 )+ DX al(x—x4) =0. (30)

i€€ i€eA(xg) T
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

If x is any other feasible point for (1), we have that alx = b; for all
i€ & and alx > b; for all ie A(xy) nZ. Hence, al(x— xz) = 0
for all e € and al (x — x;) = 0 for all i€ A(xs) n Z. Using these
relationships, together with (28a) and (28d), we have that
(x—x4 )N (Gxy+-C) = D Afa al (x—x4 )+ DX al(x—x4) =0. (30)

i€€ i€eA(xg) T

By elementary manipulation, we find that
1
q(x) = q(xs) + (x = x)T(Gxs + ©) + §(X_ X )T G (x = x4)
1
= Q(X*) + i(X_ X*>TG(X_ X*) = CI(X*) )

where the first inequality follows from (30) and the second inequality

follows from positive semi-definiteness of G.
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

If x is any other feasible point for (1), we have that alx = b; for all
i€ & and alx > b; for all ie A(xy) nZ. Hence, al(x— xz) = 0
for all e € and al (x — x;) = 0 for all i€ A(xs) n Z. Using these
relationships, together with (28a) and (28d), we have that
(x—x4 )N (Gxy+-C) = D Afa al (x—x4 )+ DX al(x—x4) =0. (30)

i€€ i€eA(xg) T

By elementary manipulation, we find that
1
q(x) = q(xs) + (x = x)T(Gxs + ©) + §(X_ X )T G (x = x4)
1
= Q(X*) + i(X_ X*>TG(X_ X*) = CI(X*) )

where the first inequality follows from (30) and the second inequality
follows from positive semi-definiteness of G. We have shown that

q(x) = q(xs) for any feasible x, so x is a global solution. o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

AEHEBRP LT - B LF PR ApFF g G
I T x, §E L e o global solution o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

HEHCRHEP ET- BMRF LEPBz APT Uz Iy G
Tt TP x, F % A rE- 0 global solution °

A T o r §125 GG k4 E (1) tho PFERRIER 0 £ Z
% active constraint Jacobian #E*L & null-space 2 & 4BHE 5 77 iy
L F K G i€ AD) T a] o Bl X 3 B INEC)
Eeho Fp A ME R R ZTGZ A e AT 0 19
BRI 126 (AT FAY ) xe - BERRBIVE-
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Chapter 16. Quadratic Programming

Theorem 12.6 — Second-Order Sufficient Conditions

Theorem (Second-Order Sufficient Conditions)

Suppose that for some feasible point x, € R" there is a Lagrange
multiplier vector Ay such that the KKT conditions
Vi L£(Xs, M) =0, (32a)
Gi(xs) =0 foralliek, (32b)
Ci(xx) =0 forallieZ, (32¢)4,
Af=0 forallieZ, (32d)
Aici(x) =0 forallieE VL. (32¢)
are satisfied. Suppose also that
W V2 L(xe, Ae)w > 0 for all we C(xx, \s)\{0} . (60)12
Then x is a strict local solution for
ci(x)=0,ie&,
¢i(x)=0,ieT.

min f(x) subject to {

xeR"
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

HEHCRHEP ET- BMRF LEPBz APT Uz Iy G
I TPF o x, F % ¥ rE- 1 global solution °

AfEd Tt §12.5 IRk E (1) s AR BIER - £ Z
% active constraint Jacobian 4&*L &3 null-space & & 4B 5 7t e
L DA LK A0F e Als) “TH D a] 0 Bl x5 R TE)
Eeho Fp A ME R R ZTGZ A e AT 0 19
5 T3T 12.6 v xe B BBt B IRfE o

G E D A RN (L) i Ao - BB B INfE o Ao

it PR OB AALAL S 2Ry QP & "3 L QP v Y
2@ - EFEg e 2 2 QP .’rﬁ%’&d{ir (TTE ) B 15T o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

E(TFE) MLz [%I“\nr““@i T RS P sk
gx) hEFMHY GF - BREFHKEf- B FHE o NP
CENOR T ET Y5
% X¥ H — % B IR maximizer > xX* ¥ — % A 2% minimizer > @ 3
fze? o §_— {3 stationary point e “ B 1 ch+ B P » G ¥k

B 0@ X G 2E maximizer 11 2 & B & % minimizer x* fr

Za

Bz e FABe T oE B X R &K oL

4

\

FE o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

feasible
_region o,
R

/

7oy
’ /// P N \
7/ - @ \\\\\
- ~ N
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

e Degeneracy
R B FEga %y - B2 & degeneracy ° Degeneracy iz i
BEE A P AR AR T LT g & 0 APy R By
TR
© & f% x, k> active constraint &R a;, i€ A(x,) EARIEAP
ke LE
Q@ T &K 125 ¥ e I A IEE AN B 4 ﬁ*«{;’u P F R
Btk ie A(x,) > @ 9% & (28) 5#7} Lagrange %+ 383
AF =0 (R¥p 2% 12.8 otk "4 5% & weakly active) °
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems

(TROR2EF a3 BRI hb]F o &R 2 =RIORY > &
f# x. fF — 1 active constraint > F PF» E_P &3 #iceh uncon-
strained minimizer - 345 (28a) HEEL > AP F Gxp +c=0" F]
Bz o lagrange fF % 5 F o B 2 + RITBP 0 fE X A
= Br4|5N % active o d ¥t ix = constraints i%%}i%’K{RQ

J«I'L
3
F
P g 0 U RS AR iR o
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems
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Chapter 16. Quadratic Programming

§16.4 Inequality-Constrained Problems
L FRI RS T P

min x¢ + (x2 + 1)> subject to x>0,

KPP > HRER A X, =0/t f3 0 F S B4 58 208 active o &

» F] % ¥7 active constraint x; > 0 4p M B <5 Lagrange %k + 3 %
R 0 T Xy M % RBRRL T AT o

Degeneracy ¢ 15 @ B 1 & R FI4 52 ¢ = 3L - 5 £ > active
constraint gradient AR M AR R T L R EE L E P dciE

FlEg > F1 L AP F R A fRog £ L 21 rank deficient - 2 X >
¥ K32 ¢ 2 weakly active constraint P¥ » & /& ¥ Fr Tag a4
u_ﬁiif@{? active o ¥f3% active-set * Z fe BRI B 2 2 (4o 97
W) o BEE R AT R A NiEFY & weakly active
constraint F kv @ o & E R F 26 Kb iefii7 i oo
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

