Exercise Problem Sets 14
Dec. 22. 2023

Problem 1. Find the following indefinite integrals.

1. fxcscmcotxda: 2. j 1;Lln:c 3. Jmsin2xdx 4. Jexp(\“/f)dx
rlnz

5. fxarcsinmdm 6. Jxarctanxdac 7. JxQ arctanxdr 8. fln(x2 —1)dx

9. fsin«/aa:dx 10. fxtaandx 11. Jx56x3dx 12. J rlnw

N arctan\f fln(a:+ 1) J‘d:ﬂ
13. f\/fe dx 14. J dr  15. — dx 16. PRy

17. J\/‘mmv 18. stin2xcosa:da:

Problem 2. The function y = ¢** and y = 2%¢*" don’t have elementary anti-derivatives, but y =

(222 4+ 1)e*” does. Find the indefinite integral f (222 + 1)e*’ d.

Solution. Let u =z and v = e** (so that dv = 2ze* dz). Then

J2x26‘”2 de = ze® — Jeq:Q dz .

Therefore, J (22% + 1)€x2 dr = szzeﬁ dr + Jer dx = ze® + C. o

Problem 3. Obtain a recursive formula for pr(am" + b)?dz and use this relation to find the
indefinite integral f 23 (2" + 1) d.

ptl
Solution. Let u = (az™ + b)? and v = —

p+1
that

P (az™ + b)? Pt d
Plax™ + b)Y do = - b)?| dx
f:v(aa:ﬂ x | f — 75 [(az" + b)) du

(so that dv = aPdx). Then integration-by-parts implies

1 n
_ Pt (az™ 4 )4 _ang pr+”(ax"+b)q_1 I
p+1 p+1

p+1 n 4 p)e
_ 7 (az” +b) _ ™ J:cp(ax"+b)qdw+
p+1 p+1

b
]% pr(ax" + b)) dy ;

thus
P (az™ + b)? bnq

+
ng+p+1 ng+p+1

pr(ax” +0)?dx = fxp(cwc" + )" da . (0.1)



Therefore, applying (@) successively,

AT+ 1) 28
fx?’(xu 1y = T 3—2Jx3(:c7+ 1) da
"+ 1) Tt (T + 1) 21 5
_ D F oot i AL 1)2d }
32 +8[ 2% +25Jx($+) .
"+ 1) Tat(a"+ 1) UTrat(a"+1)2 14, .
_ ek o O e 1)d ]
32 T 200 +200[ 18 +18Jx(x+)x

2"+ 1)* N Tt (2" + 1) 14724 (2" + 1)2 N 1029 [x4($7 +1) 7 f 3 g ]
_ — | 2*dx
32 200 3600 1800 11 11
(x4 1) N T2t (2T +1)3 14724 (27 + 1)2 N 1029z% (2" +1) 7203
— o

32 200 3600 19800 * 79200

Problem 4. Obtain a recursive formula for Jxm(ln x)™ dz and use this relation to find the indefinite

integral f:v“(lnx)?’ d.

m+1
Solution. Let u = (Inz)™ and v = n (so that dv = 2™dz). Then integration-by-parts implies
m
that
m+1 1 n m+1 d m+1 1 n
me(lnx)” dr =2 ()" = —(Inz)"dx = 7" Iz n Jxm(lnx)"_l dzx .
m+ 1 m+1dx m+1 m+ 1
Therefore,
*(Inz)® 3 P(Inz)®*  3ra®(lnz)? 2
4 )3 :L__J4l 2 :—__[—__J 4] }
Jx(nx) dx g g z*(Inz)” dz = z = Ak nzxdx
_ 2°(Inx)®  32°(Inz)? N E[ﬁlnx B lffl dx]
) 25 25 5 D
o(Inz)®  32°(lnz)* 62°Inz 6
= — - — C.
5 2% | 125 625 ’
Problem 5. Find the following integrals.
1. f sin? z cos* x du. 2. fxsiancos‘lwdx. 3. Jx2 sin? x cos? x du.

