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Chapter 0O

Introduction - Sets and Functions

0.1 Sets

Definition 0.1. A set is a collection of objects called elements or members of the set.
A set A is said to be a subset of S if every member of A is also a member of S. We write
x € A if x is a member of A, and write A < S if A is a subset of S. The empty set, denoted

J, is the set with no member.

Definition 0.2. Let S be a given set, and A< S, B< S.
The set Au B, called the union of A and B, consists of members belonging to set A or set B.

Let Ay, Ay, -+ be sets. The set U A; = {x |z € A; for some ¢} is the union of A;, As, -
The set A n B, called the 'Lnte'rsectzon of A and B, conswts of members belonging to

both set A and set B. Let A;, Ay, -+ be sets. The set ﬂ A; = {z |z € A, for all i} is the
i=1

intersection of Ay, Ag, - --

Remark 0.3. Let .# be the collection of some subsets in S. Sometimes we also write the

union of sets in .# as ] A; that is,
AeF

|JA={veS|34eFs2e 4}

AeF
Similarly, ﬂ A= {:1: €S ’ VAe F sz e A} is the intersection of sets in ..

Example 0.4. Let A = {1,2,3,4,5}, B = {1,3,7}, S = {1,2,3,---}, and &% = {A, B}.
Then |J E=AuB={1,2,3,4,57},and (| E=An B={1,3}.

EesF EeF

i
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Definition 0.5. Let S be a given set, and A = S, B € S. The complement of A relative
to B, denoted B\A, is the set consisting of members of B that are not members of A. When
the universal set S under consideration is fixed, the complement of A relative to S or simply
the complement of A, is denoted by A°, or S\A.

Theorem 0.6. (De Morgan’s Law)

8

s

1. B\JA = N(B\A) or B\ U A= ) (B\A).

=1 i=1 AeF AeF

S

2. B\ () A :QI(B\Ai) or B\ (] A= |J (B\A).

i=1 AeF AeF

Proof. By definition,

e0] e0]
:EEB\UAi@meBbutxgéUAi@meBandx¢Aiforallz'

=1 =1

< xeB\A foralli e xe ﬂ(B\Az)

=1

The proof of the second identity is similar, and is left as an exercise. =

Definition 0.7. Given sets A and B, the Cartesian product A x B of A and B is the
set of all ordered pairs (a,b) with a€ Aand be B, A x B ={(a,b)|a € A and b e B}.

Example 0.8. Let A = {1,3,5} and B = {*, ¢}. Then
Ax B={(1,%),(3,%),(5,%),(1,2),(3,0), (5,0)}

Example 0.9. Let A = [2,7] and B = [1,4]. The Cartesian product of A and B is the

square plotted below:

O A

Figure 1: The Cartesian product [2, 7] x [1, 4]
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0.2 Functions

Definition 0.10. Let S and T be given sets. A function f : S — T consists of two sets S
and T together with a “rule” that assigns to each x € S a special element of T denoted by
f(z). One writes x — f(x) to denote that x is mapped to the element f(z). S is called the
domain (% %3%) of f, and T is called the target or co-domain of f. The range (&%)
of f or the émage of f, is the subset of T’ defined by f(S) = { f(z) |x €S}

f

Definition 0.11. A function f : S — T is called one-to-one (- ¥ - ) , injective or
an injection if 1 # o = f(x1) # f(x2) (which is equivalent to that f(z1) = f(z2) =
r1 = x2). A function f : S — T is called onto (B = ) | surjective or an surjection
ifVyeT, dxz € S, > f(z) =y (that is, f(S) = T). A function f : S — T is called an

bijection if it is one-to-one and onto.

Remark 0.12 (p% = S#cenk 4cit). If f: S — T is not onto, then 3y € T, 3 Vz € 5,
flx) #y. — HKRFE > F 3 - B #cq st Vstatement A, Jstatement B 3 statement C
= 3o PRV EO4R F Acif en ) 2 L. Jstatement A, 5 Vstatement B, statement C # = = o
H sz 1 1.Veod2. 3P2Q o3V P~Q.

Definition 0.13. For f : S — T, A < S, we call f(A) = {f(z)|z € A} the image of A
under f. For B< T, we call f7'(B) ={z¢e S | f(z) € B} the pre-image of B under f.
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Example 0.14. f:R > R, f(z)=2* B=[-1,4]< T, f~4B) =[-2,2].

Y

1 1 i
—2 | _q2

Figure 2: The preimage f~1([—1,4]) is [-2,2] if f(x) = 2?

Proposition 0.15. Let f: S — T be a function, Cy ,Co < T and Dy, Dy € S.
(a) fTHCI L Cy) = f7HC) u [THCy).
(b) f(Dru Ds) = f(D1) v f(D2).
(c) f7HC1nCy) = f7H(C1) n f7HCa).
(d) f(D1nDs) < f(Dr) N f(D2).
(e) fH(f(D1)) 2 Dy (“="if f is one-to-one).
() f(f7H(C) € Cr (“="1if C1 < f(9)).

Proof. We only prove (c¢) and (d), and the proof of the other statements are left as an

exercise.

(c) We first show that f~1(C;nCy) < f~H(C1)n f~1(Cy). Suppose that z € f~1(C) N Cy).
Then f(x) € Cy nCy. Therefore, f(x) € Cy and f(x) € Cy, or equivalently, z € f~1(C})
and z € f~1(Cy); thus z € f~HC)) n f7HCy).

Next, we show that f~1(Cy) n f~1(Cs) < f~1(Cy n Cy). Suppose that z € f~1(C)) N
f7YCy). Then z € f~1(Cy) and = € f~!(Cy) which suggests that f(z) € C; and
f(x) € Cy; thus f(x) € Cy n Cy or equivalently, z € f~1(C) n Cy).

(d) Suppose that y € f(D; n Dy). Then 3z € Dy n Dy such that y = f(z). As a
consequence, y € f(D;) and y € f(Ds) which implies that y € f(D1) n f(Ds). 5
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Example 0.16. We note it might happen that f(D; n Dy) < f(D1) n f(Dy). Take D; =
[~1,0] and Dy = [0,1], and define f : S =R — T = R to be f(z) = 2%, Then f(D;) =
F([=1,0)) = [0,1] and f(Ds) = £([0,1]) = [0,1]. However,

f(D1 0 Dy) = f({0}) = {0} < [0,1] = f(D1) 0 f(D2) .



Chapter 1

The Real Line and Euclidean Space

1.1 Ordered Fields and the Number Systems

1.1.1 Fields and partial orders

Definition 1.1. A set F is said to be a field (%) if there are two operations + and - such

that

1.

2.

r+yeF, z-ye Fifr,yeF. (3F 1)
r+y=y+uxforal z,ye F. (commutativity, e e )
(x4+y)+z=x+ (y+2) for all z,y,z € F. (associativity, 4t e'g & 14)

There exists 0 € F, called 4v;* ¥ == %, such that z + 0 = z for all z € F. (the

existence of zero)

For every = € F, there exists y € F (usually y is denoted by —z and is called z 74c
= & 7 %) such that z + y = 0. One writes x —y = = + (—v).

r-y=y-xforall x,ye F. (Fi* 2 )

There exists 1 € F, called % ;2 ¥ i~ =~ %, such that x - 1 = x for all x € F. (the

existence of unity)

1

For every x € F, x # 0, there exists y € F (usually y is denoted by x~! and is called

x eh3kiE F ~ %) such that -y =1. One writes z -y =z -2~ = 1.

1
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10. - (y+2)=x-y+ax-zforall z,y,ze F. (distributive law, 4 fic {£)
11. 0 # 1.

Remark 1.2. Let x and y be both multiplicative inverse (3 ;* ¥ = % ) of a number a in
(F,4+,-). Then

zra=1 = (r-a)y=1ly=y = z-l=zx-(a-y) =y;
thus x = y. In other words, the multiplicative inverse of a number is unique.

Remark 1.3. A set F satisfying properties 1 to 10 with 0 = 1 consists of only one member:
By distributive law, -0 = 2-(04-0) = x-0+2-0; thus —(z-0)+(x-0) = —(2-0)+(2-0)+(z-0)
which implies that - 0 = 0. Therefore, if 0 =1, then x =2 -1 =2-0=0 for all z € F.

Hence, the set F consists only one element 0.

Remark 1.4. If z € F, then ((1 4 (1)) -« = 0 which implies that z + (1) - = = 0.
Therefore, (-1) -2 =—z+2+ (1) -2 =—-2+0=—x.

Example 1.5. Let Q = {Z ‘p #0,p,qe Z: integers}. Then Q is a field. (Check all the
properties from 1 to 11).

Example 1.6. Let N = {n e ‘ n > 0}. Then N is not a field because there is no zero.

Example 1.7. Let F = {a, b, c} with the operations + and - defined by

+‘abc -‘abc
ala b c ala a a
blb ¢ a a b c
clc a b a ¢ b

Then F is a field because of the following: Properties 1, 2, 3, 6, 7 are obvious.

Property 4: 4 “0” 3 x + “0” =z for all x € F. In fact, “0” = a.

Property 5: Ve e F, dye F sx+y =0, here b = —¢, c = —b.

Property 8: 3 “1” 3z -“1” = z for all z € F. In fact, “1” = b (so Property 11 holds since
a #b).

Property 9: Vo # 0, € F, 32z€ F 2x-z=1, here z = x.

The validity of Property 10 is left as an exercise.
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Example 1.8. Let (F,+,-) be a field. Then (z —y)(z +y) = 2? —y? for all x,y € F. In
fact,

(r—yzt+y)=(@-y) z+@-y) -y (by # pie &)
=z-(z—y)+y (z—y) (by iz 2 3 &)
=v-v+r-(~y)+y-v+y-(~y) (by »ci)
=2’—x-y+ax-y—y> (by Remark 1.4 and 3/ 2 # &)
=224+ 0—y? (by Property 5)
= 2% —y? (by Property 4

).
Definition 1.9. A partial order over a set P is a binary relation < which is reflexive,

anti-symmetric and transitive (7% &iE4% £), in the sense that
1. x < z for all x € P (reflexivity).
2. r<yand y <z= 2=y (anti-symmetry).
3. x <yand y < z = z < z (transitivity).
A set with a partial order is called a partially ordered set.
Example 1.10. Let S be a given set, and 2° be the power set of S; that is,
P=2%= {A ‘ Ac S} = the collection of all subsets of S'.
We define < as 2. Then
1. AD A (reflexivity).
2. Ao Band B2 A= A= B (anti-symmetry).
3. Ao Band B2 (C = A D (transitivity).

Hence, 2 is a partial order over 2° (or equivalently, (2°,2) is a partially ordered set).

Similarly, < on 2° is also a partial order.

Definition 1.11. Let (P, <) be a partially ordered set. Two elements x,y € P are said to

be comparable if either x < y or y < x.

Definition 1.12. A partial order under which every pair of elements is comparable is called

a total order or linear order.
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Definition 1.13. An ordered field is a totally ordered field (F,+, -, <) satisfying that
1. If x <y, then x + z < y + 2 for all z € F (compatibility of < and +).
2. If 0 <z and 0 < y, then 0 < x - y (compatibility of < and -).

Example 1.14. (Q,+,,>) is a totally ordered field, but is not an ordered field (since
Property 2 in Definition 1.13 is violated). On the other hand, (Q,+,-,<) is an ordered
field.

From now on, the total order < of an ordered field will be denoted by <

Definition 1.15. In an ordered field (F,+,-, <), the binary relations <, > and > are
defined by:

l.z<yifr<yandz #y.
2.z >2yity <uw.
3. x>yify <.

Adopting the definition above, it is not immediately clear that * < y < = > y. However,

this is indeed the case, and to be more precise we have the following

Proposition 1.16. (Law of Trichotomy, = - &) If z and y are elements of an ordered
field (F,+,-, <), then exactly one of the relations x <y, x =y ory < x holds.

Proof. Since F is a totally ordered field, x and y are comparable. Therefore, either z < y

or y < x. Assume that r < y.
1. If x =y, then x < y and = > .