BT AA PR ELe 58 \—frl %8s LA (1)
£ active-set > j% o AP Y j Y QP iR > T A (la) ¢ B
GA LD Znffim e 4rk G - B3 e p gﬁ'—n e R
ARt F AR T AL e Rl o BT QP a0 T U A
%+ Gould [147] -

4% B i active set (29) ehp FE AL Ao AP E U E R AT

1
min q(x) = §XTGX+ xYc subject to alx = b;,i€ A(xs)

B 3t A §16.2 4 16.3 ¥ 45 it 1% 5N s QP ch- Ak 45
flﬁ*x*o

Mo AP EgE R Ax) c FR L o mEe B E S A
F 47 &N QP B jE Hr G feehd B PR o
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs
AEF 137 o A K@ AR - A active-set > i
T simplex £ o & & + » simplex % “\}fﬁx B E B R
RisE£AF# * ¥ & fr Lagrange k£ F B 4 kR B4 A(x) e
AL i B & 3T A - BATER 510 B RIHRRITI B B o 8

> QP &7 active-set = % 27 simplex i# % Jo 2 A3t o % A EE (1Y
2 ﬁ* X*) * - TET (TREBOEE
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

QP ¢ active-set = i 5 = #a#F 4| : primal, dual 4 %2 primal-dual -

f

B primal Bk o B EE 0 4 A R (1) 07 A

Bhob o 4 e PER OBTE M P RSl g chanBicE o

Primal active-set = 2 i Ff2/4A— B = x+ FEXP I - B T
- BREIT - R SR AR PEY - &

Zéﬁ“ﬁﬁ'ﬂdfﬂ+ﬁﬁ§*“%$(w)ﬁﬁégﬁww¢utﬁo
R EEN WP index B ERALLITE X AY kR

Re L FL Weoe R PEH W, bekeh- BERRE RE A1 (FE

¢ et index i ATH BRI R o B F AU

{ailie Wi} 5 stz & -
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs
Hox A Rd 2

it- S dBcge ok A A AR

G- BEAB X el TR W AP E AR
TR KT Z Y B

fRi— B8 & EUH S QP F RAERF AR po hiEBR
RAY 21 P Wi i H AR S E 5 A H Y

Kfl#; %ﬁ'pi‘,‘-;? ax °

Bk it 22t - MA5038-*
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

ST - BEAB X el TR W, AP E AR E g £F d 2
TR HRNFTZTEHY B XSk ge 4ok H 0 AP
fRd- BR RIS QP F IR EHEE po iti%fﬁt—?
RAEY » 2107 W ARG S 28 a B v
LR L vE o B x=x+p B~ P RSk (1a) ¢ #5)

q(x) = (Xk+P)=* Gp+gip+ pr,

1 P
He go=Gx+c?® pk—ikaxk—i—cxkod’s‘ ok ¥ p &M

AT AT R AR R T 4k py TR ML kS
AR EAQP 3 RATE 4o AR

min %pTGp +gip (31a)
P
subject to
alp=0,ie Wx. (31b)
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

EN ALY

min %pTGp +aip (31a)
P
subject to
alp=0,ie Wy. (31b)

Rt 5 pre ARFIF S

al(xk+apy) =aixk=b YVa,
APFRETF Han 3 HREWIEE W U] & X+ ap
fior I R e d 3 G E D T F] T Ui iE §16.2 ¢ Fy i
GiE i k3B (31) ehfR o
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

EN ALY

min %pTGp +aip (31a)
P
subject to
alp=0,ie Wy. (31b)

=2

fEER T 5 pro AR IIFE

aj (xk+oap) =ajxk=b Va,
NP F R a0 R EE W U] & xe+apx
faor BT R o d 3 G EDT T FPV i iE §16.2 ¢ it
GiE e AR E (31) HfR e T AP B x B d 1 T8
PR H NG 2R Bl Y2 X Sl g en®E o Fp g (31) ¢ F
ik iR fiE pp 2 A 2ER e
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

BETRAPZTELILF pk 2o B8 5% ook X+ prid X
ORI AR E = xHpee BRI APRE

piud

Xk+1 = Xk + QpPk
¢ .

P

HE Sl op WER L AFER (0,1] ¢ s LG U 4
B o
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs
BETRAPZTELILF pk 2o B8 5% ook X+ prid X
TFORFIN 0 AEE e =xetprc BRI AFRE

Xk+1 = Xk + Pk,

Sl ap ARER S B F [0,1] PR R T ek &

fE o ?1,; HEH e Wy IS FERB L AP EF IR

P Wi 54t e & 218 oy o

Q 4%k ¢ Wi “T¥H B a s & ank > 0 7REH T3
ap =00 A G a (+ awpr) = af xi = by o F o e
F AR P R S lceiE 4R o ] T ORLE B o
Q 4k (¢ Wy ¥R a i aipk <0 RIF G %
b,-fa,-Txk
a; px

H ¢

z\"\
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

2O g EETRERE AP F T o BAFRET T
T A [0,1] F FF ALK o FIRAPER T A

.— gl
Q= min {1, min b,a,xk} : (32)

igéWk,a,Tpk<0 ariTpk
- (32) ¢ B B BATE B L] i A 5 blocking constraint
(de% ap=1° 7 & xx + appx fid § #7014 % = active > R
2
F

blocking constraint ) °
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

2O g EETRERE AP F T o BAFRET T
T R [0,1] P E T AR o FRLAPER LT T

ag=min< 1, min bi_Tia"TXk : (32)

i¢Wy,alp<0 ;i Pk
- (32) ¢ B B BATE B L] i A 5 blocking constraint
B Xk + Py Jewid F AT 2 active 0 R
hin e ir%;'l’ﬁ blocking constraint) e ;X & » ) ¥ v 2 E 0
FH TR Wy thd B anld] i APT i
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§16.5 Active-Set Methods for Convex QPs

dok ap < 10 7o g ope BB - K & W, P
LA 0 TR = BRTL TE B Wiy o § BRI K F e
blocking constraint 7 E Wi ¢ ok e APt §
R ERE T S EEER S E R
bAoA P RSB X (RF b BNk BE
)5 R e WAL (31) hfE s p=0-
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

ek o < 10 AW G p h BB - A B W, ¢ ST
AIEFE 0 PR - BRTL TR Wi ,]-}nga i 3% N A
blocking constraint 7 e E Wi ¢ ke o Aip i e B
EE B e TR B ES - Ry R
FEp D P RSB X (B b EL - BE
Fli ke d pend 4L (3l) 9fE i p=0-
X Bhd 2t p=0 7% &F AL (31) chd ipig® (4) > A3
Z a,-/\,-:g: Gx+c, (33)
iew
He g0 WP hia B X b Lagrange %k &+ ° 4r&% #-7 A1 iF
B3 E AU RS 5 R PR fo A 8 B KKT i
% (28a) o d K £ g 0 X Lk AT U] 0 Ft A X
» KKT % (28b) fr (28¢) # 4% § @ 3% & -

