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Problem 1. (4pts) Write down the definition of the statement lim
xÑ8

f(x) = L.

Problem 2. (3pts) Prove the identity cos(3x) = 4 cos3 x´ 3 cosx for all real numbers x. You might
need the sum and difference formula

cos(x ˘ y) = cosx cos y ¯ sinx sin y @x, y P R .

Proof. By the sum and difference formula cos(θ + ϕ) = cos θ cosϕ ´ sin θ sinϕ, we find that

cos 3x = cos(2x+ x) = cos 2x cosx ´ sin 2x sinx = (2 cos2 x ´ 1) cosx ´ 2 sin2 x cosx

= 2 cos3 x ´ cosx ´ 2(1 ´ cos2 x) cosx = 4 cos3 x ´ 3 cosx . ˝

Problem 3. (3pts) Compute the limit lim
xÑ0

cos(3x) ´ cosx
x2

if it exists.

Solution: If x ‰ 0, using the formula in Problem 2 we find that

cos(3x) ´ cosx
x2

=
4 cos3 x ´ 4 cosx

x2
= 4 cosxcos2 x ´ 1

x2
= ´4 cosx

(sinx

x

)2

.

Since lim
xÑ0

cosx = 1 and lim
xÑ0

sinx

x
= 1,

lim
xÑ0

cos(3x) ´ cosx
x2

= lim
xÑ0

[
´4 cosx

(sinx

x

)2]
= ´4

(
lim
xÑ0

cosx
)(

lim
xÑ0

sinx

x

)2

= ´4 .


