
Exercise Problem Sets 8
Apr. 07. 2023

Problem 1. Let f be a 2π-periodic Lipchitz function. Show that for n ě 2,

}f ´ Fn´1 ‹ f}8 ď
1 + 2 logn

2n
π}f}C 0,1(T) (0.1)

and
›

›f ´ sn(f, ¨)
›

›

8
ď

2π(1 + logn)2
n

}f}C 0,1(T) . (0.2)

Inequality (0.2) provides the rate of convergence of the Fourier series to Lipschitz functions. What
is the rate of convergence if f P C 0,α(T)?
Hint: For (0.1), apply the estimate

Fn(x) ď min
!n+ 1

2π
,

π

2(n+ 1)x2

)

in the following inequality:

ˇ

ˇf(x) ´ Fn´1 ‹ f(x)
ˇ

ˇ ď

[ ż δ

´δ

+

ż ´δ

´π

+

ż π

δ

]
ˇ

ˇf(x) ´ f(x ´ y)
ˇ

ˇFn´1(y) dy

with δ =
π

n
. For (0.2), use (8.2.7) in the lecture note and note that

inf
pPPn(T)

}f ´ p}8 ď }f ´ Fn ‹ f}8 .

Proof. Recall that the Fejér kernel Fn is given by

Fn(x) =

$

’

’

&

’

’

%

1

2π(n+ 1)

sin2 (n+1)x
2

sin2 x
2

if x R
␣

2kπ
ˇ

ˇ k P Z
(

,

n+ 1

2π
if x P

␣

2kπ
ˇ

ˇ k P Z
(

.

Therefore, by the fact that sin |x| ě
2

π
|x| for |x| ă

π

2
, we find that

Fn(x) ď min
!n+ 1

2π
,

π

2(n+ 1)x2

)

.

By the fact that
ż π

´π
Fn´1(x) dx = 0 for all n ě 2, we find that if n ě 2 and 0 ă δ ă π,

ˇ

ˇf(x) ´ Fn´1 ‹ f(x)
ˇ

ˇ =
ˇ

ˇ

ˇ

ż π

´π

f(x)Fn´1(x ´ y) dy ´

ż π

´π

f(y)Fn´1(x ´ y) dy
ˇ

ˇ

ˇ

=
ˇ

ˇ

ˇ

ż π

´π

[
f(x) ´ f(y)

]
Fn´1(x ´ y) dy

ˇ

ˇ

ˇ

=
ˇ

ˇ

ˇ

ż π

´π

[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

=

ˇ

ˇ

ˇ

ˇ

( ż δ

´δ

+

ż ´δ

´π

+

ż π

δ

)[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

ˇ

.



Let δ =
π

n
. Then
ˇ

ˇ

ˇ

ˇ

ż δ

´δ

[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

ˇ

ď

ż δ

´δ

}f}C 0,1(T)|y| ¨
n

2π
dy =

n}f}C 0,1(T)

π

ż δ

0

y dy

=
n}f}C 0,1(T)

2π

π2

n2
=

π}f}C 0,1(T)

2n
.

Moreover,
ˇ

ˇ

ˇ

ˇ

ż

δď|y|ďπ

[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

ˇ

ď

ż

δď|y|ďπ

}f}C 0,1(T)|y| ¨
π

2ny2
dy

=
π}f}C 0,1(T)

n

ż π

δ

1

y
dy =

π}f}C 0,1(T)

n
log π

δ
=

π}f}C 0,1(T) logn
n

.

The two inequalities above implies (0.1).
For the validity of (0.2), by the fact that

inf
pPPn(T)

}f ´ p}8 ď }f ´ Fn ‹ f}8

we conclude from (8.2.7) in the lecture note and (0.1) that

›

›f ´ sn(f, ¨)
›

›

8
ď (3 + logn)}f ´ Fn ‹ f}8 ď

(3 + logn)(1 + 2 log(n+ 1))

2(n+ 1)
π}f}C 0,1(T)

and the desired inequality follows from the fact that

(3 + logn)(1 + 2 log(n+ 1))

2(n+ 1)
ď

2(1 + logn)2
n

@n ě 2 .