-

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs
BTRAPRRE WAT ¥ 2 index i s>t 7 % 24| v
P e ek B R T Y 0 ) KKT i (28d) + @ 3%
B Fpt v @ X AR AL (1) 0 KKT ghindgsm - £9 1+ 0
d 3 G E Xz ‘F'J})';z ETIR U 45 LA L Sl % Tl—\(].) e global

X #_r&— ¢ global solution) °

=

solution (4% G E_i+ T s B
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

BTRAPRRE WAT ¥ 2 index i s>t 7 % 24| v
F Bl o drk pab 3 2L f 0 ] KKT i (28d) + 9 300%
o Fpr v @ X 2R AL (1) o KKT ghenigih o 9 1+ o
d 3 G E Xz ‘F'J})';z T it F IW AN iR e XA (1) e global
solution (4% G E_it T4 P| X #r&— & global solution ) °

¥—- 35 ’ér%ﬁﬁLJeWmIﬁl%m%f\—r )\J &_f e Bl KKT
EE(28d) A Ak R > P RSl g [T A iEH ff—'t‘ - i
U] R ot §123 SR o Bl AP R NI B
$R J RS PR o F S AT S AR B ATERS AT
(31) -
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§16.5 Active-Set Methods for Convex QPs
BTRAPRRE WAT ¥ 2 index i s>t 7 % 24| v
T e ek R R T M E o ) KKT i@ (28d) £ 7 515
o Fp T @D R AR AL (1) o0 KKT Bhehids o £9 ¢
d 3 G E L g 5w i g I AP e X E (1) ¢ global

solution (4% G E_it T4 P| X #r&— & global solution ) °
R B e ﬁ“JGWﬁIéﬂ%m%—r )\Jmém’ | KKT

iFi(28d) 2B B RS g QTR LENFRY - Biok
AR E N s o §12.3 Aron o TP > AP TR ﬂ']ﬁ,f— {3

HEE R dpik o # BTN S B B AT R AL
(31) 'rjkmy\l“’:t%— ]]}ﬁxﬂxg‘;m’%rﬁp +'r¢:'(§p;

i ”*f‘“%ﬁ‘d‘*lfm‘“#'lmv Feno A ER 1 TR P
RYR g HNL TR h ERMIb e R R YR
{6 NP RItHAcR BRI is B
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

Let X satisfy the first-order conditions
Y adi=GR+c (33)
R iew e
for some \, and a,-T?( = b; for all i € W. Suppose that there is an
index j € W nZ such that Xj < 0.
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

Let X satisfy the first-order conditions
Y adi=GR+c (33)
iew
for some X and a,-T?( = b; for all i € W. Suppose that there is an
index j € W T such that Xj < 0. Let p be the solution obtained
by dropping the constraint j and solving the following sub-problem:

min % pGp + (GR + ¢fTp (34a)
subject to
aip=0 forallieW withi+ j. (34b)
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs

Let X satisfy the first-order conditions
Y adi=GR+c (33)
iew
for some X and a,-T?( = b; for all i € W. Suppose that there is an
index j € W T such that Xj < 0. Let p be the solution obtained
by dropping the constraint j and solving the following sub-problem:

min % pGp + (GR + ¢fTp (34a)
subject to

aip=0 forallie W with i # j. (34b)

If constraint gradients {a;},_y; is linearly independent, then p is a

feasible direction for constraint j; that is, aJ-Tp = 0.
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Let X satisfy the first-order conditions
Y adi=GR+c (33)
iew
for some X and a,-T?( = b; for all i € W. Suppose that there is an
index j € W T such that Xj < 0. Let p be the solution obtained
by dropping the constraint j and solving the following sub-problem:

min % pGp + (GR + ¢fTp (34a)
subject to

aip=0 forallie W with i # j. (34b)

If constraint gradients {a;},_y; is linearly independent, then p is a

feasible direction for constraint j; that is, aJ-Tp > 0. Moreover, if
p satisfies second-order sufficient conditions for (34), then we have
that aJTp > 0, and that p is a descent direction for q.
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Since p solves (34), we have from the results of Section 16.1 that

there are multipliers X,-, for all ie W with i # j, such that
S Nai=Gp+(GR+c). (35)

iEW,ij
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Since p solves (34), we have from the results of Section 16.1 that

there are multipliers X,-, for all ie 17\\/ with 7 # j, such that
> Nai=Gp+(GR+c). (35)
iEW ,i£j
In addition, we have by second-order necessary conditions that if Z
is a null-space basis vector for the matrix

[aiT} €W, i)’

then ZTGZ s positive semi-definite. Clearly, p has the form p = Zp,
for some vector p,, so it follows that p'Gp=0.
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Since p solves (34), we have from the results of Section 16.1 that
there are multipliers X,-, for all ie W with i # j, such that
> Nai=Gp+(GR+c). (35)
ieW,i#j
In addition, we have by second-order necessary conditions that if Z
is a null-space basis vector for the matrix

T
! )
[’ EW,i#j’

then ZTGZ s positive semi-definite. Clearly, p has the form p = Zp,
for some vector p,, so it follows that pTGp = 0. We have made the
assumption that X and w satisfy the relation (33). By subtracting
(33) from (35), we obtain

2 ()\, — 3\,‘)3,‘ — Xjaj = Gp (36)
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Proof (cont'd).
By taking inner products of both sides with p and using the fact
that a,-Tp =0 forallie )//\V with i # j, we have that

- Xjaij =plGp. (37)

Since p'Gp = 0 and 3\1- < 0 by assumption, it follows that aij = 0.
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Proof (cont'd).
By taking inner products of both sides with p and using the fact
that a,-Tp =0 forallie 1//\\) with i # j, we have that

- Xjaij =plGp. (37)

Since p'Gp = 0 and 3\1- < 0 by assumption, it follows that aij = 0.
If the second-order sufficient conditions of Section 12.5 are satisfied,
we have that ZTGZ defined above is positive definite. From (37),

we can have a/p = 0 only if
p'Gp=p.Z'GZp, =0,
which happens only if p, = 0 and thus p = 0. But if p = 0, then by

substituting into (36) and using linear independence of a; for i € W,

we must have that Xj = 0, which contradicts our choice of j. a]

= =
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Proof (cont'd).
We conclude that p*Gp > 0in (37), and therefore aJ-Tp > (0 whenever

p satisfies the second-order sufficient conditions for (34). The claim

that p is a descent direction for g is proved in the next theorem. o
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Proof (cont'd).
We conclude that p*Gp > 0in (37), and therefore aJ-Tp > (0 whenever

p satisfies the second-order sufficient conditions for (34). The claim

that p is a descent direction for g is proved in the next theorem. o

EF N - R Lﬂq)’g%ﬁ
;wm(m) zé’f.ﬂ:r'npk AFF P REF B Rz AN K

Suppose that the solution py of (31) is nonzero and satisfies the

second-order sufficient conditions for optimality for that problem.