2. If © # y, then x < y. If it also holds that x > y, then x > y; thus by the property
of anit-symmetry of an order, we must have x = y, a contradiction. Therefore, it can

only be that x < y.
The proof for the case y < x is similar, and is left as an exercise. =
Proposition 1.17. Let (F,+,-, <) be an ordered field, and a,b,x,y,z € F.

1. Ifa+x = a, then x = 0.
Ifa-x=a and a # 0, then x = 1.
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2. Ifa+x =0, then r = —a.
Ifa-x=1anda#0, then v =a .

3. If x-y=0, thenx =0 ory=0.
4. Ifr <y <zorzx<y<z then x < z (the transitivity of <).

5. If a < b, then a +x < b+ z (the compatibility of < and +).
If0<a and 0 <b, then 0 < a-b (the compatibility of < and -).

6. Ifa+x=0b+x, thena=0b.
Ifa+a<(<)b+z, then a < (<)b.
Ifa-x=0b-x and x # 0, then a = b.
Ifa-x<(<)b-x and x > 0, then a < (<) b.

10. If x #0, thenz™' # 0 and (z7) 7! = x.

11. Ifr #0 andy # 0, thenx -y # 0 and (v -y) ' =271 -y~

12. Ife<(<)y and 0 < (<) z, thenz -2 < (<)y - 2z
Ifr<(<)yand 0= (>)z, thenx-2> (>)y-z

13. Ifr < (<)0andy < (<)0, thenz -y > (>)0
Ifx < (<)0andy > (>)0, thenz -y < (<)0.

14. 0 <1 and —1 < 0.
15. z-z=2%2>0.
16. If x>0, then x™1 > 0. If x <0, then 27! < 0.

Proof. 1. (—a)+a+z=(—a)+a=0=2=0.

(aY-a-r=@") a=1=2=1



CHAPTER 1. The Real Line and Euclidean Space

2. (—a)+a+zr=(—a)+0=—-a=2=—a.

(al)-a-z=(@') 1=at=x=al

3. Assume that z # 0, then 2! - 2-y=271-0=0=y = 0.

1

Assume that y # 0, then z -y -y 1 =0-y ! =0=2=0.

4 and 5 are Left as an exercise.

6. a+0=a+az+(—2)=b+z+(—z)=b+0=a=0.
a+0=a+z+(—z)<b+z+(—2)=b+0= a < b (compatibility of < and +).

a-rv-xl=b-x-a'=a=0.
Suppose the contrary that b < a. Then 0 = b+ (—b) < a + (=b). Since z > 0, z = 0;
thus

0<(a+(-b) z=a-z+(-b) x.

As a consequence, b-x =0+b-z<a-x+(=b)-z+b-x =a-z. Byassumption, we

must have a-z =b-z or (a—0b)-x =0. Using 3, = 0 (since a # b), a contradiction.
7. See Remark 1.3.
8 (—x)+ (—(—2))=0=(—2)+xz=2=—(—1).
9. See Remark 1.4.

10. Assume 27! =0,1 =2 27! =2-0 = 0, a contradiction. Therefore, 2= # 0; thus

(Yt zl=1l=x-2'= () =2z (by 4).
11. That x - y = 0 cannot be true since it is against Property 3, so x - y # 0. Moreover,
(@) ey =l=11l=(@a ) (yy)=@"y") (= y);
thus (z-y)t =271 -y~ ! (by 4).

12. If x < (<)y, then 0 =+ (—x) < (<) y+ (—=z). Since 0 < (<) 2, by the compatibility
< (<)(y+ (—2))-z=y-z+ (—x) - z. Therefore, by
the compatibility of < (<) and +,z- 2 =04+2- 2 < (<)y- 2+ (—x)-z2+z- 2=y 2.

of < (<) and - we must have 0

The second statement can be proved in a similar fashion.

13. Left as an exercise.
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14. If 1 < 0, then compatibility of < and + implies that 0 < —1. By the compatibility of
< and -, using 6 and 7 we find that 0 < (—=1) - (—1) = —(—1) = 1; thus we conclude
that 1 = 0, a contradiction. As a consequence, 0 < 1; thus the compatibility of < and
+ implies that —1 < 0.

15. Left as an exercise.
16. f 2 >0but 7' <0,then 1 =2z 27! <z-0=0, a contradiction. =
Proposition 1.18. Let (F,+,-, <) be an ordered field, and x,y € F.
1. If 0 <z <y, then 2% < 32,
2. If 0 < x,y and 2* < y?, then x < y.
Proof. 1. By definition of “<”, 0 < x <y and = # y. Using 12 of Proposition 1.17,
Py r<y-y=y.
By the transitivity of <, we conclude that x? < y2.

2. Note that = # y, for if not, then 22 — y*> = 0 which contradicts to the assumption

x? < y?. Assume that y < x, then 1 implies that y? < 2%, a contradiction. o
Remark 1.19. Proposition 1.18 can be summarized as follows: if z,y > 0, then
r<ye <y

Moreover, Example 1.8, Proposition 1.17 and Proposition 1.18 together suggest that if

x,y = 0, then x < y if and only if 22 < y%

Definition 1.20. The magnitude or the absolute value of x, denoted |z|, is defined as

2] = xr ifx>=0,
Y=Y =z ifz<o.

Proposition 1.21. Let (F,+,-, <) be an ordered field. Then
L. |z| =0 forallx e F.

2. |z| =0 if and only if x = 0.
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3. —lz| <z <|z| forallz e F.
4. |z -y| = x| - |y| for all z,y € F.
5. |z +y| < |x| + |y| for all x,y € F (triangle inequality, = % 7 % ;%).
6. ||x| - |y|’ < |z —y| forall z,y e F.
Proof. Left as an exercise. =

Proposition 1.22. Define d(z,y) = |z —y|. Then
1. d(z,y) =0 for all z,y € F.
2. d(z,y) =0 if and only if x = y.
3. d(z,y) = d(y,x) for all x,y € F.
4. d(z,y) < d(x,z) +d(z,y) for all z,y,z € F (triangle inequality, = % 7 % 3;%).

Proof. Left as an exercise. =

Remark 1.23. d(z,y) is the “distance” of two elements z,y € F.

d(z,y)

d(zx, z)

Figure 1.1: An illustration of why 4 of Proposition 1.22 is called the triangle inequality.

1.1.2 The nature numbers, the integers, and the rational numbers

Definition 1.24. Let (F,+,-, <) be an ordered field. The natural number system,

denoted by N is the collection of all the numbers 1, 141, 14+141, 1+14---+1 and etc. in

F. Wewrite2=1+4+1,3=2+1,andn=1+1+---+ 1. In other words, N = {1,2,3,--- }.
%,_ —

(n times)

The integer number system, denoted by Z, is theset Z = {--- ,—-3,-2,-1,0,1,2,3,--- }.
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Principle of mathematical induction (Peano axiom, & i %% 2% ):
If S is a subset of N U {0} (or N) such that 0 € S (or 1€ S) and k+ 1€ S if k € S, then
S =Nu{0} (or S =N).

Example 1.25. Prove kgl k= n(n;— 1). ()
Proof. Let S = {ne N) M k= n(n;— 1)} (4= %75 & & (x) shn fc 42 %) . Then
k=1
1
LIfn=1 Y k=2X2_1
k=1 2
2. Assume that m € S, then
m—+1 m
1 1 2
Nok=Yk+(m+1) :—m(m2+ ) mt1)= M );er )
k=1 k=1
which implies that m + 1€ S.
By mathematical induction, we have S = N. =

Example 1.26. Prove that 2% < 1 for all n € N.
n

Proof. Let S = {n eN ’ 2% < %} We show S = N by mathematical induction as follows:

. 1 1

(ii) If n € S, then

1 11 1 1 1 1
2t 9m 2 n 2 n4n n+1
which implies that n + 1€ S.
By mathematical induction, we have S = N. =

Let (F,+,-, <) be an ordered field. By the property of being a field, for any non-zero
n € N, there exists a unique multiplicative inverse n=!. This inverse is usually denoted by

1 .. . . .
~. We also use = to denote m - n~L. Giving this notation, we have the following

n n

Definition 1.27. Let (F,+,-, <) be an order field. The rational number system, de-
noted by Q, is the collection of all numbers of the form 9 with p,q € Z and p # 0; that
. p

is,

Q:{xe}"‘x:z,p,qu,p#O}.
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Definition 1.28. An order field (F,+,-, <) is said to have the Archimedean property
ifVee F,dneZ sz <n.

Theorem 1.29. Q has the Archimedean property.

Proof. 1If x < 0, we take n = 1. Otherwise if 0 < x = 9 with p, g €N, we taken =qg+1
p

and it is obvious that 1% <qg<qg+1=n. O

Definition 1.30. A well-ordered relation on a set S is a total order on S with the property

that every non-empty subset of S has a least (smallest) element in this ordering.

Proposition 1.31. If S < N and S # &, then S has a smallest element; that is, sy € S 3

Vxels, so <.

Proof. Assume the contrary that there exists a non-empty set S < N such that S does not
have the smallest element. Define T'= N\S, and T = {n eN ‘ {1,2,--- ,n} < T}. Then we
have Ty < T. Also note that 1 ¢ S for otherwise 1 is the smallest element in S, so 1 € T
(thus 1 € Tp).

Assume k € Ty. Since {1,2,---  k} =T, 1,2,---k¢ S. If k+1€ S, then k+ 1 is the
smallest element in .S. Since we assume that S does not have the smallest element, k+1 ¢ S
thusk+1eT =k+1eT,.

Therefore, by mathematical induction we conclude that 7o = N; thus T = N (since
To < T) which further implies that S = & (since 7" = N\S). This contradicts to the
assumption S # . O

1.1.3 Countability

Definition 1.32. A set S is called denumerable or countably infinite ( £ 3 ¥ #) if
S can be put into one-to-one correspondence with N; that is, S is denumerable if and only
if 3 : N — S which is one-to-one and onto. A set is called countable (¥ #) if S is

either finite or denumerable.

Remark 1.33. If f: Nl—_tl>S, then f=1: Sl—_tl>N. Therefore,

S is denumerable < 3 f : N-LS < 3 g=f1: 5L

onto onto

N.

f can be thought as a rule of counting/labeling elements in S since S = {f(l), f(2)),--- }
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Example 1.34. N is countable since f : N——5N with f(z)==x, YneN.

onto
1 ifx=0
Example 1.35. Z is countable. f:7Z — N with f(x) = 2z ifx>0.
—2r+1 ifx<0
k -3 -2 -1 0 1 2 3
f& 7 5 3 1 2 4 6
e
B ——
_—>

A

A

Figure 1.2: An illustration of how elements in Z are labeled

Example 1.36. The set N x N = {(a,b)‘a,b € N} is countable. In fact, two ways of

mapping are shown in the figures below.

Y Y
55 Q © © 0 ©
a4 er © © 06
3t @4 ® 0O
1 g}*@s ©6 ©10©
1 2 3 4 5 7@ 1 2 3 4 5 7w

Figure 1.3: The illustration of two ways of labeling elements in N x N

Proposition 1.37. A non-empty set S is countable if and only if there exists a surjection

fN—=>S.

Proof. “=" First suppose that S = {xy,--- ,x,} is finite. Define f: N — S by

f(k):{ T ifk:<n,

r, ifk>=n.

Then f : N — S is a surjection. Now suppose that S is denumerable. Then by

definition of countability, there exists f: N %S .
onto

“<" W.L.O.G. (without loss of generality, # % — #+) we assume that S is an infinite
set. Let k; = 1. Since #(S) = w0, S1 = S\{f(k1)} # &; thus N; = f71(S)) is a
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non-empty subset of N. By the well-ordered property of N (Proposition 1.31), N; has
a smallest element denoted by kq. Since #(S) = o0, Sy = S\{f(k1), f(k2)} # &J; thus
Ny = f71(5,) is a non-empty subset of N and possesses a smallest element denoted by
k3. We continue this process and obtain a set {ki, ko, -} S N, where k; < ky < -+,
and k; is the smallest element of N;_1 = f~'(N\{f(k1), f(ka), -, f(kj—1)})-

Claim: f : {ky, ks, -} — S is one-to-one and onto.