If f P C 0,α(T) for some 0 ă α ă 1, then
ˇ

ˇ

ˇ

ˇ

ż δ

´δ

[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

ˇ

ď

ż δ

´δ

}f}C 0,α(T)|y|α ¨
n

2π
dy =

n}f}C 0,α(T)

π

ż δ

0

yα dy

=
n}f}C 0,α(T)

(1 + α)π

π1+α

n1+α
=

πα}f}C 0,α(T)

(1 + α)nα

and
ˇ

ˇ

ˇ

ˇ

ż

δď|y|ďπ

[
f(x) ´ f(x ´ y)

]
Fn´1(y) dy

ˇ

ˇ

ˇ

ˇ

ď

ż

δď|y|ďπ

}f}C 0,α(T)|y|α ¨
π

2ny2
dy

=
π}f}C 0,α(T)

n

ż π

δ

1

y2´α
dy =

π}f}C 0,α(T)

n

πα´1 ´ δα´1

α ´ 1
ď

πα}f}C 0,α(T)

(1 ´ α)nα
.

Therefore,

ˇ

ˇf(x) ´ Fn´1 ‹ f(x)
ˇ

ˇ ď πα}f}C 0,α(T)

( 1

1 + α
+

1

1 ´ α

) 1

nα
=

2πα}f}C 0,α(T)

(1 ´ α2)nα
.

The estimate above, together with (8.2.7) in the lecture note, shows that

ˇ

ˇf(x) ´ sn(f, x)
ˇ

ˇ ď
2(3 + logn)πα}f}C 0,α(T)

(1 ´ α2)nα
. ˝



Problem 2. In this problem, we are concerned with the following

Theorem 0.1 (Bernstein). Suppose that f is a 2π-periodic function such that for some constant C
and α P (0, 1),

inf
pPPn(T)

}f ´ p}8 ď Cn´α

for all n P N. Then f P C 0,α(T).

Complete the following to prove the theorem.

1. Show that
}p 1}8 ď n}p}8 @ p P Pn(T). (0.3)

2. Choose pn P Pn(T) such that }f´pn}8 ď 2Cn´α for n P N. Define q0 = p1, and qn = p2n ´p2n´1

for n P N.

(a) Show that
8
ř

n=0

qn = f and the convergence is uniform.

(b) Show that
ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ ď 6Cn2n(1´α)|x ´ y| and
ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ ď 12C2´nα.

(c) For any x, y P T with |x ´ y| ď 1, choose m P N such that 2´m ď |x ´ y| ď 21´m. Then
use the inequality

ˇ

ˇf(x) ´ f(y)
ˇ

ˇ ď

m´1
ÿ

n=0

ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ+
8
ÿ

n=m

ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ

to show that
ˇ

ˇf(x) ´ f(y)
ˇ

ˇ ď B|x ´ y|α for some constant B ą 0.

Hint of 1: Suppose the contrary that there exists p P Pn(T) such that }p 1}8 ą n}p}8. By rescaling
p and relabeling points in T if necessary, without loss of generality we can assume that

}p 1}8 ą n , }p}8 ă 1 , and p 1(0) = }p 1}8 .

Choose γ P
[
´

π

2n
,
π

2n

]
such that sin(nγ) = ´p(0), and define r(x) = sinn(x ´ γ) ´ p(x). Show that

r has at least 2n + 2 distinct zeros in [α´n, αn] ”
[

´π + γ +
π

2n
, π + γ +

π

2n

]
by showing that r

has at least one zero in (αk, αk+1), where αk = γ +
π

n

(
k +

1

2

)
for each |k| ď n, while r has at least

3 distinct zeros in (αs, αs+1) if 0 P (αs, αs+1) (in fact, s = ´1). On the other hand, the fact that
r P Pn(T) implies that r has at most 2n distinct zeros in T unless r is the zero function which leads
to a contradiction.

Proof. 1. Suppose the contrary that there is a trigonometric polynomial p of degree n such that

}p 1}8 ą n}p}8 .



By rescaling p and relabeling points in T if necessary, without loss of generality we can assume
that

}p 1}8 ą n , }p}8 ă 1 , and p 1(0) = }p 1}8 .

