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Let R = [a, b] ˆ [c, d] be a rectangle in the plane, and f : R Ñ R be a continuously
differentiable function. We are interested in the area of the surface

S =
␣

(x, y, z)
ˇ

ˇ (x, y) P R , z = f(x, y)
(

.

Let P =
␣

Rij

ˇ

ˇ 1 ď i ď n , 1 ď j ď m
(

be a partition of R. Partition each rectangle
Rij = [xi´1, xi]ˆ [yj´1, yj] into two triangles ∆1

ij and ∆2
ij, where ∆1

ij has vertices (xi´1, yj´1),
(xi, yj´1), (xi´1, yj) and ∆2

ij has vertices (xi, yj), (xi´1, yj), (xi, yj´1). Then intuitively, the
area of the surface f(∆1

ij) can be approximated by the area of the triangle T 1
ij with ver-

tices
(
xi´1, yj´1, f(xi´1, yj´1)

)
,
(
xi, yj´1, f(xi, yj´1)

)
and

(
xi, yj, f(xi, yj)

)
, while the area

of the surface f(∆2
ij) can be approximated by the area of the triangle T 2

ij with vertices(
xi, yj, f(xi, yj)

)
,
(
xi´1, yj, f(xi´1, yj)

)
and

(
xi, yj´1, f(xi, yj´1)

)
. Therefore, the area of the

surface f(Rij) can be approximated by the sum of area of triangles T 1
ij and T 2

ij, and the area
of the surface S can be approximated by the sum of the area of the triangles T 1

ij and T 2
ij,

where is sum is taken over all 1 ď i ď n and 1 ď j ď m.
Now we compute the area of the triangles T 1

ij and T 2
ij. We remark that for a triangle T

with vertices P1, P2, P3, letting u =
#       »

P1P2 = P2 ´ P1 and v =
#       »

P1P3 = P3 ´ P1, the area of
T can be computed by 1

2
}u ˆ v}. Therefore, the area of T 1

ij is given by

|T 1
ij| =

1

2

›

›

›

(
xi ´ xi´1, 0, f(xi, yj´1) ´ f(xi´1, yj´1)

)
ˆ

ˆ
(
0, yj ´ yj´1, f(xi´1, yj) ´ f(xi´1, yj´1)

)›
›

›
.

By the mean value theorem, there exist ξ˚
i P (xi´1, xi) and η˚

j P (yj´1, yj) such that

f(xi, yj´1) ´ f(xi´1, yj´1) = fx(ξ
˚
i , yj´1)(xi ´ xi´1) ,

f(xi´1, yj) ´ f(xi´1, yj´1) = fy(xi´1, η
˚
j )(yj ´ yj´1) ;

thus we obtain that

|T 1
ij| =

1

2

›

›

(
1, 0, fx(ξ

˚
i , yj´1)

)
ˆ
(
0, 1, fy(xi´1, η

˚
j )
)›
›(xi ´ xi´1)(yj ´ yj´1)

=
1

2

›

›

(
´fx(ξ

˚
i , yj´1),´fy(xi´1, η

˚
j ), 1

)›
›(xi ´ xi´1)(yj ´ yj´1)

=
1

2

b

1 + fx(ξ˚
i , yj´1)2 + fy(xi´1, η˚

j )
2(xi ´ xi´1)(yj ´ yj´1) .

Similarly, there exist ξ˚˚
i P (xi´1, xi) and η˚˚

j P (yj´1, yj) such that the area of the triangle
T 2
ij is given by

|T 2
ij| =

1

2

b

1 + fx(ξ˚˚
i , yj)2 + fy(xi, η˚˚

j )2(xi ´ xi´1)(yj ´ yj´1) .



Let M = max
(x,y)PR

(
|fx(x, y)

ˇ

ˇ +
ˇ

ˇfy(x, y)
ˇ

ˇ

)
, |R| = (b ´ a)(d ´ c), and ε ą 0 be a given (but

arbitrary) number. Suppose that
ˇ

ˇfx(α, β) ´ fx(ξ, η)
ˇ

ˇ+
ˇ

ˇfy(α, β) ´ fy(ξ, η)
ˇ

ˇ ă
ε

2|R|(1 +M)
@ (α, β), (ξ, η) P Rij . (14.3.1)