Then the function q is strictly decreasing along the direction py.
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Since py satisfies the second-order sufficient conditions; that is,
ZTGZ is positive definite for the matrix Z whose columns are a
basis of the null space of the constraints (31b), by the theorem in
§16.1 we find that py is the unique global solution of (31).
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Since py satisfies the second-order sufficient conditions; that is,
ZTGZ is positive definite for the matrix Z whose columns are a
basis of the null space of the constraints (31b), by the theorem in
§16.1 we find that py is the unique global solution of (31).

Since p = 0 is also a feasible point for (31), its objective value in
(31a) must be larger than that of py, so we have

1
5Pk GPi+ 8Pk < 0.
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Since py satisfies the second-order sufficient conditions; that is,

ZTGZ is positive definite for the matrix Z whose columns are a
basis of the null space of the constraints (31b), by the theorem in
§16.1 we find that py is the unique global solution of (31).

Since p = 0 is also a feasible point for (31), its objective value in

(31a) must be larger than that of py, so we have
1
5Pk GPi+ 8Pk < 0.

Since pEka > () by convexity, this inequality implies that g;fpk < 0.
Therefore, we have

1
q(xic+ apr) = q(xk) + gy pi+ 50° P Gpr < q(xi)

for all & > 0 sufficiently small. o
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s
|
=

AFHRT S E R EEE LN <0 Sindex 3R g A2
FUBREEE G p fe & g v (ll&‘k‘v t’;}ﬂ T g e ),
AFERBf PR - SHERLS F 123 Mv:mmwi\
}5 B ih 0 %A 45 AR T i&;‘w?— B rFpF RS e |

2233934 e Lagrange 3k & = ’J‘ =

PP - S FEB S e KT A€ R (Bldog - B AT
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i@ T ’tbﬁfé%fzfmaaazi-m frindex j #% g & % -
FUBRFRES G e po BFRY (NET A i EY )
HFEREEL DT - SBERELS F 12 3¢ L daup Fi/v\
17 972G i0 0 A FTRIT B A IS - B I P AR S BT J
22259340 Lagrange k3 (s S E b o BRd s i‘ulj\

PP - B e £V A g e (Bl - llh‘rm
"4 block FF) > Flt g s ”/‘iEi% iR TN HE B F R e
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?35 —L;:&

¥ G ALD LhEFiE - TR LT - oy A5 5 (31) T
AR AIR RS A R o T R R AP
pk # 0 B*f" I g BT 2B EF A Y 2 9 finite
termination FFEZLF £ & cho
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e Specification of the active-set method for convex QP

Algorithm 16.3 (Active-Set Method for Convex QP).
Compute a feasible starting point xp ;
Set W, to be a subset of the active constraints at xg ;
for k=0,1,2,---
Solve (31) to find py;
if Pk = 0
Compute Lagrange multipliers \i that satisfy (33), with
W = W
if \;>0forallie WenT
stop with solution x, = xi;
else N
Jj < argmin \;;
JEWKNT

Xk+1 < Xk Wk+1 <~ Wk\{J}v
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else (xpy # 0%)

Compute oy from (32);

Xk41 <= Xk + QPk;

if there are blocking constraints
Obtain Wy, by adding one of the blocking con-
straints to Wi;

else
Wit1 — Wi

end (for)
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PESEF LS SR TR CE

1Enir)1 elz subject to alx+ iz = b;, i€eé&,
X,z .
a,-Tx+7,-z,->b,-, ieZ,
z= 0,

TN i . .
He e (1, 1) e REHT o ,:{ _Sg“(aix_b') ';’E;
IT / .
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PESEF LS SR TR CE

1Enir)1 elz subject to alx+ iz = b;, i€eé&,
X,z .
a,-Tx+7,-z,->b,-, ieZ,
z= 0,

—sgn(alX — b)) ifiek,
4o e:(l,...’l)TeRwHﬂg7,:{ g(,l ) Ties

BE’TB FFH %Er’r)—— ],B' i ]f:r Z“w '&\;"tﬂ"}\!" ;;

x=X%, z=|alX—bj|(i€f), z=max{b—ax,0} (iel).
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PESEF LS SR TR CE

1Enir)1 elz subject to alx+ iz = b;, i€eé&,
X,z .
a,-Tx+7,-z,->b,-, ieZ,
z= 0,

- TX —b) ifie&
9 e (... 1) cRIEHT 5 o — [ ~BN(@X—b :
e=(l,--,1)"e i 1 ifieZ.
SRR AT BT A
x=X%, z=|alX—bj|(i€f), z=max{b—ax,0} (iel).
TR X H R (1) AT A Al (x2) = (%,0) &
S R AL A R
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SR X AP EEZ T RERGIR AL

1{1111)1eTz subject to  alx+ vz = b;, i€eé&,
e a,-Tx+ vizi = bj, ieZ,
z=20,
TN . .
—sgn(a; X — b;) ifieé,
He e=(1,.-- 1V eRIEHTZI v . = J
e=(l,--,1)"e U 1 if icZ.