Proof of claim: The injectivity of f is easy to see since by construction f(k;) ¢
{f(k1), f(k2),- -, f(kj_1)} for all j > 2. For surjectivity, assume that there is s € S
such that s ¢ f({ki, ks, --}). Since f: N — Sis onto, f~'({s}) is a non-empty subset
of N; thus possesses a smallest element k. Since s ¢ f({ki, ko, --}), there exists £ € N
such that k, < k < kgy1. As a consequence, there exists k € N, such that k < kgyq

which contradicts to the fact that ks, is the smallest element of N,.

Define g : N — {ky, ko, -} by g(j) = k;. Then g : N — {ky, ko, ---} is one-to-one and
onto; thus h = fog: N-L3. =

onto
Lemma 1.38. Let S be a set, and A = S is a non-empty subset of S. Then there exists a
surjection f: S — A.

Proof. Since A is a non-empty subset of S, 3a € A. Define

x ifzeA,

f(x):{ a ifegA.

Then f: S — A is clearly a surjection. O
Theorem 1.39. Any non-empty subset of a countable set is countable.

Proof. Let S be a countable set, and A be a non-empty subset of S. Since S is countable,
by definition there exists a f : NL:»S . On the other hand, by Lemma 1.38 there exists a

surjection g : S — A. Then h = go f : N — A is a surjection, and Proposition 1.37 suggests
that A is countable. o

Corollary 1.40. A non-empty set S is countable if and only if there exists an injection

f:9—=N.

Proof. “=" 1t S = {xy, -+ ,x,} is finite, we simply let f: S — N be f(z,) =n. Then f is

clearly an injection. If S is denumerable, by definition there exists ¢ : Nl—_tl>S which

suggests that f = g~ : S — N is an injection.
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<" Suppose that f : S — N is an injection. W.L.O.G., we can assume that #(f(S)) = w0
for otherwise #(S) < c which trivially implies that S is countable. Since f(S) is a
subset of N, by Theorem 1.39 f(S) is countably infinite. By definition, there exists
g: f(S )—>N thus h = go f : S——5N. o

onto

Example 1.41. The set N x N is countable since the map f : N x N — N defined by

f((m,n)) = 2™3™ is an injection.

Theorem 1.42. The union of countable countable sets is countable. (¥ #cip ¥ #c f 85 &
¥ feen)

Proof. Let A; be countable, and define A = U A;. Write A; = {x;1, 22,243, }. Then

A= {xw |@ =1,2,---, j <#(A4A)+ 1} Where #( ;) = o if A; is countably infinite. Let
S = {(Z,j)‘l =1,2,--,j < #(A 1} and define f : S — A by f((i,j)) = z;;. Then
f: S — Ais a surjection. On the other hand, since S is a subset of N x N, Theorem 1.39
implies that S is countable; thus Proposition 1.37 guarantees the existence of a surjection
g:N—S. Then h = fog: N — Ais a surjection which, by Proposition 1.37 again, implies
that A is countable. o

Example 1.43. Z x Z is countable.

Proof. For i € Z, let A; = {(i,j) }j € Z}. By Example 1.35, A; is countable for all i € Z.
Since Z x Z = |J,; Ai which is countable union of countable sets, Theorem 1.42 implies
that Z x Z is countable. =

Theorem 1.44. Q is countable.
Proof. Define

(p,q), ifz>0, xz%, ged(p,q) =1, p> 0.
fl@)=1{ (0,0), ifz=0.
(p7 _Q), 1f Tr < 07 T = _%7 ng(p> Q) = 17 p > O

Then f : Q — Z x Z is one-to-one; thus f : Ql;tl»f((@). Since Z x Z is countable, its

non-empty subset f(Q) is also countable. As a consequence, there exists g : f (Q)l—t1>N
onto

thus h =go f: @—>N =

onto
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1.2 Completeness and the Real Number System

1.2.1 Sequences

Definition 1.45. A sequence in a set S is a function f : N — S (not necessary one-to-one

or onto). The values of f are called the terms of the sequence.

Remark 1.46. A sequence in S is a countable list of elements in S arranged in a particular
order, and is usually denoted by {f(n)}le or {z,}x_, with z,, = f(n).

Definition 1.47. A sequence {z,} is said to converge to a limit z if Ve > 0, 3N >
0, 3|z, —2| <& whenevern > N (i &= (v —e,x+¢) 2 ez, &5 73 N—-11). One

writes lim x,, = z or x,, — = as n — o to denote that the sequence {z,}_, converges to .
n—aoo

Intuition: If {z,}”_ | converges to x, we expect that Ve > 0, #{n e N|z, ¢ (z—e,24¢)} <
w. Let No=max{neN|z, ¢ (r—e,z+e)} (#F & (r—ec,axte) ?to 573 o, » k=
gt s No), and let N = No + 1. Then z, € (x — ¢, 2 + ) whenever n > N.

Ik—s—»k—s—»\}

L
x1 I4$\:,\b\$f T5T3 X2

z, forn>N=Ny-+1

This intuition sometimes is very useful for proving the convergence of a sequence. For
example, let 7 : N — N be a rearrangement of N (that is, 7 is bijective), and {x,}>°, be a

convergent sequence. Then {xﬂ(n)}f: is also convergent since if x is the limit of {z,}>_;

1
and ¢ > 0,

{neN|zymé¢(x—c,x+e)}={neN|z, ¢ (z—ex+e)} <.

One should try to prove the convergence of {xﬂ(n)}le using the e- N argument, and it will

be immediately seen that the approach above is much easier.
Remark 1.48. The number N may depend on ¢, and smaller ¢ usually requires larger V.

Remark 1.49. If a sequence {z,}r_, does not converge to z, then I{z, , x,,, -} <
{zn}yy, ni # nyif @ # j, such that z,, ¢ (r —¢,2 +¢) for all j € N. In other words,

x> x asn — oo if and only if 36 > 0,3 VN > 0, In > N such that |z, —z| > .
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Lemma 1.50 (Sandwich). If lim z, = L, lim y, = L, {z,}._, is a sequence such that
n—o0 n—ao0

Tn < 2Zp < Yp, then lim z, = L.
n—o0

Proof. Let ¢ > 0 be given. Since lim z, = L and lim y,, = L, by definition
n—aoo

n—00

AN, >03L—-ec<ax,<L+4+e, Vn=N;

and
ANy >03L—e<y,<L+¢e, Vn=Ns.

Let N = max{Ny, No}. Then forn > N, L —¢ <z, < z, <y, < L+¢; thus lim 2z, = L. o

n—o0

Proposition 1.51. Ifa <z, <b and lim x, =z, then a < x < b.
n—0oo

Proof. Assume the contrary that x ¢ [a,b]. If x < a, let e = a — 2z > 0. Since lim z, = z,
n—0

iN > 053z, € (x —e,x + &) whenever n > N. Therefore, 2, < a for all n > N, a

contradiction. So a <
<

x
We can prove x < b in a similar way, and the proof is left as an exercise. =

Corollary 1.52. Ifa < x, <b and lim z, = x, then a < x < b.

n—o0

Proposition 1.53. If {z,}._, is a sequence in an ordered field, and x,, — x and x, — y

as n — oo, then x = y. (The uniqueness of the limit).

Proof. Assume the contrary that x # y. W.L.O.G. we may assume that z < y, and let

5::[/_3: >0(;p—}—5:y—6). Since lim $n:$and lim Tn =1,
n— oo n—0ao0
AN, >03 |z, —z|<e, Vn=N;
and

ANy >03 |z, —y| <e, Vn=Ns,.

Then if n > N = max{Ny, Ny}, we have both |z, — x| < e and |z, —y| < e for alln > N.

As a consequence, r, < r + ¢ and z, > y — € for all n > N, a contradiction. So z =y. ©
Definition 1.54. Let {x,}>_, be a sequence in an order field F.

1. {z,}¥ , is said to be bounded (7 % ) if there exists M > 0 such that |x,| < M for
all n e N.
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2. {x,};, is said to be bounded from above (7 1 F ) if there exists B € F, called an

upper bound of the sequence, such that x,, < B for all n € N.

3. {z,}y, is said to be bounded from below (7 T %) if there exists A € F, called a

lower bound of the sequence, such that A < x,, for all n € N.
Proposition 1.55. A convergent sequence is bounded (87 [fcace 5 J ).

Proof. Let {x,}?_; be a convergent sequence with limit . Then there exists N > 0 such
that
rp€(x—1241) Vn > N.

Let M = max {|z1], |22, ,|zn-1], |z| + 1}. Then |z,| < M for all n € N. o
Theorem 1.56. Suppose that x, — x and y, — y as n — o0, X is a constant. Then

1.z, Yy, > 2ty asn — 0.

2. Az, > A-x asn — .

3. Ty Yo =T -y aSN — 0.

4. If yn,y # 0, thenx—"ag as n — oo.

Proof. The proof of 1 and 2 are left as an exercise.

3. Since z,, — z and y,, — y as n — w0, by Proposition 1.55 3IM > 0 5 |z,| < M and

lyn| < M. Let € > 0 be given. Moreover,
g
E|N1>09|xn—x|<mVn>N1

and

3N2>03|yn—y|<ﬁVn>Ng
Define N = max{N, No}. Then for all n > N,

13 19
<My —yl+ M|z, — 2| < M- —— + M- — ¢
(Y =yl + M- |on =2 < M- o+ M- opr = e
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4. Tt suffices to show that lim .1 if y,,y # 0 (because of 3). Since lim y, = y,

n—00 Yp Yy n—00
AN > 03 |y, —y| < |y2‘ for all n = Nj. Therefore, |y| — |y,| < ‘g| for all n > Ny
which further implies that |y,| > |y2| for all n > Nj.

ly®

Let € > 0 be given. Since lim y, =y, ANy > 03 |y, — y| < e for all n = Ns.
n—0oo

Define N = max{Nj, No}. Then for all n > N,

11 L 2 ] 9
‘_\y y!<!y| _

[ — - —— =¢
Yn Y Ynl|y] 2yl ly|

1.2.2 Monotone sequence property and completeness

Definition 1.57. A sequence {z,}* , is said to be increasing/non-decreasing, de-
creasing/non-increasing, strictly increasing and strictly decreasing if v, < r,.1,
Ty = Tpod, Ty < Tpp and x, > x,01 Vn € N respectively. A sequence is called (strictly)

monotone if it is either (strictly) increasing or (strictly) decreasing.

Definition 1.58. An ordered field F is said to satisfy the (strictly) monotone sequence

property if every bounded (strictly) monotone sequence converges to a limit in F.

Remark 1.59. An equivalent definition of the monotone sequence property is that every
monotone increasing sequence bounded above converges; that is, if each sequence {z,,}°_; <

F satisfying
(i) x, < xpyq for all n e N,
(i) IM e FaVneN:x, <M,
is convergent, then we say JF satisfies the monotone sequence property.

Example 1.60. (Q,+, -, <) is an ordered field.

Question: Is there any bounded monotone sequence in Q that does not converge to a limit
in Q7

Answer: Yes! Consider the sequence

1 ) 2 ) 3 ) T, n+1 .
1 1
2 2+ 3 24+ —— 2+ Tn

94 =
+2
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Then {z,}> ; is a monotone decreasing sequence in Q. If lim z,, = z, then Theorem 1.56
n—0o0
1

" from which we conclude that = —1 + /2. Since z ¢ Q, {z,}%,

does not converge (to a limit) in Q. In other words, @ does not have the monotone sequence

property.

implies that z = 5

Proposition 1.61. An ordered field satisfying the monotone sequence property has the
Archimedean property; that is, if F is an ordered field satisfying the monotone sequence

property, then Ve e F,Ane N sz < n.