Proof. 1. By the half angle formula and the triple angle formula, we find that

1- cos(2x)] [1 + COS(Qx)] 2

1
sin®z cos* x = [ = —[1 4 cos(2z) — cos®(2z) — cos®(2z)]

2 2 8
1 [1 + cos(2e) — 1+ cos(4w)  cos(6x) + 3COS(2:L‘)]
8 2 4
1
=3 [2 + cos(2x) — 2 cos(4x) — cos(6:v)} :

Therefore,
1
Jsin2 xcos* v dr = 3 J [2 + cos(2x) — 2 cos(4z) — cos(Gx)] dx

1 sin(2z)  sin(4z)  sin(6z)
3_2[2"’3+ 2 2 6 J+c

1
= 103 [122 + 3sin(2z) — 3sin(4z) — sin(6z)] + C'.



2. Let u(x) =z and v(x) =

to obtain

1
103 [122+ 3 sin(2x) — 3sin(4x) —sin(6z)]. Then we integrate by parts

fmsin2 rcostxdr = fu(x)v’(x) dr = u(z)v(x) — Jv(x)u/(x) dx
= % [122 + 3sin(2z) — 3sin(4z) — sin(6z)]

- @ [122 + 3sin(2z) — 3sin(4z) — sin(6z) ] dx

=15 [1237 + 3sin(2z) — 3sin(4z) — sin(6z)]

17 ., 3 3 1
o _ 2 9 2 4 -
99 [63: 5 cos(2z) + 1 cos(4z) + 5 cos(63:)] +C

BET [62% + 32 sin(2z) — 3zsin(4z) — x sin(6z)]

1
T
Problem 6. Find the area of the crescent-shaped region (called a lune) bounded by arcs of circles
with radii 7 and R. (See the figure)

3 3 1
[5 cos(2x) — 2 cos(4x) — G cos(ﬁx)] +C. D

/."? i
) - £ .II
I.\ R I.'I
\ 4
N

Problem 7. Complete the following.

1. Let f : [a,b] — [c,d] be a continuously differentiable increasing function, and f([a,b]) = [c, d].
Suppose that f has an inverse f~!. Show that

b d
f f(x)da + f £ (y) dy = bF(b) — af(a). (0.2)

2. How about if f is decreasing?

1

1
3. Use (@) to compute f arcsinz dr and | arctanz dz.
0 0

4. Let F be an anti-derivative of a continuously differentiable function f with inverse f~!. Find

an anti-derivative of f~! in terms of f and F.

Proof. 1. Since f is increasing, ¢ = f(a) and d = f(b). The substitution of variable formula then

implies that
w=i@) [*
J F ) dy J xf'(x)dx.

Integrating by parts (with u =z and v = f(z)),

fxf’(as)dm ff b) —af(a f e




thus

f f(x) de + f £ () dr = bf(b) — af(a).

2. Since f is decreasing, d = f(a) and ¢ = f(b). The substitution of variable formula then implies

that .
Lf_l(y) yf(w))f of' (o

Integrating by parts (with u = z and v = f(x)) as in 1, we conclude that

(@) de = bf() — af(a) — [ S
) - [ e

| s+ j CF () de = bf(b) — af(a).

Therefore, 1 and 2 together imply that

thus

b f(b)
J fyde+ | F ) de = bfb) — af(a).

f(a)

3. Let f(z) =sinzanda=0,b= g in 1, we have

1

bl
J sinxda:+f arcsinydy:zsinz—O-sinOZE
. . 272 2

jus

=3 T
=241
:1::0) 2 +

1

Therefore, J arcsin z dr = g
0
Let f(z) =tanxz and a =0, b

7 T
—J smxdl’:—+<cosx
0 2

T,
= — in 1, we have

™ 1
4

J tanxdx—i—f arctangﬂly:ztanz—o-tanO:z
0 0 4 4 4

1

Therefore, f

T I
arctanz dez = — — J
0 4

0

a::Z) =" In V2. =
x=0 4

tanz dx = % - <ln\secx]

Problem 8. For n € N u {0}, the Legendre polynomial of degree n, denoted by F,, is defined by
1 d

2nn! dxn

P,(x) = —(2* = 1)".

1
1. Show that J P,(z)Py(x)dz =0 if m # n.
-1

\)

1
2
2 g,
. Show that Ll P,(x)*dx = ] for all n e N u {0}.

1
3. Show that J ™ P, (z)dr =0 if m < n.
-1

i

1
Evaluate J 2" P, (x) du.
-1



Proof. Before proceeding, we note that if 0 < k < n, then
dk

2 n
— —1)"=0 0.3
dz* a:—+1(x ) (03)
!
since Leibniz’s rule, with the help of the identity j—x ﬁx” 7 implies that

dk k dk—*

d:ck Z Céﬂ(dw" 1" ) (W(Q; * 1)n>

. Ck(n!)?
=2, (n—k—iﬁ)!(n—ﬁ)!(

=0
k
dxk

Let vy = (x?2 — 1)™. Then v,y = v}, for all k > 0 and vy (£1) =0 for all 0 < k < n — 1.