BB BY (TA ARG
x=X%, z=|alX—bj|(i€f), z=max{b—ax,0} (iel).
FUEEE X R (1) AV Fa90 B (x2) = (X,0) ¥
WS AT R - LA ok RIALE T AR R
IR DB REPHRESF s I FRENERETE A
2 RRAL (1) - BT TR
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BRI AP RE T AR

1Enir)1 elz subject to alx+ iz = b;, i€eé&,
X,z .
a,-Tx+7,-z,->b,-, ieZ,
z= 0,

—sgn(alX — b)) ifiek,
e e:(l’m’l)TeRm”lg7':{ (’1 ) ifieZ.
B BY T4 RS
x=X%, z=|alX—bj|(i€f), z=max{b—ax,0} (iel).
VU EFEACE X R (1) A7 790 Bl (x,2) = (X,0) ¥
NI RPEI BB - R oS R T TR B
HF R R BIRES T P REPER R A
4 R E (1) eh- BF 78 o #3° Algorithm 16.3 > 4= 451 15 &
Wo ¥ MBS 7 {7 28h3 4 b = &0 active constraint K B~{F o
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2 o~ Jj‘u{‘;u"\r“ (1) ¥ 31~ — B
FoUlenfe i o RS R4 T R

= F ik F Ul
a

B2Enp ke

o
£ 4

(afx—b) <m, i€k,
(e — b)) < e &
min ~ xGx+x c+Mn subject to (a7 T) i Ve (38)
(o) 2 Gi—apasy, (e L
0<mn,
He M E R B &g~ o fico
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Fo 5 R s (& “big M) % v 443 “Phase|”
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a

REn kFde

o
£ 4

(afx—b) <n, i€k,
1 Tx—b)<mn, i€k,
min =xTGx+xTc+Mn subject to (& T) ! I (38)
(x) 2 bi—aix<mn, i€l
0<mn,
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BADERRE (1) H7 783 ki > #2303 P48 (38) % %
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BTG s ARt e g xfop T KA T T P as R

#* VKL T A index e Bldr o x; AT B x h% - BA

I

vm x AT R x b N

We apply Algorithm 16.3 to the following simple 2-dimensional prob-
lem illustrated in Figure 3.
min g(x) = (x; — 1)* + (xo — 2.5)? (39a)
subject to )
x1—2x0+2=0, (39b)
—x1 —2x0+6=>0, (39¢)
—x1+2x+2=0, (39d)
X1 = 0, (396)
x2 = 0. (39f)
We refer the constraints, in order, by indices 1 through 5.
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Example (cont'd)

To apply Algorithm 16.3, we rewrite the problem in terms of the

form of QPs and study the following optimization problem

min g(x) = % TGex+ xTc
X

subject to
X1
A[ Fb,
X2
where
1 -2 =2
-1 -2 —6
G:[gg],c:[_g},A: -1 2 |, b=| -2
B 1 0 0
0 1 0

Suppose at the k-th iterate the working set is Wy, and x = x.
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Example (cont'd)

Let [Wy| be the column vector whose entries are elements in W.

Define
Ac=A(Wi,:) and b= b(IWi,:),

and then solve
G Al —Apk [ GxF+c¢ @)
Ac 0 A T AXK—b |
At the (k+ 1)-th iterate, Algorithm 16.3 provides x**1 = xk + a p¥
with oy given by (32), and update Wy if necessary.
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Example (cont'd)
Let [Wy| be the column vector whose entries are elements in W.

Define
Ac=A(Wi,:) and b= b(IWi,:),

and then solve
G Al —Apk [ GxF+c¢ @)
Ac 0 A T AXK—b |
At the (k+ 1)-th iterate, Algorithm 16.3 provides x**1 = xk + a p¥
with oy given by (32), and update Wy if necessary.

For this problem it is easy to determine a feasible initial point; say
x% = (2,0)F. Constraints 3 and 5 are active at this point, and we
set Wp = {3,5}. Note that we could just as validly have chosen
Wy = {5} or Wy = {3} or even W = &&; each choice would lead
the algorithm to perform somewhat differently.
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Example (cont'd)

(4.1)

X;
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Example (cont'd)

Since x” lies on a vertex of the feasible region, it is a minimizer of
the objective function g with respect to the working set Wj; that is,
the solution of (31) with k=01is p=0.
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Example (cont'd)

Since x” lies on a vertex of the feasible region, it is a minimizer of
the objective function g with respect to the working set Wj; that is,
the solution of (31) with k=0 is p = 0. We can then use (33) to
find the multipliers /):3 and X5 associated with the active constraints.
Substitution of the data from our problem into (33) yields

[ P [2]R=[5)

which has the solution (33,3\5) = (—2,-1).
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Example (cont'd)

Since x” lies on a vertex of the feasible region, it is a minimizer of
the objective function g with respect to the working set Wj; that is,
the solution of (31) with k=0 is p = 0. We can then use (33) to
find the multipliers /):3 and X5 associated with the active constraints.
Substitution of the data from our problem into (33) yields

~1]= 0]« [ 2
2 e [R]5= 5]
which has the solution (Xg,X5) = (—2,-1).

We now remove constraint 3 from the working set, because it has
the most negative multiplier, and set W; = {5}. Consider

2 0 0 ] Gl o]+c )
[8?(1)][)\5]_[[01}[3]_0 . (47)

= = = =
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Example (cont'd)
Solving (31) (or exactly (4”)) for k = 1, we obtain the solution
p! = (—1,0)T (and A5 = —5). The step-length formula (32) yields

a1 = 1, and the new iterate is x> = (1,0)".
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Example (cont'd)

Solving (31) (or exactly (4”)) for k = 1, we obtain the solution
p! = (—1,0)T (and A5 = —5). The step-length formula (32) yields
a1 = 1, and the new iterate is x> = (1,0)".

There are no blocking constraints, so that W = W, = {5}, and we
find at the start of iteration 2 that the solution of

2 00 *P2 G[(l)]—FC 9
02 1 <= : (47)
0 1 0 A5 [0 1 }[ : ] -0
is p2 = (0,0)" and X5 = —5, so we drop 5 from the working set to
obtain W3 = (.
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Example (cont'd)

Iteration 3 starts by solving the unconstrained problem, to obtain
the solution of

2 O 1 299
as p> = (0,2.5)'. The formula (32) yields a step length of a3 =

0.6 and a new iterate x* = (1,1.5)T. There is a single blocking
constraint (constraint 1), so we obtain W, = {1}.
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Example (cont'd)
Iteration 3 starts by solving the unconstrained problem, to obtain
the solution of

2 O 1 299
as p> = (0,2.5)'. The formula (32) yields a step length of a3 =

0.6 and a new iterate x* = (1,1.5)T. There is a single blocking
constraint (constraint 1), so we obtain W, = {1}.

