
Exercise Problem Sets 8
Apr. 08 2022

Problem 1. A family of functions
␣

φn P C (T)
ˇ

ˇn P N
(

is called an approximation of the identity if

(1) φn(x) ě 0 ;

(2)
ż

T
φn(x) dx = 1 for every n P N ;

(3) lim
nÑ8

ż

δď|x|ďπ

φn(x) dx = 0 for every δ ą 0, here we identify T with the interval [´π, π].

Show that if tφnu8
n=1 is an approximation of the identity and f P C (T), then tφn ‹ fu8

n=1 converges
uniformly to f as n Ñ 8.

Remark: By the definition above, we find that the Fejér kernel tFnu8
n=1 is an approximation of the

identity.

Proof. W.L.O.G., we may assume that f ı 0. By the definition of the convolution,
ˇ

ˇ(φn ‹ f)(x) ´ f(x)
ˇ

ˇ =

ż

T
φn(x ´ y)f(y) dy ´ f(x)

=

ż

T
φn(x ´ y)

(
f(x) ´ f(y)

)
dy ,

where we use (2) of the definition above to obtain the last equality. Now given ε ą 0. Since f P C (T),
there exists δ ą 0 such that |f(x) ´ f(y)| ă

ε

2
whenever |x ´ y| ă δ. Therefore,

|(φn ‹ f)(x) ´ f(x)|

ď

ż

|x´y|ăδ

φn(x ´ y)
ˇ

ˇf(x) ´ f(y)
ˇ

ˇdy +

ż

δď|x´y|

φn(x ´ y)
ˇ

ˇf(x) ´ f(y)
ˇ

ˇdy

ď
ε

2

ż

T
φn(x ´ y) dy + 2max

T
|f |

ż

δď|z|ďπ

φn(z) dz .

By (3) of the definition above, there exists N ą 0 such that if n ě N ,
ż

δď|z|ďπ

φn(z) dx ă
ε

4maxT |f |
.

Therefore, for n ě N ,
ˇ

ˇ(φn ‹ f)(x) ´ f(x)
ˇ

ˇ ă ε for all x P T. ˝

Problem 2. In this problem we show that the collection of trigonometric polynomials P(T) (defined
in Corollary 7.85 in the lecture note) is dense in C (T) in another way. Complete the following.

1. Let φn(x) = cn(1 + cosx)n, where cn is chosen so that
ż

T
φn(x) dx = 1. Show that

cn =
2n´1

π

(n!)2

(2n)!
.



2. Show that for each 0 ă δ ă π,

lim
nÑ8

ż

δď|x|ďπ

φn(x) dx = 0 .

In other words, tφnu8
n=1 is an approximation of the identity. Therefore, Problem 1 shows that

tφn ‹ fu8
n=1 converges uniformly to f as n Ñ 8 if f P C (T).

3. Show that P(T) is dense in C (T).

Proof. 1. Let φn(x) = cn(1 + cosx)n, where cn is chosen so that
ż

T
φn(x) dx = 1. First we note that

by Wallis’s formula,
ż π

´π

(1 + cosx)n dx = 2n
ż π

´π

(1 + cosx
2

)n

dx = 2n
ż π

´π

cos2n x

2
dx = 2n+1

ż π

0

cos2n x

2
dx

= 2n+2

ż π
2

0

cos2n x dx = 2n+2 (2n)!

(2nn!)2
π

2
=

π(2n)!

2n´1(n!)2
.

Therefore,
1 =

ż

T
φn(x) dx = cn

ż π

´π

(1 + cosx)n dx =
π(2n)!

2n´1(n!)2
cn

which implies that
cn =

2n´1

π

(n!)2

(2n)!
.

2. Now tφnu8
n=1 is clearly non-negative and satisfies (2) of the definition of an approximation of

identity (given in Problem 1) for all n P N. Let δ ą 0 be given.
ż

δď|x|ďπ

φn(x) dx ď

ż

δď|x|ďπ

cn(1 + cos δ)ndx ď 22n
(1 + cos δ

2

)n (n!)2

(2n)!
.

By Stirling’s formula lim
nÑ8

n!
?
2πnnne´n

= 1,

lim sup
nÑ8

ż

δď|x|ďπ

φn(x) dx ď lim
nÑ8

22n
(1 + cos δ

2

)n
(?

2πnnne´n
)2

a

2π(2n)(2n)2ne´2n

= lim
nÑ8

?
πn

(1 + cos δ
2

)n

= 0 ;

thus
lim
nÑ8

ż

δď|x|ďπ

φn(x) dx = 0 .

So tφnu8
n=1 is an approximation of the identity. By the result in Problem 1, tφk‹fu8

k=1 converges
uniformly to f if f P C (T).

3. It suffices to show that φn ‹ f is a trigonometric polynomial for each n P N. Nevertheless,

(φn ‹ f)(x) =

ż

T
cn
[
1 + cos(x ´ y)

]n
f(y) dy = cn

ż π

´π

(1 + cosx cos y + sinx sin y)nf(y) dy

= cn

ż π

´π

ÿ

0ďk,ℓďn,k+ℓďn

n!

k!ℓ!(n ´ k ´ ℓ)!
cosk x cosk y sinℓ x sinℓ yf(y) dy

=
ÿ

0ďk,ℓďn,k+ℓďn

An,k,ℓ cosk x sinℓ x ,



where
An,k,ℓ = cn

ż π

´π

cosk y sinℓ yf(y) dy .

The final conclusion follows because the function y = cosk x sinℓ x belongs to Pk+ℓ(T). ˝