Then
ˇ

ˇ

ˇ

b

1 + fx(α, β)2 + fy(α˚, β˚)2 ´

b

1 + fx(ξ, η)2 + fy(ξ, η)2
ˇ

ˇ

ˇ

=

ˇ

ˇ

ˇ

ˇ

ˇ

fx(α, β)
2 + fy(α

˚, β˚)2 ´ fx(ξ, η)
2 ´ fy(ξ, η)

2

a

1 + fx(α, β)2 + fy(α˚, β˚)2 +
a

1 + fx(ξ, η)2 + fy(ξ, η)2

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

2

[
ˇ

ˇfx(α, β) ´ fx(ξ, η)
ˇ

ˇ

ˇ

ˇfx(α, β) + fx(ξ, η)
ˇ

ˇ

+
ˇ

ˇfy(α
˚, β˚) ´ fy(ξ, η)

ˇ

ˇ

ˇ

ˇfy(α
˚, β˚) + fy(ξ, η)

ˇ

ˇ

]
ď

2M

2

[
ˇ

ˇfx(α, β) ´ fx(ξ, η)
ˇ

ˇ+
ˇ

ˇfy(α
˚, β˚) ´ fy(ξ, η)

ˇ

ˇ

]
ď

Mε

2|R|(1 +M)
ă

ε

2|R|
.

Therefore, if (14.3.1) holds for all 1 ď i ď n and 1 ď j ď m, then for (ξij, ηij) P Rij, we have
ˇ

ˇ

ˇ
|T 1

ij| + |T 2
ij| ´

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1)
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

1

2

b

1 + fx(ξ˚
i , yj´1)2 + fy(xi´1, η˚

j )
2 +

1

2

b

1 + fx(ξ˚˚
i , yj)2 + fy(xi, η˚˚

j )2

´

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2
ˇ

ˇ

ˇ
(xi ´ xi´1)(yj ´ yj´1)

ď
ε

2|R|
(xi ´ xi´1)(yj ´ yj´1) ;

thus if (14.3.1) holds for all 1 ď i ď n and 1 ď j ď m, then for (ξij, ηij) P Rij,
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i=1

m
ÿ

j=1

(
|T 1

ij| + |T 2
ij|
)

´

n
ÿ

i=1

m
ÿ

j=1

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1)

ˇ

ˇ

ˇ

ˇ

ˇ

ď

n
ÿ

i=1

m
ÿ

j=1

ˇ

ˇ

ˇ
|T 1

ij| + |T 2
ij| ´

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1)
ˇ

ˇ

ˇ

ď

n
ÿ

i=1

m
ÿ

j=1

ε

2|R|
(xi ´ xi´1)(yj ´ yj´1) =

ε

2
.

Finally, we state as a fact that there exists δ1 ą 0 such that (14.3.1) holds as long as
}P} ă δ1. This property is called the uniform continuity of continuous functions on
closed and bounded sets.



On the other hand, since the function z =
a

1 + fx(x, y)2 + fy(x, y)2 is continuous on R

(and R has area), it is Riemann integrable on R. Let

I =
ĳ

R

b

1 + fx(x, y)2 + fy(x, y)2 dA .

Then there exists δ2 ą 0 such that if P is a partition of R satisfying }P} ă δ2, then any
Riemann sum of f for the partition P belongs to

(
I ´

ε

2
, I + ε

2

)
. Therefore,

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i=1

m
ÿ

j=1

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1) ´ I
ˇ

ˇ

ˇ

ˇ

ˇ

ă
ε

2
.

Let δ = mintδ1, δ2u. Then δ ą 0, and if P =
␣

Rij

ˇ

ˇRij = [xi´1, xi] ˆ [yj´1, yj], 1 ď i ď

n, 1 ď j ď m
(

is a partition of R satisfying }P} ă δ, then by choosing a collection of points
␣

(ξij, ηij)
(

1ďiďn,1ďjďm
such that (ξij, ηij) P Rij, we conclude that

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i=1

m
ÿ

j=1

(
|T 1

ij| + |T 2
ij|
)

´ I
ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i=1

m
ÿ

j=1

(
|T 1

ij| + |T 2
ij|
)

´

n
ÿ

i=1

m
ÿ

j=1

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1)

ˇ

ˇ

ˇ

ˇ

ˇ

+

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

i=1

m
ÿ

j=1

b

1 + fx(ξij, ηij)2 + fy(ξij, ηij)2(xi ´ xi´1)(yj ´ yj´1) ´ I
ˇ

ˇ

ˇ

ˇ

ˇ

ă ε .