The solution of (31) for k =4 is to solve

e s L[] Clsl+e
[(1) ke 02][)‘1][[‘2}{12}—(—2) e

to obtain p* = (0.4,0.2)" (and A = —0.8), and the new step length
is 1. Therefore, x> = (1.4, 1.7).
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Example (cont'd)

There are no blocking constraints on this step, so the next working
set is unchanged: W5 = {1}. At the 5th iterate, we solve

2 0 1 G[14]+c
— 4’77777
[(f e 02} [ [1 |- | &7

and obtain a solution p° T and )\1 = 0.8. We then have
found the solution x, = ( 4,1, ) and terminate.
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Remark: ! &|? AP R 35 @5 ap=117- & *h
pitl w5 2% 8 > 28 75 & ap=1 FF Algorithm 16.3 ¥ 7 2
%‘):k —k‘—vlkmll‘t'g:’ﬂ%wk_f_lzwk’rﬂm Ak+1:Ak
M OERRROS kTN ks
G AE —/Pk o GXk+C (47)
Ak 0 )\ B Aka—bk '
Er k+1 B AEgLT
G Af 1T T Gk +pM) +c (4%)
Ak 0 - Ak(Xk*Fpk)*bk '

~

hy
AR Pl R L 2 e B (2 N B - B E D3
e )e Tt » 283 =1 ¥ 1 E FHT }%ﬁ]fﬁxﬁm
Lagrange 3k & #74f J& ¢ constraint 1 & b & K o
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e Further remarks on the active-set method

APt Gdg 0 A el FHROER G M A F B
;‘ga‘&%’ﬁg HRA ek (5B 7| o § 47 4> active constraint & F b
SRR NPT T RIS T AWy P e E\% >y 3\ fpe
FTOUEBE Y - B3 B e bldoo At G T G o dok A piE
B W =3} A - 2 k#Ed 4 p0=(02,01) 22
it 5 xb = (22,01 o dek AP EE T Wy = {5} > PRAENARE
B WHE P TR A x= (1,007 @ 3 % ifor B¢ PR LY
T index 3 S IF o 4ok APESR T Wo = AP REE
Pl=(-1,25, an=2 2 on =2 s 8 x1 = (5,3) >
ARl (T g W) = {1} 0 fi# x BT - NP BT o
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§16.5 Active-Set Methods for Convex QPs

Wi A TR WO B iE B L A(xo) £ AP 0 NE i
PR Wide Al) Tt £ F TH B o blde o B R AE I S
i# blocking constraints & » 5 ¢ #-H ¢ — ,[H;F R R > F
B W Fe A(xk) 2 F'&m}:j—)f%]?&g,«rgm’t#. T R s
FE o SFRRadF g AR o
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§16.5 Active-Set Methods for Convex QPs

#-% f e Lagrange 3k =+ ¥k et ?mﬁ\\li O BT RT g e
4o R HAEEF LI GNP GLER
FHU-LE P ERBRAENEHE g RET N
higic 1/B B ) EF & f hk+ éﬁﬁz*éﬁ'ﬁ 409 simplex j#
e Dantzig R4ct 4P (20 % 13 F ) & 4ost i 7R "Lr#;]
B $HER <SR R ¥ § 7 T {i&msﬁ—% o
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Chapter 16. Quadratic Programming

§16.5 Active-Set Methods for Convex QPs
e Finite termination of active-set algorithm on strictly convex QPs
FOUER R QP Ak & BT Algorithm 16.3 &7 X

IS U VDS S SN 2 2 g s 20, =
’N:%'l“lég'ii?ﬁt"&e"’/ﬁﬁ%/zgd‘ﬂ’?«ks fo 2| iR X, o
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e Finite termination of active-set algorithm on strictly convex QPs

FOUEM B, QP AR 2t BK T Algorithm 16.3 7 *2
—5"951@';‘1?\%;%;‘%4‘;‘%@&? SES RN Al A
4o g 2P R 3% 2 2 AR (31) Bl sl pk LR PR R 2

e R ooy B BIRGE &%"?k{ﬁ FEer o NP T 4T
= 4ok (31) R pk =0 Pl BB x AT FREE W
e q v~ global minimizer o 4% v 7 E_ R I 42 (1) %
(> 3 >- i Lagrange %+ 5 f )> mit T B 4P ’fﬂ"‘l‘ff
blocking constraint {435 e 2§ pk+1 #-H_qg BT S
S0 F]p oo d A AP IR ap > 00 A fr“ FhEH &
3 BREES g B g(q) o d 0 FE K g
TE_T”X%?E’ZJ_ TE Leh2BE | B FprE 2 ﬂ\’ij% giE‘?"l
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s GREALGEE RN MEET - B kR E ph =0
2 (3l) enfze 3T EM G- B RPARISER ph£ O
Gk EAAPF ar=1 (&r‘é‘v’* % Remark #7if » fizfd it
T T - B AKAL pl=0) B BF - B AR e
I TE Wi ? cdokid- BHEREFEEL A AEEK S
Sl 1 RS F o0 B sg&u;,fﬂ%,f@%? n B
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s GREALGEE RN MEET - B kR E ph =0
2 (3l) enfze 3T EM G- B RPARISER ph£ O
k> EAEANPF ap=1 (4% & Remark #7if » 2K
RTT - B AsEd pl=0) &AL BRI L
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{;:ﬁ@ FehE N ARFEREZEA x v I R 1 ITE W b
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PR - B (F1F Lagrange £+ 3 f ) 0 iz g
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=5
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e Updating factorizations
e g | > Algorithm 16.3 ¥ % ) £ active-set = j2 ¢ &) %

&
PR RREAENYS FF AL
min 5/9 TGp+gip (31a)
subject to
aip=0,ie Wy. (31b)

doh F B I ATHR TG BB B AP E R4 KKT kst
G AT -p]_ &g

<5 )= 1] 2

‘E;%’:\l ﬁ':_g: ,’é}_-ﬂ- ,;\x—— e ﬁx = g%ﬁg_ ﬁ% index » #5171 KKT

A B - AR R KKT &g 1§ 3 - Ffo- 7T

Blo L > GiRFFAR 0 a Y w1 & AP R0 constraint
gradient “E'%L A ¥ i} gs‘ii@ﬁ]&‘\ﬁv/é‘%ﬂﬂ‘,ﬁiﬁ g i
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RBLERE FAPFT LA E{ Tt - B8P 8 gt s

fRkt B Ag i A Y 2k (31) R chaEE A fEm A B EE B
W E R E U P ] FTHATHEAT active-set % jE kK 3

ME& o
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TR EE > FAPT LA B ATRY - AP P E gt s
fERE Ay B d g (31) g e L A 7

Y E AT E U P Bk e { ATEFH AT active-set * jE g
MEL -

PTG T 233 # % null-space i Rk E e B BF R o
BRAFT mBREBHE FBEXAREL Vo Z L0 E
#AT (A QR A2 &h (30 §15.3): T ix - B e 1T

fn

i
ATH:Q['S]:[Q Q@ | { ] (40)
He REF #2432 Q=[Q: Q] £ nxni e

Qf-R#MF miz A QF n—m@F > Kik Tk

Y=Qi, Z=Q.

