
Differential Equations MA2042-* Final Exam
National Central University, Jun. 23 2021

在下面問題中，當提到 Fourier series 時，是包含了 Fourier series、Fourier cosine series 與 Fourier
sine series；而當提到 Fourier transform 時，是包含了 Fourier transform、Fourier cosine transform
與 Fourier sine transform。

Problem 1. Consider the Laplace equation
B 2u

Bx2
(x, y) +

B 2u

By2
(x, y) = 0 @ (x, y) P B(0, 1) ,

u(x, y) = f(x, y) @ (x, y) P BB(0, 1) ,

where B(0, 1) ”
␣

(x, y)
ˇ

ˇx2 + y2 ă 1
(

is the unit disk centered at the origin with radius 1, and f is
a given function. Complete the following.

1. (5%) Since the domain of interest is a disk, it is nature to introduce the polar coordinate. Let
v(r, θ) = u(r cos θ, r sin θ). Show that v satisfies the PDE
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B 2v

Bθ2
(r, θ) = 0 .

2. (5%) For each fixed r ą 0, the function v(r, ¨) can be viewed as a periodic function with period
2π so that v(r, ¨) can be expressed as

v(r, θ) =
8
ÿ

n=0

[
An(r) cos(nθ) + Bn(r) sin(nθ)

]
.
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. Show that An and Bn satisfy
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r
A 1
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n2

r2
An(r) = 0 ,

B 11
n (r) +

1

r
B 1

n(r) ´
n2

r2
Bn(r) = 0 .

3. (10%) Use the power series method to find the general form of An and Bn.

4. (10%) Suppose that

f(cos θ, sin θ) =
c0
2
+

8
ÿ

n=1

[
cn cos(nθ) + sn sin(nθ)

]
.

Find tcnu8
n=0 and tsnu8

n=1, and the expression of v in terms of tcnu8
n=0 and tsnu8

n=1.

Problem 2. (15%) Show, using the method of the Laplace transform, that a solution to the following
PDE

Bu

B t
(x, t) =

B 2u

Bx2
(x, t) ´ hu(x, t) x ą 0, t ą 0 ,

u(0, t) = u0 , lim
xÑ8

ux(x, t) = 0 t ą 0 ,

u(x, 0) = 0 x ą 0 ,

where h and u0 are constants, is given by

u(x, t) =
u0x

2
?
π

ż t

0

τ´ 3
2 exp

(
´hτ ´

x2

4τ

)
dτ .



Problem 3. Consider the wave equation

B 2u

B t2
(x, t) =

B 2u

Bx2
(x, t) ´ 8 ă x ă 8, t ą 0 ,

lim
|x|Ñ8

u(x, t) = 0 t ą 0 ,

u(x, 0) = f(x) , ut(x, 0) = g(x) ´ 8 ă x ă 8 ,

where f, g are functions satisfying that f, g, pf, pg are integrable on R. Complete the following.

1. (5%) Let U(ξ, t) = F [u(¨, t)](ξ) =
ż 8

´8

u(x, t)e´ixξ dx, and suppose that

ż 8

´8

B ku

B tk
(x, t)e´ixξ dx =

B k

B tk

ż 8

´8

u(x, t)e´ixξ dx for k = 1 and 2 .

Show that
U(ξ, t) = pf(ξ) cos(ξt) + pg(ξ)

sin(ξt)
ξ

.

2. (12%) Show that if ϕ and pϕ are both integrable on R, then

1

π

ż 8

´8

pϕ(ξ)
sin(ξt)

ξ
eixξ dξ =

ż t

´t

ϕ(x ´ z) dz .

3. (10%) Suppose that f satisfies that

B

B t

ż 8

´8

pf(ξ)
sin(ξt)

ξ
eixξ dξ =

ż 8

´8

B

B t

[
pf(ξ)

sin(ξt)
ξ

eixξ
]
dξ .

Find the solution u(x, t) in terms of f and g.

Hint of 2: Show that for each fixed t ą 0 the Fourier transform of the function y =
ż t

´t
ϕ(x ´ z) dz

is pϕ(ξ)
sin(ξt)

ξ
, and conclude from this fact.

Hint of 3: Using the conclusion in 2 with ϕ = f and g.

Problem 4. Consider the Laplace equation

B 2u

Bx2
(x, y) +

B 2u

By2
(x, y) = 0 x ą 0 , 0 ă y ă

π

2
,

u(x, 0) = 0 , u
(
x,

π

2

)
= e´3x x ą 0 ,

u(0, y) = 0 0 ă y ă
π

2
.

1. (14%) Solve the Laplace equation above using the Fourier transform.

2. (14%) Solve the Laplace equation above using the Fourier series.