This means that the approximation of the area of the surface S can be made arbitrarily
closed to I; thus the area of the surface S must be I. In general, we have the following
Theorem 14.11

Let R be a closed region in the plane, and f : R Ñ R be a continuously differentiable
function. Then the area of the surface S =

␣

(x, y, z)
ˇ

ˇ (x, y) P R , z = f(x, y)
(

is given
by

ĳ

R

a

1 + }(∇f)(x, y)}2 dA =

ż

R

b

1 + fx(x, y)2 + fy(x, y)2 dA .

Example 14.12. In this example we consider the surface area of the upper hemi-sphere
z =

a

r2 ´ x2 ´ y2 that lies above the disk R =
␣

(x, y)
ˇ

ˇx2 + y2 ď σ2
(

, where 0 ă σ ď r.
Since R can also be expressed by

R =
␣

(x, y)
ˇ

ˇ ´ rσ ď x ď σ,´
?
σ2 ´ x2 ď y ď

?
σ2 ´ x2

(

,



the computations from the previous example, as well as the Fubini Theorem, implies that
the surface area of interest is given by

ĳ

R

r
a

r2 ´ x2 ´ y2
dA = r

ż σ

´σ

( ż ?
σ2´x2

´
?
σ2´x2

1
a

r2 ´ x2 ´ y2
dy

)
dx .

Using
ż

1
?
a2 ´ u2

du = arcsin u

a
+ C, we find that

ż σ

´σ

( ż ?
σ2´x2

´
?
σ2´x2

1
a

r2 ´ x2 ´ y2
dy

)
dx =

ż σ

´σ

(
arcsin y

?
r2 ´ x2

ˇ

ˇ

ˇ

y=
?
σ2´x2

y=´
?
σ2´x2

)
dx

= 2

ż σ

´σ

arcsin
?
σ2 ´ x2

?
r2 ´ x2

dx = 2

ż σ

´σ

arctan
?
σ2 ´ x2

?
r2 ´ σ2

dx

= 2
[
x arctan

?
σ2 ´ x2

?
r2 ´ σ2

ˇ

ˇ

ˇ

x=σ

x=´σ
´

ż σ

´σ

x
d

dx
arctan

?
σ2 ´ x2

?
r2 ´ σ2

dx
]

= ´2

ż σ

´σ

x ¨ 1?
r2´σ2

´x?
σ2´x2

1 + σ2´x2

r2´σ2

dx = 2
?
r2 ´ σ2

ż σ

´σ

x2 ´ r2 + r2

(r2 ´ x2)
?
σ2 ´ x2

dx

= ´2
?
r2 ´ σ2π + 2

?
r2 ´ σ2

ż σ

´σ

r2

(r2 ´ x2)
?
σ2 ´ x2

dx .

Using the substitution x = σ sin θ

2
, we find that

ż σ

´σ

r2

(r2 ´ x2)
?
σ2 ´ x2

dx =

ż π

´π

r2

2(r2 ´ σ2 sin2 θ
2
)
dθ =

ż π

´π

r2

2r2 ´ σ2(1 ´ cos θ) dθ

= r2
ż π

´π

1

(2r2 ´ σ2) + σ2 cos θ dθ .

and further substitution tan θ

2
= t implies that

ż σ

´σ

r2

(r2 ´ x2)
?
σ2 ´ x2

dx =

ż 8

´8

r2

(2r2 ´ σ2) + σ2 1´t2

1+t2

2dt

1 + t2

=

ż 8

´8

2r2

2r2(1 + t2) ´ σ2(1 + t2) + σ2(1 ´ t2)
dt

=

ż 8

´8

r2

r2 + (r2 ´ σ2)t2
dt

=
r

?
r2 ´ σ2

arctan
(?

r2 ´ σ2

r
t
)ˇ
ˇ

ˇ

8

t=´8
=

πr
?
r2 ´ σ2

.



Therefore, the surface area of interest is given by
ĳ

R

r
a

r2 ´ x2 ´ y2
dA = 2r

?
r2 ´ σ2

[
´ π +

πr
?
r2 ´ σ2

]
= 2πr

(
r ´

?
r2 ´ σ2

)
.

We also note that the surface area that we obtain approaches 2πr2 as σ Ñ r. This value
2πr2 is exactly the surface area of the upper hemi-sphere with radius r.


