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學號： 姓名：

Problem 1. (2pts) Determine whether the series
8
ř

n=1

n!

nn
is convergent or divergent.

Solution. Let an =
n!

nn
. Then an ą 0 and the fact that lim

xÑ8

(
1 +

1

x

)x
= e implies that

lim
nÑ8

an+1

an
= lim

nÑ8

(n+ 1)!

(n+ 1)n+1

n!

nn

= lim
nÑ8

nn

(n+ 1)n
= lim

nÑ8

1

(1 + 1/n)n
= e´1 ă 1 .

By the ratio test, we conclude that
8
ř

n=2

an converges absolutely; thus
8
ř

n=2

an is convergent. ˝

Problem 2. (3pts) Determine whether the series
8
ř

n=2

(
1 ´

1

n
´

1

n2

)n2

is convergent or divergent.

Solution. Let an =
(
1´

1

n
´

1

n2

)n2

. Then an ą 0 for all n ě 2 and n
?
an =

(
1´

1

n
´

1

n2

)n

. Moreover,(
1 ´

n+ 1

n2

) n2

n+1
+1

ď n
?
an ď

(
1 ´

1

n

)n

@n ě 2 .

By the fact that lim
xÑ8

(
1 ´

1

x

)x
= e´1, we obtain from the Squeeze Theorem that

lim
nÑ8

n
?
an = e´1 ă 1 .

By the root test, we conclude that
8
ř

n=2

an converges absolutely; thus
8
ř

n=2

an is convergent. ˝

Problem 3. (2pts) Determine whether the series
8
ř

n=1

sinn 1
?
n

is convergent or divergent.

Solution. Let an = sinn 1
?
n

and bn =
1

?
nn . By the fact that 0 ď sinx ď x for all x ě 0, we have

0 ď an ď bn for all n P N. Moreover, bn ď 2´n for all n ě 4. Since
8
ř

n=4

2´n is a geometric series with

common ratio 1

2
, we find that

8
ř

n=4

2´n converges. By the direct comparison test,
8
ř

n=1

bn converges;

thus
8
ř

n=1

an is convergent. ˝

Problem 4. (3pts) Determine whether the series
8
ř

n=1

sin2 n

n
is convergent or divergent.

Solution. Let an =
sin2 n

n
and bn =

cos(2n)
n

. Then an =
1

2n
´ bn. Since

ˇ

ˇ

ˇ

n
ÿ

k=1

cos(2k)
ˇ

ˇ

ˇ
=

ˇ

ˇ

ˇ

n
ÿ

k=1

sin(2k + 1) ´ sin(2k ´ 1)

2 sin 1

ˇ

ˇ

ˇ
=

ˇ

ˇ

ˇ

sin(2n+ 1) ´ sin 1

2 sin 1

ˇ

ˇ

ˇ
ď

1

| sin 1|
,

the Dirichlet test implies that
8
ř

n=1

bn is convergent. Since
8
ř

n=1

1

2n
is divergent, we find that

8
ř

n=1

an is
divergent. ˝


