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Theorem 8.5: Integration by Parts

If u and v are functions of = and have continuous derivatives, then

Judv:uv—Jvdu.

Using integration by parts, we have shown the following formulas:

g ng — Tty Coif —1

fxflnxdx: —— ) nx (r+1)2£ﬂ + imwr#—1,
1

§(lnx)2+C’ itr=-1.

as well as

axr s 1 axr s ax
Je sin(bx) dx = pep [ae™ sin(bz) — be™ cos(bx)] + C,

ax 1 axr ar .3
Je cos(bx) dx = peaE [ae™ cos(bx) + be™ sin(bx)] + C',

1 1 1 n
fx”e“ dr = —z"e — | =™ . nz" Ldr = —a"e™ — — | 2" e dx,

a a a a

1 n n(n—1) f 5
2" sin(ax) dx = ——2" cos(az) + — 2" 'sin(axr) — ———= | 2" cos(ax) dx,
| st cos(ar) + "~ sinfar) — " (a)
1, . no. 4 n(n —1) f o .
x" cos( = —x"sin(ax) + —2" " cos(ax) — ——— | 2" “sin(ax) dx ,
| L sin(ar) + Tyar cos(ar) — " (a)
sinzcos" tx n-—1
fcos” rdr = + J cos" 2z dx,
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) cosrsin” txr n—1 ) 9
Jsm”xdw =— + Jsm” rdx.
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Theorem 8.15: Wallis’s Formulas
If n is a non-negative integer, then
f sin?" ™z dx = J cos® ™ x dx = (2"
0 0 (2n+1)!

and

2 2 on)!
J sin?” x dx = f cos®™ x dx = (2n) I )
0 0 2




8.3.1 The integral of sin™ x cos" x

e The case when one of m and n is odd

Jsiny€+1 zcos" xdr = — fcos" z(1 — cos” 2)* d(cos ),

Jsinm zcos*x de = Jsinm z(1 —sin® z)*d(sinz) .
e The case when m and n are both even

fcos%“l rdr = f(l — sin’ z)%d(sin z)

1 2 ¢
fcos%xdx = f <M> dz,
2

1
fsin% xcos® xdr = ok-+l (1- cos(2x))k(1 + cos(2x))€ dr.

8.3.2 The integral of sec” xtan" x

e The case when m is even

n —

1
Jtan” rdr = 1 tan" o — ftann2 rdx,

Jsec% xtan" xdxr = f(l + tan® )" tan" x d(tan ) .
e The case when n is odd
Suppose that n = 2¢ + 1 is odd and m > 1. Then
Jsecm rtan®* ! x dr = J sec™ !z tan?* sec x tan x dr = J sec™ ' z(sec? z — 1)" d(sec z)
which can be obtained by integrating polynomials.

e The case when m is odd and n is even

Suppose that m = 2k + 1 and n = 2¢. Then

fsec%“ ztan® x dx = fsec%“ z(sec’ v + 1) dw;



thus it suffices to know how to compute J sec™ x dx.

Using integration by parts,
J sec™ xdx = fsecm2 rd(tanx) = tan zsec” 2z — ftan x d(sec™ 2 x)
= tanzsec” 2z — (m — 2) Jtan2 rsec™ % rdr
= tanzsec™ 2z — (m — 2) J(sec2 r—1)sec™ ?wdx

thus rearranging terms we obtain the recurrence relation

— m — 2
fsecm:pdx - ] tanzsec™ 2 x + —— sec™ 2 xdx .
m — -

Example 8.19. Find the indefinite integral f sec(3z) tan3(3z) dz.

By the discussion above,

fsec4(3x) tan®(32) do = % JsecQ(?)x) tan®(3z)d(tan(3z))
1

-2 J [tan?(3z) + 1] tan® (3z)d(tan(3x))

L R L tant
= 3[6 tan (3x)—|—4tan (3x)} +C.

8.3.3 Other techniques of integration involving trigonometric func-
tions

e Integration by substitution (for integrand with special structures):

OSCE

Example 8.20. Find the indefinite integral f dx.
y/sinx
Let u = sinz. Then du = cos x dx; thus
cos® (1—u?) J 1
——du= | (u"2—u2)du
4/sin :L’ \/ﬂ ( )
1 1 5
= 1u%— 3u%+C’:2\/sinx——sin%x+C'.
1—3 L+ 3 2
Example 8.21. Find the indefinite integral J T g,
tan? x

Rewrite the integrand into a fraction of sine and cosine, we find that

1
Jseczx dx:fc.os;c dxzf — d(sinz) = —sin"'z 4+ C = —csczx + C.
tan“ x
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Example 8.22. Find the indefinite integral f N

Let uw = secx. Then du = sec x tan x dz; thus

tan? r (secQ:v—1)secxtanxdxzju2;1du:J(u;_u_g) 0

3
«/secx secz2 uz

2 2
:§u%+2u7%+C:gsec%x—i-Qcos%ijC.

dzx.

e When the angular variable are different, making use of the sum and difference formula:

Example 8.23. Find the indefinite integral J sin®(5x) cos(4x) dx.

Using the sum and difference formula

sin 6 cos ¢ = % [sin(6 + ¢) +sin(6 — ¢)], sinfsing = % [cos(f — ¢) — sin(6 + )] ,
we find that
fsm?’ 5x) cos(4 = % fsm [sin(9z) + sinz| dz
sin(5z) [ cos(4x) — cos(14z) + cos(4z) — cos(6z)] da

f [2sin(92) + 2sinz — sin(19z) + sin(9z) — sin(11z) + sinz] dz

ool»—*OOI»— »l>|

1 1
s(9z) — 3cosx + T cos(19z) + T COS(llCC)} +C.

c,o|>—l

8.4 Trigonometric Substitution

We have talked about the trigonometric substitution such as
1. letting v = asinx when seeing v/ a? — z2;

2. letting u = asec x when seeing v/x? — a?;

3. letting u = atan x when seeing a® + z? in the denominator,

dzx

so we only focus on the integral f T a7 where n is a positive integer.
T

Let = atanu. Then dx = asec? u du; thus

d 2
J 5 ’ = J asec 4 7 du = a12njcos2"2 udu
(a? 4+ 22" [a?(tan®u + 1)]

which we know how to compute.




8.5 Partial Fractions - % i» & ;\

N(z) dx, where N, D are polynomial
D(x)

In this section, we are concerned with the integrals J

functions.
Write N(z) = D(z)Q(z) + R(z), where @), R are polynomials such that the degree of R

N(z) _ R(x)
Do) R(z) + D)
Since it is easy to find the indefinite integral of R, it suffices to consider the case when the

is less than the degree of D (such an R is called a remainder). Then

degree of the numerator is less than the degree of the denominator.

W.L.O.G., we assume that N and D no common factor, deg(N) < deg(D), and the

leading coefficient of D is 1. Since D is a polynomial with real coefficients,

D(@) = ([T +a6)7) (T2 + b +e)b).

m n
j=1 j=1

where r;,d; € N, q; # g for all j # k, b; # by or ¢; # ¢ for all j # k, and b§—4cj < 0 for all

—bj iy dej — b2

2

1 < j < m. In other words, —¢; are zeros of D with multiplicity r;, and
are zeros of D with multiplicity d;, here i = 4/—1.
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