Proof. Assume the contrary that there exists x € F such that n < z for all n € N. Let
x, = n. Then {x,}*_, is increasing and bounded above. By the monotone sequence property
of F, 3t € F a2, —> T as n — o; thus 3N > 0 such that

~ 1
]xn—a:\<1 Vn>N.

In particular, |N — Z| < i, IN+1-1Z2| < i; thus

~ ~ 1 1 1
I1=|[N+1-N|<|IN+1-Z|+[]Z—-N|<-+-==,
4 4 2
a contradiction. o

Example 1.62. Let (F, +, -, <) be an ordered field satisfying the monotone sequence prop-
. . . N, .
erty, and y € F be a given positive number (that is, y > 0). Define z,, = T where N, is

N, +1
27’L

n

N,
the largest integer such that 22 < y; that is, (—)2 < y but (

271
2 9 11
y:2,thenx1:2—1,x2:?,x3:2—3,-~-). Then

)2 > y (for example, if

1. x, is bounded above: since 22 <y < 2y +y*+ 1 = (y + 1)?, by the non-negativity of

x, and y and Remark 1.19 we must have 0 < x,, <y + 1.

2. m, is increasing: by the definition of N,,,

N3<22ny:>4N2<22n+2y:22(n+1)y:

N, 2N, N, . .
2—: = o ﬁ < 2::11 = Tn41. Since F satisfies the monotone sequence

property, 3z € F 2 x, — x asn — 0. By Theorem 1.56, 2 — x?, and by Proposition
1.51, 2% < v.

Therefore, x,, =
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Now we show 22 = y. To this end observe that

1)2:(Nn 1):<Nn+1)2

(1t 5) = Gt 3) = (5

Y

thus 72 <y < (xn—l—zin)Q. By the Archimedean propery of F (Proposition 1.61), lim 1 0;

n—0o0

1
thus Theorem 1.56 implies that 22 = lim 22 = lim (xn + 2—”)2 = y. Note that Proposition

n—a0 n—o0
1.18 implies that such an x is unique if x > 0.

In general, one can define the n-th root of non-negative number y in an ordered field
satisfying the monotone sequence property. The construction of the n-th root of y € F is

left as an exercise.

Definition 1.63. For n € N, the n-th root of a non-negative number y in an ordered field
satisfying the monotone sequence property is the unique non-negative number x satisfying

2" = y. One writes y'/" or {/y to denote n-th root of y.

Definition 1.64. An ordered field F is said to be complete (= # ) (have the completeness

property, & & = # ) if it satisfies the monotone sequence property.

Remark 1.65. In an ordered field, completeness <> monotone sequence property ( # or-
dered field #2 > = M = HINE B F K & jeae = EP[ER 5 + B & Jzag). Moreover,

1. A complete ordered field is “Archimedean” (Proposition 1.61).

2. For n € N, the n-th root of a non-negative number in a complete ordered field is
well-defined (Definition 1.63).

Proposition 1.66. Let (F,+,-,<) be an ordered field. Then F satisfies the monotone

sequence property if and only if F satisfies the strictly monotone sequence property.

Proof. The “only if” part is trivial, so we only prove the “if” part. Let {z,}*_; be a bounded

increasing sequence in F. If {x,}? ; has finite number of values; that is,
#{neN‘xn <xn+1} < o,

then there exists N € N such that z,, = xy for all n = N which implies that {z,}>

converges to xy. Now suppose that

#{neN|z, <zp}=0.
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Then there exists an infinite set {ni,no,---} < N such that z,, # w,, , for all k€ N. Let
Yk = Tp,. Since F satisfies the strictly monotone sequence property, y, — y as k — oo for
some z € F. However, it is easy to see that the sequence {z,}>_; also converges to y since

w : :
{z,}2 | is monotone increasing. o

Theorem 1.67. There is a “unique” complete ordered field, called the real number system
R.

Remark 1.68. Uniqueness means if F is any other complete ordered field (F,®,O, <),
then there exists an field isomorphism ¢ : R — F; that is, ¢ : R — F is one-to-one and

onto, and satisfies that
L. ¢o(x+y) = o(x) D o(y) for all z,y e R.

2. ¢(x-y) = p(x) © P(y) for all z,y € R.
3. z<y= ¢(x) < ¢(y) for all z,y € R.

Sketch of proof of Theorem 1.67. Let S be the collection of all bounded increasing sequences

in Q in which all terms in every sequence have the same sign; that is,
S = {{xn};‘le(mnleor allneN, z; 2 >0 forall k,j € N,
and {x,}_, is increasing and bounded above}.

Define on S an equivalence relation ~: {z,}> , ~ {y,}°_, if every upper bound of {z,}> , is
also an upper bound of {y,};2,, and vice versa. Let R = { [{z,};2,] | {za}i2; € S} be the set
of equivalence class of S (the existence of such a set relies on the axiom of choice). We define
on R, +, -, < as follows: if r = [{xn};‘le] and s = [{yn ;‘le} (where {x,}> |, {yn}2, € 5),
then
[{LEn . yn}j‘le} ifr,s =0,

—((=r)-s) ifr<Oands>0,
—(r-(=s)) ifr>0ands<0,

(=r)-(=s) ifr,s<0;

Lor+s=[{z,+yiy]; 2.7 s=

3. r < s if every upper bound of {y,}*_; is also an upper bound for {z,}>_;.

One needs to verify that R is an ordered field, and this part is left as an exercise.

Claim 1: If {xnk}zozl is a subsequence of {z,}*_;, then [{xnk}zo:l] = [{zn 2]
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Claim 2: If [{z,}2,] < [{yn}i2,], then for some N € N, z, < yy for all n > N.

The proofs of the claims above are not difficult and are left as an exercise.

Now we show the completeness of R by showing that R satisfies the strictly monotone
sequence property (Proposition 1.66). Let {r};2; be a bounded, strictly increasing sequence
in R™. Write r, = [{xk,n}le], where xy , < o 41 for all k,n e N. Since {ry}7; is bounded
in R, there is M € Q such that x;,, < M for all k,n € N. Moreover, since 7, < 4, for all

k e N, by claims above we can assume that xj, < xj41, for all k,n € N; thus
Thm < Tpm V¢ >k and n,m e N. (%)

Therefore, {x, .}, is bounded and monotone increasing, so {z,,}m_, € S. Define r =
[{znn}iy]. Then r € R, and

(i) r is an upper bound of {r;};: Suppose the contrary that there exists M € Q such
that x,,, < M for all n € N but x,, > M for some k, ¢ € N.

(a) If k > £, then xy; = x> M since {zg 0}, is increasing.

(b) If k < ¢, then x4y > x0 > M because of (x).
In either case we conclude that M cannot be an upper bound of r, a contradiction.

(ii) r — ¢ is not an upper bound of {r;}{; for all ¢ > 0: Suppose the contrary that
r — ¢ is an upper bound of {r;};2,. Write ¢ = {}72,, and W.L.O.G. we can assume
that there exists § € Q such that e, = 20 > 0 for all k € N. Then for all (fixed) k € N,

Hzee + 0321 < [ane + 2012, ] < [{ore + et < [{zed]

Let N; = 1. By claim 2, for each k € N there exists N1 € N such that Nyiq > Ni

and rn, ¢+ 0 < 2N, N, forall £ > Npyi. On the other hand,
TNy Nt = TN Ny TOZ TN N, +0 == a1+ kO
which implies that {z,,}}2, is not bounded, a contradiction.
As a consequence, r is the least upper bound of {r;}7;. =
From now on R is the complete ordered field containing Q, Z, N.

Example 1.69. In R, define z,, inductively by 21 = 0, 3 = v/2, 253 = /2 + V2, -, Tpy1 =
V2 + x,. It is easy to see that {x,}_, satisfies z,, = 0 for all n e N.
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1. z, < 2 for all n € N (boundedness): First of all, z; < 2. Assume that z,, < 2. Then
Tpni1 = /2 + 2, < /2 + 2 = 2. By mathematical induction, z,, < 2 for all n € N.

2. =, < T,41 (monotonicity): Since z, —2 < 0and z, +1 >0, (z, —2) - (z, +1) <0.
Expanding the product, we obtain that 2 < z, + 2 = 22, which implies that

Ty < Tpt1-

3. x, — 2asn — o (convergence): Since {z,} " is a bounded monotone sequence in R,

lim x,, = x for some z € R. Note that then z,,; — x as n — 0. Since $i+1 =T,+2,

n—a0
by Theorem 1.56 we must have 22 = z + 2. Then (z — 2)(z + 1) = 0 which implies
x =2 or x = —1 (failed). Therefore, {z,}*_; converges to 2.

Theorem 1.70. The interval (0,1) in R is uncountable (* ¥ #x).

Proof. Assume the contrary that there exists f : N — (0, 1) which is one-to-one and onto.
Write f(k) in decimal expansion (= i& =& B ); that is,

f(l) = O.d11d21d31 s
f(2) = 0-d12d22d32 e

f(k) = 0.dygdordsy, - - -

Here we note that repeated 9’s are chosen by preference over terminating decimals; that is,
for example, we write i =0.249999 - - - instead of % = 0.250000 - - -.
Let x € (0,1) be such that x = 0.dyds - - -, where

5 if d # 5,
dr, = .

(EH- B o & H | BET 5k 8y f(k) v BT % k=873 4p %), Then x # f(k)

for all k € N, a contradiction; thus (0, 1) is uncountable. o
Corollary 1.71. R is uncountable.

Proposition 1.72. Q is dense (& %) in R; that is, if z,y € R and x < y, then 3r € Q 3

r<r<uy.
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Proof. Since % — 0 as n — o (by the Archimedean property of R, Proposition 1.61),
3N>09]l—0| <y—uxforalln>=N.

n
Claim: {% ‘ ke Z} N (z,y) # .

Proof of claim: Suppose the contrary that {% ’ ke Z} N (z,y) = &. Then % < x and
+1
N
Remark 1.73. The denseness of Q in R can be rephrased as follows: if x € R and ¢ > 0,

: A 1 -
> y for some ¢ € Z, while this fact will imply that y — z < N2 contradiction. =

then 3re Qs |z —r| <e.

Corollary 1.74. The collection of irrational numbers Q' = R\Q is dense in R; that is, if

r,yeRandz <y, IceQ sz <c<y.

Proof. Let x,y € R with x < y. By Proposition 1.72 there exists r € Q, r # 0 such that

x y c
— <r < —=. Let c=+/2r. Then ce and r < c<y.
NI v2 0 y °
Example 1.75. The harmonic sequence
T = 1
1
To — 1 + =

2

is (monotone) increasing but not bounded above.

Proof. That the sequence is increasing is trivial. For the unboundedness, we observe that

1 1 1 1 1 1 1 1
xZ":1+§+§+Z+5+6+?+§+'“+2—n
>1+1+1+1+1+1+1+1+“'+ i
2 4 4 8 8 8 8 2n
:1+1_‘_1+...+1:1_‘_E
2 2 2 2
F . a)

which is not bounded above (ix 3 * &)
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1.3 Least Upper Bounds and Greatest Lower Bounds

Definition 1.76. Let & # S < R. A number M € R is called an upper bound (+ J)
for S'if x < M for all x € S, and a number m € R is called a lower bound (™ 7 ) for S if
x = m for all x € S. If there is an upper bound for S, then §' is said to be bounded from
above, while if there is a lower bound for S, then S is said to be bounded from below. A

number b € R is called a least upper bound (& -] + ) if
1. bis an upper bound for S, and
2. if M is an upper bound for S, then M > b.

A number a is called a greatest lower bound (&~ = ) if

1. a is a lower bound for S, and

2. if m is a lower bound for S, then m < a.

o S i
an lower bound for S an upper bound for S
If S is not bounded above, the least upper bound of S is set to be oo, while if S is not
bounded below, the greatest lower bound of S is set to be —oo. The least upper bound of
S is also called the supremum of S and is usually denoted by lubS or sup .S, and “the”
greatest lower bound of S is also called the infimum of S, and is usually denoted by glbS
or infS. If S = &, then sup S = —o0, infS = o0.