Choose γ P
[
´

π

2n
,
π

2n

]
such that sin(nγ) = ´p(0) (and cos(nγ) ą 0), and define

r(x) = sinn(x ´ γ) ´ p(x) .

Then r P Pn(T). Let αk = γ +
π

n

(
k +

1

2

)
. Note that αk ‰ 0 for all k P Z since if αk = 0 for

some k, then by the fact that }p}8 ă 1,

sinnγ = ´ sin
[
π
(
k +

1

2

)]
= (´1)k+1 ‰ ´p(0) ,

a contradiction.

Note that tαkunk=´n forms a partition of [α´n, αn] ”
[

´π + γ +
π

2n
, π + γ +

π

2n

]
which is an

interval of length 2π. Since |p(αk)| ă 1 and r(αk) = (´1)k ´ p(αk), the sign of r(αk) is (´1)k.
By the intermediate value theorem, for each |k| ď n there exists βk P (αk, αk+1) such that
r(βk) = 0. Moreover, since γ P

[
´

π

2n
,
π

2n

]
, we must have 0 P (α´1, α0); thus sinn(x ´ γ)

increases from ´1 = sinn(α´1 ´ γ) to 1 = sinn(α0 ´ γ) in (α´1, α0), r(α´1) ă 0 ă r(α0).
Moreover, r(0) = 0, and r 1(0) = n cosnγ ´ p 1(0) ă 0. Therefore, there exist two small positive
numbers ϵ1 and ϵ2 such that r(´ϵ1) ą 0 and r(ϵ2) ă 0. As a consequence, r has at least 3 zeros
in (α´1, α0). This shows that r has at least 2n+ 2 zeros in

[
´ π + γ +

π

2n
, π + γ +

π

2n

]
.

Now, by the fact that r P Pn(T), r has at most 2n distinct zeros in (α´n, αn) unless r is a zero
function. Therefore, r ” 0 which implies that

p(x) = sinn(x ´ γ) @x P T .

The identity above then contradicts to the assumption that p 1(0) = }p 1}8 ą n.

2. Choose pn P Pn(T) such that }f ´ pn}8 ď 2Cn´α for n P N. We remark here that this implies
that P L8(T); that is, sup

xPT

ˇ

ˇf(x)
ˇ

ˇ ă 8. Define q0 = p1, and qn = p2n ´ p2n´1 for n P N. Note
that

8
ÿ

n=0

qn(x) = lim
nÑ8

p2n(x) = f(x) (˛)

and for n P N,

}qn}8 ď }p2n ´ f}8 + }f ´ p2n´1}8 ď 2C2´nα + 2C2´(n´1)α ď 6C2´nα

so that the Weierstrass M -test implies that the convergence in (˛) is uniform. Moreover, the
mean value theorem and (0.3) imply that

ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ ď }q 1
n}8|x ´ y| ď 2n}qn}8|x ´ y| ď 6Cn2n(1´α)|x ´ y|.



On the other hand, we also have
ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ ď 2}qn}8 ď 12C2´nα.

Therefore, for all m P N,

ˇ

ˇf(x) ´ f(y)
ˇ

ˇ ď

m´1
ÿ

n=0

ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ+
8
ÿ

n=m

ˇ

ˇqn(x) ´ qn(y)
ˇ

ˇ

ď

m´1
ÿ

n=0

6C2n(1´α)|x ´ y| + 12C
8
ÿ

n=m

2´nα

= 6C|x ´ y|
2m(1´α) ´ 1

21´α ´ 1
+ 12C

2´mα

1 ´ 2´α
.

For fixed x, y P T with |x ´ y| ď 1, choose m P N such that 2´m ď |x ´ y| ď 2´m+1. Then

ˇ

ˇf(x) ´ f(y)
ˇ

ˇ ď 6C2´m+12
m(1´α) ´ 1

21´α ´ 1
+ 12C

2´mα

1 ´ 2´α

ď 12C2´mα
[ 1

21´α ´ 1
+

1

1 ´ 2´α

]
ď B|x ´ y|α ,

where B = 12C
[ 1

21´α ´ 1
+

1

1 ´ 2´α

]
; hence }f}C 0,α(T) ď B + 3}f}8. ˝