Let ¢ be a polynomail. For 0 < & < n — 1, integrating by parts leads to that

f_ll q(2)vp g1 () do = le q(x)v(z) dz = q(z)vy() - f_ll ¢ (z)vp(x) dz

=1

r=-—1

=— J_ll q'(x)v(z) dz .

Therefore, if ¢ is a polynomial,

fl (@) L@ 1) de = fl q(x)vn () da = —J_ZQ'(QJ)vm(x) e

dz™

= (0| q@na)do == (<1 | (O o)
== (=1)" J_1 ¢ (x)vo(z) da . (0.4)

Letting ¢(x) = P,,(x) in the identity above, we conclude that

2mim!

fl Py (2)Pp(z) dz = _=om fl < dmtn (2 1)m> (22— 1) da. (05)

2ntmp lim) dxm+n

1. W.L.O.G. we assume that n > m. Then (@) shows that

fl P (2) Po(x) dz = 0

ince I (72— 1ym =0
smcew(x—) = 0 for n > m.

2. Let m =nin (@), we obtain that
1 1 2n
- (_1)71 d 2 n 2 n
[ A= S0 [ () -y

- 22;(1”);2 Jl(zn)!(;ﬂ — 1y de 2 —(_2;325!2;)! J (~1)" cos™ ! ¢t

_ (2n)!

s
2

g
J cos® L tdt,
0



where the last equality follows from that cosine is an even function. By Wallis’ formula,

jus

2 2mn!)?
J cos® ¢ dt = (2" ;
0 (2n + 1)!
thus
2n)! (2™ 2

1

P.(z)F, dr = = .
Jl n) (@) de = o o e 11 20t 1
3. Part 3 follows from the identity (@) with ¢(x) = ™.

4. Using the identity (@) with ¢(x) = 2™, similar to part 2 we find that

1 n 1 z
f z" d_(‘r - )" dx:(—l)”f n!(x2—1)"dx:2.n!f cos® Tt dt

da” —1 0
_2(2"n!)?n!
C 2n+ 1)
Therefore,
1 1
1 ar 2n+1 |
J 2" P,(x) = f —(2® = 1)"dw = &
1 2nnl )_ dxn (2n+ 1)
Problem 9. Let aq,as, - - - , «, be distinct real numbers, and

Hx—ozk (x—a)(z—ag) - (x—ay,).

Use the partial fraction expansion to prove Newton’s formula

ol ak . of (0 fork=0,1,2,---,n—2,
g'(a1)  g'(a) gla,) |1 fork=n—1.
Hint: By partial fraction, for k <n — 1
z* Ay Az A,
= + +o 4+ .
(fE—CYQ)@—Olg)”'(I—Oén) Tr — O T — (3 T — Qp

a?(ozj —aq)
9'(a))
Solution. 1. If k <n — 1, then

Show that A; = and conclude from here. Do the same for the case k =n — 1.

ij A2 A3 An
= + ot ,
(x—)(r—a3) - (r—a,) zT—ay =—a3 T — o,
where
4 — ok _ af (o — ay)
T oy —ag)(ey —az) o (o — o) (g — ) o (@ — an) 9'(a;)
Therefore,




which, by letting x = a4, further implies that

o _ ok :i o¥(a; —an) :_i of
g'(ar) (e —a)(ar —az)-- (a1 —an) S g'(a;)(n — ) = 9'(ag)’
thusif k <n —1,
n k
Sy,
= g'(a)
. If k=n—1, then
! A A A,
=142 St :
(x— )z —a3) - (z—ay) r—oag T — g T —
where
o iy —aw)
T (o —a)(e —as) (o — agon) (e — ag) (0 — an) 9'()
In other words, for 0 <k <n—1,
o ", ooy — o)
= Ok(n-1) + - :
(z —a)(z—a3) - (z—on) = 9'(g) (@ - ay)
where 0y,—1) is the Kronecker delta satisfying opp,—1) = 1 if & = n—1 and dy,—1) = 0 if
-1

n o
0 < k <n—1. Repeat the procedure for the case k < n—1, we conclude that > — (@)
j=19"\&;

n
J