Example 1.77. Let S = (0,1). Then sup S = 1, inf S = 0.

Example 1.78. Let f : R — R given by
[ 1—2a? ifz 0,
f(””)_{o it © = 0.
Define
1
S={f(z)|zeR}, T={zecR]|f(z)> Z}.
We can get S = (—o0,1), so sup(S) = 1, inf(S) = —o0.
=

V3
2

SEs

Solve 1—22% = i xr = i\f,then we can get T = ( ,O)U(O,\f),so sup(T) =

inf(7) = —

SES
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Remark 1.79. The least upper bound and the greatest lower bound of S need not be a

member of S.

Remark 1.80. The reason for defining sup @ = —oo and inf ¥ = oo is as follows: if
& # A < B, then sup A < sup B and inf A > inf B.

//A\B\

N / /
infp infA  swpA qppB

Since ¢ is a subset of any other sets, we shall have sup ¢J is smaller then any real number,
and inf 7 is greater than any real number. However, this “definition” would destroy the
property that inf A < sup A.

The “definition” of sup ¢ and inf ¢J is purely artificial. One can also define sup @ = o
and inf @ = —o0.

Definition 1.81. An open interval in R is of the form (a,b) which consists of all z € R 3
a <z <b. A closed interval in R is of the form [a,b] which consists of all z € R 3 a <

x <b.
Proposition 1.82. Let S < R be non-empty. Then
1. b=supS € R if and only if
(a) b is an upper bound of S.
(b) Ve>0,3xeSsx>b—c.
2. a =infS € R if and only if
(a) a is a lower bound of S.
(b) Ve>0,dxeSsx<a+e.

Proof. “=" (a) is part of the definition of being a least upper bound.

(b) If M is an upper bound of S, then we must have M > b; thus b— ¢ is not an upper
bound of S. Therefore, 3x € Sz >b—¢.

“«<" We only need to show that if M is an upper bound of S, then M > b. Assume the
contrary. Then 3 M such that M is an upper bound of S but M < b. Let ¢ =b— M,

then thereisnox e Sax >b—¢c. -« o
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So far it is not clear that whether the least upper bound or the greatest lower bound
for a subset S < R exists or not. The following theorem provides the existence of the least

upper bound or the greatest lower bound of a set S provided that S has certain properties.
Theorem 1.83. In R, the following two properties hold:

1. Least upper bound property (L.U.B.P.):

Let S be a non-empty set in R that has an upper bound (or is bounded from above),
then S has a least upper bound. (227 & &3 + B > BlF &)+ F)

2. Greatest lower bound property:

Let S be a non-empty set in R that has a lower bound (or is bounded from below), then
S has a greatest lower bound. (22 % &3 T & > B3 =T R)

Proof. We only prove the least upper bound property since the proof of the greatest lower
bound property is similar.

Let @ # 5 < R be given. Let x( be the smallest integer such that x( is an upper bound
of S. Let zy =z — %, where V; is the largest integer such that x5 is still an upper bound

n
T
such that z,, is an upper bound of S. (£F * » x, %ﬁ;{!\—'— BTl LT NG on fen

JBAG > S ek BV Eo) IR B

of S. We continue this process, and define x,, = z,,_1 where N, is the largest integer

I

A~
»
%q\/
w
S
no

Note that in the process of constructing {x,}’°;, N, is always non-negative which im-
plies that {z,}_; is decreasing. Moreover, any a € S is a lower bound of {z,}>_ . By
completeness of R, {x,}°, converges. Assume that x,, — = as n — o0.

Claim: x =sup S (< 1. x is an upper bound of S. 2. Ve > 0,3s€ S3 s>z —¢).

1. Assume the contrary that x is not an upper bound of S. Then 3s€ S 3 s > x. Since

T, —>xasn— o0, IN > 03|z, — x| < s—x for all n > N; thus
20 — s < T, < § n>=N.

Therefore, x,, cannot be an upper bound of S for all n > N, a contradiction.
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2. Assume the contrary that 3¢ > 0 3 Vs e S, s < x —¢e. Choose k € N such that
€ > Lk Then
10

N, +1 1 - -
Tpho)] ————— =T, ———— =T —E>§
AETIZ " 10k
Y
which suggests that N is not the largest integer such that xp_; — ﬁ is still an upper
bound, a contradiction. o

Proposition 1.84. Suppose that & # A< B < R. Then inf B < inf A < sup A < sup B.
Proof. We proceed as follows.

1. supA <supB: Let b =sup B, then Vx € B, v <b. Since A < B, then Vx € A, z < b;
hence b is also an upper bound for A. Since sup A is the least upper bound for A and

b is an upper bound for A, then sup A < b =sup B.
2. It is similar to prove inf B < inf A.

3. It is trivially true that inf A < sup A. O

Theorem 1.85. Let (F,+,-, <) be an ordered field such that F has the least upper bound
property, then F is complete.

Proof. We would like to show that any increasing bounded sequence converges. Let {z,}>

be increasing and bounded above (by M).

r—e x=supl
/¢ |
1 Ty T3 T W
S=IN

Define S = {x1,22, -+ ,&,, -+ }. Then S is non-empty and has an upper bound; thus by
the assumption that F satisfies the least upper bound property, sup S = z exists.

1. z is an upper bound of S = z,, < x for all n € N.

2. By Proposition 1.82, Ve > 0, ds€ .S 3s > x —e. Note that s = x for some N € N.

Since {x,},_, is increasing, xnx < x, < x for all n > N. Therefore, if n > N,

T—e<INSIT, ST <ZT+E
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which implies that |z, — x| <eifn > N. o

Example 1.86. Q is not complete. Let S = {27 = 3,25 = 3.1,23 = 3.14,--- }. Then S has
4 as an upper bound, but S has no least upper bound (in Q).

Remark 1.87. The two theorems above suggest that in an ordered field, completeness <
the least upper bound property.
1.4 Cauchy Sequences

So far the only criteria that we learn (from previous sections) for the convergence of a
sequence in an ordered field is that a bounded monotone sequence in R converges. Are there
any other criteria for the convergence of a sequence in an ordered field? By Proposition 1.53,

we know that if a sequence {z,}r_, in an ordered field F converges, then
JzeFaVe>0,#{neN|z, ¢ (z—c,x+¢)} <.
We would like to investigate if the following much weaker statement
Ve > 0,3 (a limit candidate) y € F 3 #{n € N‘xn ¢ (y— 5,y+z—:)} < o ()

leads to the convergence of a sequence. Note that statement (x) is equivalent to statement

(xx) in the following
Definition 1.88. A sequence {x,}>_; in an ordered field is said to be Cauchy if
Ve>0,3N >0 3|z, — z,,| < e whenever n,m > N . (%)

Remark 1.89. () iz Béciten? w L B I 1 L2 - 1B e N i 2 4 B3 - BERE 2%
SHREEEE AL BR A, TR TS A RS BERA PN IR
o A3 eI {0, R (B'UFE iy bigd o PRAZRR- 2% A97F @
RPN ) &R ROEF RS 3 I I T 0§ e o

Example 1.90. In Q, z; = 3,25 = 3.1,23 = 3.14,24 = 3.141,---. Then {z,}?, is a

Cauchy sequence, but is not convergent. Therefore, a Cauchy sequence may not converge.

Proposition 1.91. FEvery convergent sequence is Cauchy.
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Proof. Let {z,}>_, be a convergent sequence with limit . For any ¢ > 0, 3N > 0 >

|z, — x| < % if n > N. Then by triangle inequality, if n,m > N,

g IS

thus {z,}r_, is Cauchy. o

Lemma 1.92. Fvery Cauchy sequence is bounded.

Proof. Let {x,}*_, be Cauchy. 3N > 0 > |z, — x,,] < 1 for all n,m > N. In particular,

|z, —xn| < 1if n > N or equivalently,
sy—1<x,<azy+1 VYn>=N.
Let M = max {|z1], |22, ,|zn-1], |en] + 1}. Then |z,| < M for all n € N. o

Definition 1.93. A subsequence (+ #c71) is a sequence that can be derived from another
sequence by deleting some elements without changing the order of remaining elements. In
other words, let f : N — R be a sequence and z,, = f(n). A subsequence of {x,}*_;, denoted
by {z,;}32, with nj,; > n;, is the image of an infinite subset {n;,n,---} of N under the

map f.

# zors  phas w6 fh T

Lp, L, Tny  Tn, L,
111211 112 11
Example 1.94. Let {xn}le = {1,5,?,§,§,§,"‘}, and {yn}?zl = 57?757?7...}’

Then {y,},—; can be viewed as a subsequence of {z,}_; by the relation y; = x,,; that
is, y1 = X2, Yo = T3, Y3 = x5, Y4 = Tg, and etc. The sequence {xnj};?ozl is obtained by
deleting z; and x; (and maybe more) from the original sequence {z,}>_ ,. However, if
{zn}, = {=, 5 1,---}, then {z,}7, is not a subsequence of {z,}>_, (but only a subset)

of {x,}_ | because the order is changed.

Theorem 1.95 (Bolzano-Weierstrass property). FEvery bounded sequence in R has a con-
vergent subsequence; that is, every bounded sequence in R has a subsequence that converges

to a limit in R.

Proof. Let {x,})%; be a bounded sequence satisfying |z,| < M for all n € N. Divide

[—M, M| into two intervals [—M, 0], [0, M], and denote one of the two intervals containing
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infinitely many x,, as [aj, b1]; that is, #{n e N } T, € [al,bl]} = oo. Divide [ay, by] into two
a1 +b1q rar+ by

92 } ) [ 2 ) bl

many x, as [as, by]. We continue this process, and obtain a sequence of intervals [ay, bx] such

that #{n € N |z, € [ax, by]} = 0.

Let x,, be an element belonging to [a1,b1]. Since #{n € N|z,, € [a1,b;]} = o0, we can

intervals [al, } , and denote one of the two intervals containing infinitely

choose ny > ny such that x,, € [as, bs], and for the same reason we can choose ng > ny such

that x,, € [as, bs]. We continue this process and obtain z,, € [ay, by] with ng > ng_;.

x”g

l G[3 b3
] o]
—-M 0 M
a1 by

a9 b

2 ‘,E’”r:}

x?ll

Since [ag, bg] 2 [ak+1,brt1] for all k € N, we find that {ax}72, is increasing and {b}7,
is decreasing. Moreover, ap < M, b, = —M. As a consequence, by the monotone sequence

property, ax converges to a and by converges to b.

M . M
On the other hand, we observe that by — ay = ohT" Then b —a = khm o1 = 0; thus
—00
a = b. Since a;, < z,, < by, by Sandwich lemma k}im T, =a=beR o
—00

Lemma 1.96. If a subsequence of a Cauchy sequence is convergent, then this Cauchy

sequence also CONVETGES.

Proof. Let {z,};_, be a Cauchy sequence with a convergent subsequence {r,,}72,. Assume

lim z,,, = x. Then Ve > 0,
J—0

E|K>09\xnj—x|<% if 7> K, and

3N>09|xn—xm\<g if n,m=>=N.

Choose j = max{K, N}. Then n; > N; thusif n > N,
e €
Tn — 2| < |Tp — Ty | + |20, —2| < 5+ 5 =€

2 2 ‘ O

Theorem 1.97. Fvery Cauchy sequence in R is convergent.
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Theorem 1.98. Suppose that F is an ordered field with Archimedean property and every

Cauchy sequence converges. Then F is complete.

Proof. Suppose the contrary that there is a bounded increasing sequence {z,}> , that does

not converge to a limit in F. By assumption, {x,}?_; cannot be Cauchy; thus
Je>03VN>03n,m=N>3 |z, —z,| =€

Let N =1,3ny >ny =213 |z, —2y,| = Let N=mny+1,Ing >ng >ny+ 13

|Tny — Tn,| = €. We continue this process and obtain a sequence {r,, }32, satisfying

}xn%q - xngk’ >¢e¢ VkeN.