Ching-hsiao Arthur Cheng it .5 % Bk it 22kt - MA5038-*



Chapter 16. Quadratic Programming
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"2 null-space * j# kP EHEEPF > NP EREENT R

(AY)p, = —h, (15)
(Z'6Z)p, = ~Z"GYp, ~ 7", (16)
(AY)" A = Yi(g+ Gp), (17)
BY (17) g8t #ep kg
p=Ypy,+Zp,. (14)
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AN Y B reduced Hessian 4B%E o o 30 [ £

1
min 5p' Gp + gicp (31a)
subject to
alp=0,ie Wx. (31b)

SRR, A A B KKT %

2]

_ | 8
h )
“’ﬁ h=0> %oy p=Yp, +2Zp, “7 N HhEE p, =
(AY)"lh 5 F -
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AN Y B reduced Hessian 4B%E o o 30 [ £

1
min 5p' Gp + gicp (31a)
subject to
alp=0,ie Wx. (31b)

SRR, A A B KKT %

G AT -p]_Te (
A 0 A | | R ]
“’ﬁ h=0> %oy p=Yp, +2Zp, “7 N HhEE p, =

(AY)"th 5 % - F]pt > d (16) 724 i {8 5| null-space » € p, &

= fg 3l

N
p—

(Z'62)p,=-2Z"¢ (43)
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A pEF L P E Z 4 %1 P {37 reduced Hessian 4B
ZYGZ thi ja = 3% o K 2§ % % reduced Hessian &' ih
Cholesky A 3 » B % ZTGZ=LLT » 5% &= - ¢ Z4v
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#org 4 i o % (F15F blocking constraint) 1% — i "L
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AfaE)5 L R #TenF 3 Lo 0450 1 o Hessian 4B
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2

B FIH B Girav e bldeo o h §16.7 3@ IR
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§16.7 The Gradient Projection Method

%% 16.5 &4 it ¢ active-set > 2 ¥ > activeset fra T B ¥ &

¥
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&% 16.5 &4 it e active-set * j2 ® > activeset fr1 (T F &
FEAE € EH - index MR o Flt o A ZFITERHES
R AT G R R S XA et Bldr o dr kAR EBE X LT

active constraint > @ f (2532 &) f29 3 200 B L] L active >
PR 0 %2 & 200 = active-set > jE e N A i F FfE o

s

¥ & & F (gradient projection) % L 3F active set Bt Nz '}i—

e £
FR N PN PE (KRN L L RES
v N HIUT b

B R v E R o Flpt 0 AR R 4 "L 2T bound-
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mgn q(x) = % TGex+ xTc (44a)
subject to
(< x<u, (44b)

He GASEEL (e u AU x ARST Rl B E o
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§16.7 The Gradient Projection Method
hAEY o APAH Gl E D TR 0 TS RRR
B

7
TR e AL o Bl 0 (44b) HFK T 7R
A5k 0 T F PEARFL S “box” o x chF A BV v 4k L
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ARG S N PEAH GRIFEPD THERX TSR
TR et MR AE e F15 d (44b) STRAGDT RS R

Ak 0 TG AR "box" e x MR RS EF AL RAT
B R RAPEES L fru g i A RS WKL S —0
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Moo AP ILFD QAL A ERMESHR > TP ISk g
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EEBHRARAKPERDE DR APELERL- B Fv“%Eii
# % Cauchy point #7 & en¥ (7 %3 (7 box) @ % (o )
PR AXC) i B2 A B o TG B XS o
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e Cauchy point computation

B A E R ek R
BARINE-] E q

)

ﬁlr’} /{;l_mpqrz\ Vi 2\ ’ T *93;11' ,zﬁéjigﬁ
iR i
Mg x RB FIT RS (44b) PR (RS REBRILT
FHRBP A X EBITHE) Py [ BAE S
E,’ IfX,'<£,',
P(X,g, U),': X ifX,'E [ﬁ,’, U,'], (45)
uj ifX,'>U,'.
d X%éﬂ"si‘/L%h’é_ BhendoE T e —g i B AR BT T
B RS BRI x(t) T
x(t) = P(x—tg,l,u) t=0, (46)
HeY g=Gx+co %@ 4-

MET 5
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4 X(t3)
-\'(T[)// x(13)

Figure 4: The piecewise-linear path x(t), for an example in R3.
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Cauchy point x© #_& 5 ¥ % #cA - =t ddic g(x(t)) e t K E R
WRH Sy - BRI E BB BV ML ER A
W x(t) % BREKEF - 50 BFFERRER)E AP
TEAT A x(t) P NIRRTt B o A 1F“‘FT EN -4
EBPLBILITE DS —ge Pl B t;d TN s

(X,‘ = U,')/g,' if gi <0 and u; < +o0,
ti= (f, — X,')/g,' if gi> 0 and ¢; > —o0, (47)
o0 otherwise.

Flt o IR ot x(t) s AT H5oT L

Xi — tgi if t< E,',
X,'(t) = { _

X; — tjg; otherwise.

Ching-hsiao Arthur Cheng B2k - MA5S038-*



Chapter 16. Quadratic Programming

§16.7 The Gradient Projection Method

2P F Sk g box(t) = P(x—tg, 0, u) 2 SliciE b t 76 F B 4eik

et - BAIE) E o APAYREE (BT 1)
PEAEfR R WEFEAEAE (2 S5 {8 i grak
Bt to, -ty BP O<ti<th<---<tpeET RAPERX
®E®RE0,t] - [tl,tg] b, tg] v e BERAPE SR AT
FERRAFHIAIE)E o JWERR [, ] 0 A

x(t) = x(tj—1) + (At)p/ ™,
At=t— ti1€ [0, tj — tj_l],

= —8&i if tig < f,',
0 otherwise.

Ching-hsiao Arthur Cheng it .5 % Bk it 22t - MA5038-*



Chapter 16. Quadratic Programming

§16.7 The Gradient Projection Method

FRis > NPT A R E [X(tjfl),x(tj)] ez Sk (44a) B
= 4o F A58

a(x(£)) = ¥ [x(t1) + (ADpIY]
J% [X(ti-1) + (AP G [x(t-1) + (ADpi~1].