> ¢ > £ > € > e
xm 13772513773 :L‘n4 z”s ﬂ \ xns
z’llﬁ xn7

Claim: {xnj};ozl is unbounded (thus a contradiction to the boundedness of {z,}r_,).
Proof of claim: Assume the contrary that there exists M € F such that z,, < M for all

j € N. Since z,,, > x1 + ke for all k£ € N, we must have

kMot e
13

which violates the Archimedean property, a contradiction. O

Remark 1.99. In an ordered field with Archimedean property, Completeness < Cauchy

completeness (Every Cauchy sequence converges).
Example 1.100. z, € R, |z, — z,11| < 5 +1 VneN.
1
Claim: {z,}°_, is Cauchy. Given £ > 0, choose N >0 3 v <& Then if N <n <m,

|Tn — | < |Tn — Tpga| + [Trg1 — T

< |an - xn+1| + |5En+1 - xn+2| + |xn+2 - xm|

< .

< |Tn = Tpga| | Tag1 — Togo| + - [Tt — T
1 1 1

<gmtmmt Tt
1

< 2_n < 2_N < é&;

thus {z,}>_, is Cauchy in R. This implies that the sequence is convergent.
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1.5 Cluster Points and Limit Inferior, Limit Superior

Definition 1.101. A point z is called a cluster point of a sequence {x,}*_; if
Ve>0, #{neN|z,e(z—c,zx+¢)} =w.
Example 1.102. Let x,, = (—1)". Then 1 and —1 are the only two cluster points of {z,}>_,.

1
Example 1.103. Let z,, = (—1)" + -
Claim: 1 and —1 are cluster points of {z,}r_,

Let € > 0 be given. We observe that
{neN‘xn (1—c¢, 1+€}2{n6N‘niseven,%<z—:};
thus #{n eN ! Tne(l—g,1+¢) } co. Similarly, —1 is a cluster point.
Claim: Y a # +1, a is not a cluster point of {z,}°_; (reasoning in the following proposition).
Proposition 1.104. Let {z,}* ; € R and x € R.

1. x is a cluster point of {x,}>_, if and only if Ve >0, N >0, 3n>= N 3|z, — x| <e.

2. x is a cluster point of {xn},—, if and only if there exists a subsequence {x,}7, of

{x,}>_, converges to x.
3. &, > x as n — © if and only if every proper subsequence of {x,}>_, converges to x.

4. x, — x asn — © if and only if {x,}_, is bounded and x is the only cluster point of

{rntoa

5. £, — x as n — 0 if and only if every proper subsequence of {x,}*_, has a further

subsequence that converges to x.
Proof. We only prove 1-4, and the proof of 5 is left as an exercise.

1. (=) Let £ > 0 be given. Since there are infinitely many n’s with |z,, — x| < ¢, for any
fixed N € N| there are only finite number of the indices that are smaller than N. So

there must be some n > N with |z, — z| < e.

(«) Let ¢ > 0 be given. Pick ny > 1 3 |z,, — x| < &, then pick ny > ny + 1
3 |Zn, — x| < &. We continue this process and obtain a subsequence {z,,,}7, satisfying
|2, — x| <cforall jeN. Then {neN|z, € (z—¢c,z+e)} 2{ni,ny, -}
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2. (=) By 1, we can pick n; > 1 3 |z,, — x| < 1 and pick ny = n; +1 3 |z, — 2| < %

1
In general, we can pick ng = ng_y +1 3 |z, —z| < z for all kK > 2. Then
1 1
T— o <y, <THo VEeN.

By Sandwich lemma, klim T, = T.
—0

(<) Ve>0,3J>0 3z, —2|<eifj>J. Then {neN|z, e (z—c,x+¢e)} 2

{nLnJ-i-la T }

3. (=) Let {z,,,;}72, be a subsequence of a convergent sequence {z,},_, and lim x, = .
n—ao0
Then Ve >0,3N >03 |z, —2z| <ecforalln> N. Sincen; »wasj—00,3J>0

>n; = N; thus |z,;, — 2| < € whenever j > J.

(<) Assume the contrary that z,, % x as n — c. Then
3e>03VN >0,3n> N 3|z, —z| >

Let ny = 1 such that |z,, — x| = ¢, and ny > ny +1 such that |z,, — x| = . In general,
we can chose ny, = ny,_ such that |x,, —x| > ¢ for all k > 2. The subsequence {z,, }72,

clearly does not converge to z, a contradiction.

4. (=) This direction is a direct consequence of Proposition 1.53 and 1.55.

(<) Suppose that {x,},—1 is a bounded sequence in R and has z as the only cluster

point but {x,}*2_; does not converge to x. Then
Je>0a#{neN|z, ¢ (z—ec,x+e)}=w.

Write {n € N‘xn ¢ (x —e,x+ 5)} = {ni,ng9, -+ ,ng,---}. Then we find a subse-
quence {xnk}le lying outside (z — e, +¢). Since {xnk}:):l is bounded, the Bolzano-
Weierstrass property (Theorem 1.95) suggests that there exists a convergent subse-
quence {xnkj };OZI with limit y. Since Ty, ¢ (x—e,x+e),y¢[r—e,x+e]; thusy # x.
On the other hand, 2 suggests that y is a cluster point of {z,}> ,, a contradiction to

the assumption that x is the only cluster point of {z,}*_;. o

Definition 1.105. A sequence {z,}_, is said to diverge to infinity if VM > 0,3 N > 0
5> x, > M whenever n > N. It is said to diverge to negative infinity if {—x,}’";
diverge to infinity. We use lim z, = o0 or —oo to denote that {z,}r_, diverges to infinity

n—ao0
or negative infinity, and call co or —oo the limit of {x,}> ;.
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Definition 1.106. The extended real number system, denoted by R*, is the number
system R U {0, —o0}, where o0 and —oo are two symbols satisfying —oo < = < oo for all
reR.

Remark 1.107. 1. R* is not a field since o0 and —oo do not have multiplicative inverse.

2. The definition of the least upper bound of a set can be simplified as follows: Let
S < R* be a set (not necessary non-empty set). A number b € R* is said to be the

least upper bound of S if

(a) bis an upper bound of S (that is, s < b for all s € 5);
(b) If M € R* is an upper bound of S, then b < M.

No further discussion (such as S = J or S is not bounded above) has to be made.

The greatest lower bound can be defined in a similar fashion.

3. Any sets in R* has a least upper bound and a greatest lower bound in R*, even the

empty set and unbounded set.

4. Proposition 1.82 can be rephrased as follows: Let S < R*. Then b =sup S € R if and
only if

(a) bis an upper bound of S;
(b) Ve >0,3se Sas>b—c.

Note that b € R is crucial since there is no s € R* such that s > o0 — ¢ = . The

greatest lower bound counterpart can be made in a similar fashion.

5. In light of Proposition 1.104 and Definition 1.105, we can redefine cluster points of a
real sequence as follows: A number x € R* is said to be a cluster point of a sequence
{z,}>_, < R if there exists a subsequence {xnj };ozl such that jhj& T, = . Note that
now we can talk about if 00 or —o0 is a cluster points of a real sequence.

In the rest of the section, one is allowed to find the least upper bound and the greatest

lower bound of a subset in R*.

Definition 1.108. Let {z,}*_, be a sequence in R.
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0

1. The limit superior of {z,}’_,,

denoted by limsup x,, or lim z,, is the infimum of
n—00 n—

the sequence {sup {xn ‘ n = k}}j1

0

1, denoted by liminfz, or lim z,, is the supremum of

2. The limit inferior of {z,}
n—00m n—oo

o0
the sequence {inf{xn ‘ n = k:}} .
k=1
Remark 1.109. Let supz, denote the number sup {xn}n > k’} and in£ z,, denote the
n=k n=

number inf {xn ’ n = k} Then the limit superior and the limit inferior can be written as
limsupx, = infsupz, and liminfx, = sup inf x,, .
n—00 k>1 n>k n— 00 E>1 n=k

Remark 1.110. Let {z,}°, be a sequence in R, and y, = supz, and z; = infc Z,. Then
n=k n=

{yr}72, is a decreasing sequence, and {z;}72; is an increasing sequence. Therefore, the limit
of {yx}, and the limit of {z;}72; both “exist” in the sense of Definition 1.47 and 1.105. In
fact, the limit of {y;};2, is the infimum of {y;}{,, and the limit of {z;};”, is the supremum

of {z}72,. In other words,

lim supx, = infsupz, and lim infz, = sup inf z,, ;

thus

limsupx, = lim supx,, and liminfz, = lim inf z, .
n—00 k—o0 > n—00 k—oo n=k

Example 1.111. Let {z,})%; ={1,0,—1,1,0,—1,1,0,—1,---}. Then

Y =supx, =1 = limsupzx, = 1.

n=k n—00
2z, = infx, = —1 = liminfz, = —1.
n=k n—00

Example 1.112. Let z,, = l Then
n

1
Yp = supx, = — = limsupx, = 0.
n=k k n—o0

2z, = infx, =0 = liminfz, = 0.
n=k n— 00

0 if n is even

X i w == “ ..
n if nis odd ’ that 18, {x”}nzl - {17 073707 57 } Then

Example 1.113. Let z,, = {

Yr = supx, = o = limsupx, = 0.
n=k n—00

2z, = infx, =0 = liminfxz, = 0.
n=k n—00
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(14 L =k 41
n
—1—l if n =4k + 2,
Example 1.114. Let z,, = < 7;
1— = ifn=4k+ 3,
n
1 .
-1+ — if n=4k.
\ n
. o -
Yp =supx, =1+ —, 2, = infzr,, = -1 — —. limsupz,, = 1. liminfz, = —1.
n=k O n=k n—00 n—o0

Proposition 1.115. Let {z,}°_, be a sequence in R. Then

limsup —z, = —liminfx,, and liminf—z, = —limsupz, .
n—00 n—o n—o n—o0

Proof. By the fact that sup —z,, = — inf z,,,

n=k nzk
limsup —z,, = lim sup(—x,) = lim ( — inf xn) = — lim inf z,, = —liminfz,, .
n—00 k—0 p>p k—0o0 nx=k k—oo nzk n—0o0
The second identity holds simply by replacing z,, by —z, in the first identity. =

Proposition 1.116. Let {z,}*_, be a sequence in R. Then

1. a =liminfx, € R if and only if
n—ao
(a) Ve >0, 3N > 0 such that a — ¢ < x,, whenever n = N that is,

Ve>0, #{neN|z, <a—¢c} <,

and
(b) Ve >0 and N >0, 3n = N such that x, < a+ €; that is,
Ve>0, #{neN|z, <a+e} =,
2. b=Ilimsupx, € R if and only if
n—o0
(a) Ve >0, 3N > 0 such that b+ ¢ > x,, whenever n = N that is,

Ve >0, #{neN‘xn>b+5}<oo,

and
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(b) Ve >0 and N >0, 3n > N such that x, > b —¢; that is,

Ve>0, #{neN|z,>b—¢c} =.

Proof. We only prove 1 since the proof of 2 is similar. Let zp = inf x,,, and

nz

sup zp = lim z, = a € R*.

We show that a € R if and only if 1-(a) and 1-(b). Nevertheless, by Proposition 1.82 (or
Remark 1.107), a € R if and only if

(i) a is an upper bound of {z;}7 ;.
(ii) Ve >0,3INeN3zy >a—=e.

We justify the equivalency between 1-(a) and (ii), as well as the equivalency between 1-(b)

and (i) as follows:

(i) a is an upper bound of {2}, < a = 2z, forall ke N < Ve > 0,a + ¢ > 2 for all
keNeVe>0and keN,a+¢> infx, < Ve >0and ke N, a+ ¢ is not a lower

n=k

bound of {z,};L, < Ve>0and keN,In>ksa+¢c >z, < 1-(b).