BB AT #GEE order 3 1~ Atde (A)? A28 » AP gER

g(x(D)) = fi1 + FLI AT+ SE (A2, Ate[0,5— 1 4], (49)
B GBS
i1 = x(t1) + 5x(t-1)"Gx(t1),
£l =cpl™ + x(t-1) Gpl ™,
'y = (1 Gpi.
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e (49) AL HA EK SR APED gox & At = —f,/f,
PR F oo TG T BAANR
Q % §L1>0’E‘J gox B tji e F#cE I 0 Fl@
s e q(x(t)) ek %do ) B F R
Q@ ok £/, <02 At e(0,j—tiq) BleF £, >0 Fa f
bot=ti1 + At* B3 h e E
Q@ LHWBMFHRT > APHBFIT - BRE [ t] &8y
¥z o
3T - nwf BREOAPG R, 48)EAT e plo KR
PR BATEFE ff 2 fed st plugr
P § H b T LS (AT s 3 TR

55 )
SETEE -
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e Subspace minimization

Ja
0O
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c
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>
<
o
o.
>
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?rl
d
R
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2
[l
(\x
I~
>
R
.
>

A(x®) = {i| x{ = & or x{ = uj}.
AR RRBE ST R A R e AKX B AT
B xf T fE T QP F R AR

min q(x) = E TGx+ xTc
X

5 (50a)
subject to
xi = xf, i€ A(x°), (50b)
i< xi < uig A(XC). (50C)
AR EAL I FELT VB AH AR RS

FT S RAET BT S RN AE (44) - HE AR -
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TR EAYARPERDIE A A PR F L (50)
RT 0 fE xT AT (Fe0E AR RSB 2 1 B x© i g
(¢ pLqx") < qx) TF o - EAER X=X F
SAT R AR A2 B en ek F 3 E R * Algorithm 16.1 &
Algorithm 16.2 © 45 it 597 CG % 3+ B (50) &if i1 «

AR ¥ E 4] (50b) 0 Jacobian A e null-space & & AR
Z 3w H A58 e Bt AP s CG st 2R AE (50a)
(50b) » ¥ ABF R VLS x<uPFz THE o

BE o APT I MFE S LG ER o X RRRE T box
constraint } o f & F el 2§ Algorithm 7.2 ¥ — &2 »
% E A AT RV A 273 0 trust-region & B AE enE f4

Bt o
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§16.7 The Gradient Projection Method

EN T EEE R IESTS F:3- 5 ST SR e
Algorithm 16.5 (Gradient Projection Method for QP).
Compute a feasible starting point xg;
for k=0,1,2, -
if x¥ satisfies the KKT conditions for (44)
stop with solution x, = xk:
Set x = x* and find the Cauchy point x;
Find an approximate solution x* of (50) such that g(x") <
q(x€) and x* is feasible;
xkHL it
end (for)
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PRI P ERFEAZF ( Jj*i Befe 3 A ld = 2 ) 0 FRAE$E
g LA R ik R R RE A 2 e active set A(x€) H#-FE b
% i £ active set © + i}b{;;u A P s 123 N h index
%€ Ef_#f o~ ol B active set o % B 4 §_ degenerate epF i o
activeset ¥ iy A E P HEAFE - F RIFAIZ AR R
AR REEEL -
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FEVREEZ RV R LG - BRI R A
R AGEFRT VA FEEF A I ERRBRPEATV AR
é‘, F o ul]-lir" J % r“!ﬁf %3’}}»1 ‘_; ar,-rXZ bh ieT> 5kff°'§4‘3ﬁﬁ§
AT IRFIFEAFE LG X B EE R

maXHX—)?H2 subject to a; x> b; Vie T.
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§16.7 The Gradient Projection Method
AR R R H RS - B RN RPN (G5
L% 12 Fhdkis—- Bo|F) 0 HARIKFZET i fzii bound
constrained (¥ R REPF {5 * > 3% A 450 Lagrange k+ A\

e
max g (A) = —%(AT)\—C)TG LATA — o 4 bTA
subject to A=0.
(LR HBFIWLF AP - Bh S LRI APT LR
i —g\) > AR I B EESHREES L5 QP) F G
G hod b R A M LA enff B 5N pE o s $i8 Bk

"/Zﬂ-\ﬁ’»ﬁ * o
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f [149] © 4R 2 ey QP ¢ active-set = i# fo p BEjE dhdc B
AP P\Ff!\.hizi#? BRI REES o RA o ek F R
warm start > R active-set » ZF i ¥ L B o GE LG AF

Fooofe g Pois

3«\

Seawty B¢ A pBE 2 g0 warm start a4
HIRINEA A (3 F PR 2006) B3 F
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f [149] ¢ 3R 2 ey QP &0 active-set > & o BhE enficfE b
AP PR E Y ACAREY RPEE S o Ra o Aok F R
warm start > B active-set * Z Vi L ¥ { VB FE LG ARE
ety B¢ frd NOEES 3 fhwarm start A 4 b oo (R gt B
SN A (3 F PER 2006) B K

v

mAF P BRSO ARt AP IER AT £ RN =
FHIFRF S 2 4] > 7 m x n constraint Jacobian &t
AGiEfe me MW A EE 5 AR R > 7 il i AT
+ B @4 f& (SVD) & rank-revealing QR 4 fiF k& ip] - 2R 18 8K
SO RIR Tk AR T U B AT 2 R
AT fe v P ene s o
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Ny A Y e Hessian 4B* G #_% T /=T 7 active-set
S FAE S 2 R e FRARR < DR 3
oo fipA® o AR R PR 7 - BT o

¥4 0, QP e active-set = % > Algorithm 16.3 ¥ 12 i i f & 4t
BRT Bt S nieh £enit 8§ ki G273 TR
20 AE B B AP d B iE null-space 3 E 3 E A
£ ;4 ,ij‘.»ﬂ—\\iyu rp=Zp,> B¢ p, d (43) ;%0 o 4ok reduced
Hessian ZTGZ & 1 % ¢t 78 # e & p g » & K AL (31) ke
i B R BE R o Ra o ok ZTGZ G f ki
PREp Rdpe (31) ch- BEREE Flp 2 RAGF ETEE - o 4p
FoRAPES- BFA3w s, v 277Gz W F 3 oo de
— %3\ ,’Fwﬁ
q(x+aZs,) > —0 as a— ©. (51)
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