(ii) Ve >0, INeNszy >a—ec < Ve >0,IN >0 > in]fvxn>a—5<:>Ve>0,
nz=

3N > 0 such that a — € is a lower bound of {zy,zNy1, -} < Ve >0, 3N > 0 such

that a —e <z, foralln > N < Ve >0,dN >0 such that a —e <z, foralln > N

< 1-(a). =
Remark 1.117. By Proposition 1.116, if a = liminfz, € R, then

n—o0

Ve>0,#{neN|z,c(a—e,a+e)}=w

which suggests that a is a cluster point of {z,}> ;. Moreover, 1-(a) of Proposition 1.116
implies that no other cluster points can be smaller than a. In other words, if a = liminfx,, €
n—aoo

R, then a is the smallest cluster point of {z,}>_,. Similarly, b is the largest cluster point of

{3, if b=limsupzx, € R.
n—o0

Theorem 1.118. Let {z,}>_, be a sequence in R. Then

1. liminfx, <limsupz,.
n—00 n—0o0o
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2. If {x,}7_, is bounded above by M, then limsup z, < M.

n—0o0

3. If {x,}> is bounded below by m, then liminfx, = m.
n—oo

4. limsup x,, = 0 if and only if {x,}*_, is not bounded above.
n—ao0

5. liminfz, = —o0 if and only if {z,}>_, is not bounded below.
n—a0

6. If x is a cluster point of {x,}>_, then liminfx, < x < limsup ,.
n—o n—00

7. If a = liminfx, is finite, then a is a cluster point.
o0

n—

8. If b =limsup z,, is finite, then b is a cluster point.
n—:00

9. If {x,}>, converges to x in R if and only if liminfz, = limsupx, =z € R.
n—o n—0o0

Proof. Left as an exercise. O

Remark 1.119. Using the definition of cluster points of a sequence in Remark 1.107, Re-
mark 1.117 and Theorem 1.118 together imply that the limit superior/inferior of a sequence

is the largest/smallest cluster point of that sequence.

Example 1.120. Let S = Q [0, 1]. Then S is countable since it is a subset of a countable
set Q. Therefore, 3 f : Nl;tl»S or equivalently S = {q1,q2," - ,qn, - }. The collection of
all cluster points of {g,}r_, is [0, 1] since Q n [0, 1] is dense in [0, 1].

1.6 Euclidean Spaces and Vector Spaces

Definition 1.121. Euclidean n-space, denoted by R", consists of all ordered n-tuples of

real numbers. Symbolically,
R" = {.CE‘,CE: (T1, @9, , Tp), T; ER}.

Elements of R™ are generally denoted by single letters that stand for n-tuples such as

x = (21,29, - ,,), and speak of z as a “point” in R".

Definition 1.122. A real vector space V is a set of elements called vectors, with given
operations of vector addition 4+ : V x V — V and scalar multiplication - : R x )V — V such
that



§1.6 Euclidean Spaces and Vector Spaces 39

1. v+w=w+v for all v,we V.
2. (v+w)+u=v+ (u+w) for all u,v,we V.
3. 30, the zero vector, 3 v+ 0 =wv for all v € V.
4. YveV, JweV sv+w=0.
5. A-(v4+w)=A-v+Xwforall Ae R and v,we V.
6. A+p)-v=Av+p-vforall \,ueRand ve.
7. Ap)-v=A-(u-v) foral \;pe Rand ve V.
8. 1-v=wforallve).
Example 1.123. Let the vector addition and scalar multiplication on R™ be defined by
vy = (@ tynttye) iz = (T wn) Y= (W Yn)

and
Moo= (e, Az, i ARz = (21, a).

Then R” is a real vector space.
Example 1.124. Let M = {n x m matrix with entries in R}. Define
A4+ B=a;+bj], AN-A=[X-ay if NeR, A=]a;],B=][b;]le M.

Then M is a real vector space.
Definition 1.125. W is called a subspace of a real vector space V if

1. W is a subset of V.

2. (W, +,-), with vector addition and scalar multiplication in V), is a real vector space.
Example 1.126. V =R?* W =R? x {0} = {(z,y,0)|z,y € R}. W is a subspace of V.

Lemma 1.127. If W is a subset of a real vector space V, then VW is a subspace if and only
X v+p-weW, Y\ pueR v,weW.
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Remark 1.128. “n” is called the dimension of R".

There are n linearly independent vectors e; = (1,0,---,0),e5 = (0,1,0,---,0),--- ,e, =
(0,0,---,0,1), but if vy, v, -+ ,v,41 are (n+ 1) vectors in R™, I\, -+ A1 € R, 3 \jug +
s Ap1Vng1 = 0, (A, Apg) # (0,---,0).

Definition 1.129. A subset H < R”" is called a hyperplane if H is (n — 1)-dimensional

subspace of R". An affine hyperplaneis aset v+ H = {x+y |y € H} for some hyperplane
H.

1.7 Normed Vector Spaces, Inner Product Spaces and
Metric Spaces

Definition 1.130. A nomed vector space (V,|| - |) is a real vector space V associated
with a function || - | : V — R such that

(a) |z| =0 for all z € V.

(b) [lz|| = 0 if and only if x = 0.

(c¢) [Nz =]\ |z| for all A e R and x € V.
(d) llz +yl| < ] + [yl for all z,y € V.

A function | - | satisfies (a)-(d) is called a morm on V.

n

Example 1.131. Let V = R", and |z = <Zx2>§ if v = (z1,29, -+ ,2,). Then | -2 is

i=1
a norm, called 2-norm, on R". It suffices to show that (d) in Definition 1.130 holds. Let
T = (.1'1,1'2, T 7xn) and Yy = (yl»yQa T >yn) Then

n n

(e +wlle)® = Do +30)* = D J(af + 2wy + 47) = Dol + ) juf +2 ) i
i=1 =1 i=1

i=1 =1 =
< [lz + lyl3 + 2|2l2lyl>  (By Cauchy’s inequality)

= (Il + Iyl2)* ;

thus [z +ylz < |z]2 + [yl
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Example 1.132. Let V = R", and define

n 1

(Z’l’i’p>5 if 1 <p< oo,
|z, = i=1 for all x = (21,29, -+ ,x,) € R™.
max {|z1], -, |z,|} if p= o0,

Then || - |, is a norm, called p-norm, on R". Property (d) in Definition 1.130; that is,

lz+yl, < |lz], + |y[p, is left as an exercise.

Example 1.133. Let M, ., = {n x m matrix with entries in R}, and we remind the read-

ers that if A e M,,,, then A : { R; : jliv . Define
A
4], = sup [Ae], = sup 282y A e pg,
Jelp=1 w20 [ 7]p

| Az

]

that is, |A, is the least upper bound of the set {
| Azl

[Eq

‘x # 0,x € Rm}. Therefore,

< |All, Y& # 0; thus

| Az, < |Alp[z], VaeR™.

Consider the case p = 1,p = 2 and p = oo respectively.

1. p=2: Let (-, -)gr denote the inner product in Euclidean space R¥. Then
|Az|% = (Az, Ax)gn = (2, ATAz)gm = (z, PAPT2)gm = (P 2, AP 2)gn

in which we use the fact that AT A is symmetric; thus diagonalizable by an orthonormal
matrix P (that is, ATA = PAPT, PTP = I, A is a diagonal matrix). Therefore,

sup HAacHg = sup (PTx,APTx) = sup (y,Ay) (Lety= P'z, then ly|a = 1)

lz]2=1 [z]2=1 [yl2=1
= sup (Ayi + Aays + -+ + Any)
[yll2=1
= max {)\1, cee )\n} = maximum eigenvalue of ATA

which implies that |A[, = 4/maximum eigenvalue of ATA.

m m m
2. p=00 [Alo = sup [Ax|e = maX{Z Jagsl, Y laggl, -+ |anj!}-
1 o

Hx”OO: j=1 j=1
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Reason: Let © = (21,2, -+ ,2,)T and A = [aij}nxm. Then

airy + -+ Ty,
a21,1 + -+ AomIm
Ax =

An1T1 + -+ QT
Assume max Z lai;| = Z lay;| for some 1 < k < n. Let
Jj=1

x = (sgn(ar), sgn(axs), -+ ,sgn(arn)) -
Then |z]s, = 1, and |Az|e = > |ak;|-
j=1
On the other hand, if |z], = 1, then

m
a1 + Ay + - Qi Tim| < Z|aml maX{Z|alj|Z|azj| Zlanjl};
j=1

m m m
thus |A| = max< Y] |ay], D) |ag;l, - 2] |anj|}. In other words, |Al|s is the largest
j=1 j=1 j=1
sum of the absolute value of row entries.

3. p=1 ”AH1 = max {Z|azl| Z‘az2| Z|azm|}

=1

Example 1.134. Let % be the collection of all continuous real-valued functions on the
interval [0, 1]; that is,

¢ ={f:[0,1] > R| f is continuous on [0, 1]} .

For each f € €, we define

Hl |f(x)|de]’1’ if1<p<oo,

£l = )
i&%’ﬁ'f( z)|  ifp=o0.
The function | - |, : € — R is a norm on ¢ (Minkowski’s inequality).

Definition 1.135. An inner product space (V, &, >) is a real vector space V associated
with a function (-,-) : ¥V x V — R such that
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(1) {x,z)=0, Vo e V.
(2) (x,x) =0 if and only if z = 0.
(3) {x,y+ 2) ={x,y)y+{x,z) for all x,y,z€ V.
(4) Oz, y) = Xa,y) forall \e R and z,y € V.
(5) {x,y) =y, x) for all z,y e V.
A symmetric bilinear form (-, ) satisfies (1)-(5) is called an inner product on V.

Example 1.136. Let (-, ) : R” x R" — R be defined by

(x,y):ZmzyZ vx:(xlv"'axn)7y:(y1"”7yn)‘
=1

Then (-,-) is an inner product on R™.

Example 1.137. Let € be defined as in Example 1.134. Define

(fog) = f F(2)g(x)d.

Then {-,-) : € x € — R satisfies all the properties that an inner product has. Note that
=11

Proposition 1.138. If {-,-) is an inner product on a real vector space V. Then
L Qv+ pw,uy = Mo, uy + plw, uy for all u,v,w e V.
2. (uy, o+ pw)y = Mu, vy + plu, w) for all u,v,w e V.
3. (v, Mw) = Mv,w) for all v,we V.
4. {0,w)y = <(w,0) =0 for allwe V.

Theorem 1.139. The inner product {-,-) on a real vector space induces a norm | - | given

by |x|| = A/{z,x) and satisfies the Cauchy-Schwartz inequality

e, | <zl -y Ya,yeV. (1.7.1)
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Proof. First, we observe that for all x,y € V fixed, we must have
0< Oz +y, Az +y) = [22A% + 2@, A + [y)?

for all A € R. Therefore,
o,y = [f? - |y|* < 0

which implies (1.7.1).
It should be clear that (a)-(c) in Definition 1.130 are satisfied. To show that | - || satisfies
the triangle inequality, by (1.7.1) we find that

2
(2l + lyl)” =l + yl* = |2 + 20z y] + |y — <=+, 2 + )
=2(|zlllyl = <z, 9)) = 0;

thus the triangle inequality is also valid. =

Corollary 1.140. Let f,g: [0,1] — R be continuous. Then

<(| 1 |f<as>|%m)é (] 1 |g<a:>|2dm); .

Definition 1.141. A metric space (M,d) is a set M associated with a function d :
M x M — R such that

) ' f(e)g(a)da

(i) d(z,y) =0 for all x,y € M.
(ii) d(z,y) =0 if and only if z = y.
(iii) d(z,y) = d(y,x) for all x,y € M.
(iv) d(z,y) < d(z,z)+d(z,y) for all z,y,z € M.
A function d satisfies (i)-(iv) is called a metric on M.

Example 1.142 (Discrete metric). Let M be a non-empty set, and dy : M x M — R be
defined by

0 ifz=uy,

Then dy is a metric on M, and we call dy the discrete metric.
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Example 1.143 (Bounded metric). Let (M, d) be a metric space. Define p: M x M — R
by
_ _dz,y)

Then p is also a metric on M.
Proposition 1.144. If (V,| - |) is a normed vector space, then the functiond :V xV — R

defined by d(z,y) = ||z — y| is a metric on V. In other words, (V,d) is a metric space, and

we usually write (V, | - ||) as the metric space.



Chapter 2

Point-Set Topology of Metric spaces

2.1 Open Sets and the Interior of Sets
Definition 2.1. Let (M, d) be a metric space. For each x € M and € > 0, the set
D(z,e)={ye M |d(z,y) <e}

is called the e-disk (c-ball) about x or the disk/ball centered at = with radius .

Figure 2.1: The e-ball about x in a metric space

Example 2.2. (R?|],) is a normed vector space. Consider z =0,e =landp=1, p =2

and p = oo respectively.
Lop=1: [zl = [z1] + |ao], d(z,y) = |21 — y1] + |22 — 12
2. p=2: |z = /2T + a3, dlw,y) = /(21— 91)? + (22 — 32)*.

3. p=oo: HHUHoo = rnax{]xll, ‘552‘}, d(l’ay) = maX{‘xl - yl’, ‘1'2 - yz’}-

46
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Figure 2.2: The 1-ball about 0 in R? with different p

Example 2.3. Let (M, d) be a metric space with discrete metric; that is,
1 ifz+#y,
d(z,y) = .
0 ifx=uy.
{z} if0<e<1,
M ife>1.
Definition 2.4. Let (M, d) be a metric space. A set U < M is said to be open (in M) if

Then D(z,¢) = {

Veeld, 3e >03D(z,e) S U.

Example 2.5. The set A = {(x,y) € Rz‘O <z < 1} is open: given (z,y) € A, take
e = min{l — x,x}, then D(x,e) < A.

Example 2.6. A = {(x,y) € RZ‘O <x < 1} is not open: let u = (1,0), then Ve > 0 3
D(u,e) & A (since (1 + % 0) € D(u,) but (1+ g,o) ¢ A).

Example 2.7. M = (a,b) x [c,d] U {p}, p ¢ [a,b] x [c,d], d = /(z1 — 22)> + (y1 — y2)2.

Then D(p,e) = {p} if e « 1. Let ¢ = (L—i_b,d), £ < min{b;a,d— c}. Then D(q,¢) is the
shaded region in red color shown in the figure below.
D(g,e) _
AR q P
TN S 1
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Proposition 2.8. Let (M,d) be a metric space. Then every e-disk is open.

Proof. Let D(x,e) be an e-disk. We would like to show that Vy € D(z,e), 36 > 0 3
D(y,0) € D(x,¢). Let 6 =e —d(x,y) > 0. Then if z € D(y, ), we have

d(z,x) < d(z,y) + d(z,y) <d+d(z,y) =¢;
thus z € D(x,¢). o
Proposition 2.9. Let (M,d) be a metric space.
1. The intersection of finitely many open sets is open.
2. The union of arbitrary family of open sets is open.

3. The empty set & and the universal set M are open.

Proof. 1. Let Uy,Us,--- ,Ug be open sets in M, and U = ﬁ U;. If y e U, then y € U; for
all 1 <7 < k. Since U; is open, 3d; > 03 D(y,0;) < Uliz.lLet 0 = min{dy, -, I}
Claim: D(y,0) < U.

Proof of claim: Let z € D(y,6). Then d(y,2) <6 < §;ifi=1,2,--- k.

k
=z2eD(y,o;)Vi=1,2,--- k=zeU;ifi=1,2,--- k=2 (U;=U.

=1

2. Let . = {Ua } U, openin M, o € ]} be a family of open sets, and U = (J U,. If
ael

y € U, then y € Up for some 5 € I. Since Ug is open, 36 > 0 3 D(y,0) < Us; thus
D(y,0) < |J U, =U.

ael

3. ¥ is trivially an open set. Moreover, if y € M, then D(y,1) € M (by definition). o

Corollary 2.10. Let (M,dy) be a metric space with discrete metric. Then every subset of

M is open.
1 1
Proof. Yy e M,{y} = D(y, 5) isanopensetin M. f A< M, A# ¢, then A= D(y, 5)
yeA
which suggests that A is open since it is an arbitrary union of open sets. o

Remark 2.11. Infinite intersection of open sets need not be open:

0
1. Take A, = (— l, l), then (] A, = {0} which is not open.
nn n=1
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1 1 *
2. Let Uy = (-2 — E,Q + E> € R. Then A= (Ui 2 [-2, 2]. Moreover, if = ¢ [—2,2],
k=1

then 3k eNoz ¢ Uy (Ifzx > 2, + < 22 e 2

Ifx < -2 =
o0
N Ux = [-2,2].
k=1

, k 5 , k ) Therefore,

Example 2.12. Let A < R" be open, and B < R". Then A+ B={a+0b|lae A,be B} is

open.

Proof. Let ye A+ B. Then y = a + b for some a € A,b € B. Since A is open, 36 > 0 3
D(a,6) < A.

Claim: D(y,0) < A+ B.

Proof of claim: Let z € D(y,d). Then |z —y|s < 0. Since z = b+ (2 — b), if we can show
that z — be A, then z € A+ B. Nevertheless, we have

|(z=0) —als = [z —a=bls = |z =yl <9
which implies that z —be D(a,d) < A. o

Definition 2.13. Let (M,d) be a metric space, and A € M be a subset of M. A point
x € A is called an interior point of A if 3¢ > 03 D(x,e) < A. The interior of A is the
collection of all interior points of A, and is denoted by int(A) or A.

Example 2.14. Let M = R with d(z,y) = |z—y|,and A = [0,1), B = {1,

{0} = {%}le U {0}. Then A = (0.1) and B = ¥ since

OJ\’—‘

S
S~
C

1
"2’

1. If € (0,1), then 3¢ > 03 D(z,¢e) < (0,1) < A.
2. 0 is not an interior point since (—¢,¢) N [0,1)" # ¢ Ve > 0.
Remark 2.15. A might be empty.

Theorem 2.16. Let (M, d) be a metric space, and A < M be a subset of M. The interior of
A is the largest open set contained in A. In other words, if U € A is open, then U < int(A).

Proof. Let z € U. SinceUisopen,36>09D(z,5)gUgA:>z€/i:>U§/i.

To show that A is open, we observe that A = U D(x,e,), where €, > 0 is chosen so that
zeA
D(x,e,) < A if x € A, for the following reason:
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1. “cC”: trivial.
2. “2": Let y € U D(z,e,) =3z e A sye D(z,e,). Then if 6 =, — d(z,y),
- D(y,0) € D(x,e,) S A=yE€ A o
Theorem 2.17. Let (M,d) be a metric space. A set A< M is open if and only if A = A.

Example 2.18. Let (M, d) be a metric space, and A and B be two subsets of M.

1. int(A) uint(B) < int(A U B).

Proof. Let z € int(A) u int(B). W.L.O.G. Assume z € int(A), then 37 > 0 such that
D(z,r) < A. Therefore, x € D(z,r) € AU B, so x € int(A U B). o

2. Strict containment might happen because of the following example:
Take A =0, 1], B = [1,2], then int(A) = (0, 1), int(B) = (1,2).
Sine Au B =[0,2], int(A u B) = (0,2); however, int(A) u int(B) = (0,2)\{1}.
Hence, int(A) u int(B) # int(A U B).

Another example is stated as follows: Let A =Q n[0,1] and B = Q' n [0, 1]. Then

(0,1) = int([0,1]) = int(A U B) 2 int(A) U int(B) = &.

Example 2.19. In a metric space (M, d), it is not always true that int({y eM ‘ d(z,y) <
R}) = {y eM ‘ d(z,y) < R}. To see this, we consider the discrete metric

1 ifx#uy,
d0<x’y):{0 ifx:g.

Let R=1, and fix xrg € M # . Then
{ye M|do(y,x0) <1} = M = int({y € M | do(y, o) < 1}) = int(M) = M .

Now {y € M |do(y,z9) < 1} = {xo}. As long as M has more than one point, we have
int({y € M |do(y, zo) <1}) = M # {20} = D(z0, 1).
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2.2 Closed Sets, the Closure of Sets, and the Boundary
of Sets

Definition 2.20. Let (M,d) be a metric space. A set F' < M is said to be closed if
F' = M\F is open. In other words,

Fisclosed < Vre F' 3¢ > 053 D(x,e) € F°.

Example 2.21. The set [0,1] < R is closed, and the set (0,1] < R is not open and not

closed.

Example 2.22. Let S = {(z,y) | 224+ y* < 1}. Take z € R®\S, then D(z, |z — 1) € R*\S.

As a consequence, R*\S is open; thus S is closed.

Example 2.23. Let S = {(:E,y) ‘ 0<xr<1,0<y< 1}. Since R?\S is not open, S is not

closed.

Proposition 2.24. Any point in a metric space is closed; that is, if (M, d) is a metric space
and A = {x} for some x € M, then A is closed.

Proof. We show that M\{x} is open. Let y € M\{z}. Pick r = %d(m, y) > 0.
Claim: D(y,r) < M\{z}.

Proof of claim: Let z € D(y,r). Then d(z,y) <r = %d(m, y). Then
d(z,z) = d(x,y) —d(y,z) = d(z,y) — %d(az, y) = %d(a:,y) >0=z#ux. o
Proposition 2.25. Let (M, d) be a metric space.
1. The union of finitely many closed sets is closed.
2. The intersection of arbitrary family of closed sets is closed.

3. The universal set M and the empty set (& are closed.
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k
Proof. 1. Let Fy,--- , F}, be closed sets, and F' = ] Fj. Then by De Morgan’s law,
j=1

k

:M\F:M\UFj:ﬁM\F :ﬂ

J=1

kol

k
Since F is closed, ch is open. By Proposition 2.9, (1) ch is open.
j=1

2. Let # = {Fa ‘ F, closed in M, o € [} be a family of closed sets, and F = [ F,.

ael

Then by De Morgan’s law,

= M\()Fa = JM\F.) = | J FS

ael ael ael

which suggests that F* is the union of open sets {Fg} By Proposition 2.9 we

ael’
conclude that F* is open or equivalently, F is closed.

3. M = &, &' = M are both closed. o

Corollary 2.26. Any set consists of finitely many points of a metric space is closed.

o0

Example 2.27. Let F, = [— 2+ k’2 — %} c R. Then B = |J Fj, < (—2,2). Moreover, if
k=1

€ (—2,2), then 3k > 0, >z € F} (Ifm <0, % < x+2. If x > 0, % < Q—Tx) Therefore,

0
J Fr = (—2,2). This example suggests that an arbitrary union of closed sets might not be

closed.

Example 2.28. Let (M,d) be a metric space, and A = {y1,¥2,...,yx} S M. Define
k
={z e M|d(z,y;) <1 for some y; € A} = |J{xr e M |d(x,y;) <1}. Then B is closed.
i=1

Proof. 1t suffices to show B; = {x € M |d(x,y;) < 1} is closed for i = 1,2,... k since
B = |J F;.. Take z € M\B; (if M\B; = &, then B; = M and B; is closed). Let N = {u €

i=1
M |d(u,z) < d(z,y;) — 1}.

Claim: N < M\B;; that is, M\B; is open.

Proof of claim: Take u € N and compute d(u,y;) = d(y;, 2) — d(u, z) > d(z,y;) — (d(z,y;) —
1) =1. Hence u ¢ B; = ue M\B;. So N € M\B,. =
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Example 2.29. Let (M, d) be a metric space, A € M be closed, and B < M be finite
(#(B) < ). Then A + B is closed.

Proof. Left as an exercise. =
Definition 2.30. Let (M, d) be a metric space, and A < M.

1. A point z € M is called an accumulation point of A if Ve > 0, D(x, ) contains
points in A other than x; that is, Ve > 0, D(z,¢) n (A\{z}) = (D(x,e)\{z}) n A # &.

2. A point z € M is called a limit point of A if Ve > 0, D(x,¢) contains points in A;
that is, Ve > 0, D(z,e) n A # &.

3. A point x € A is called an isolated point (¥%* %) if 3¢ > 03 D(x,e) n A = {x}.

4. The derived set of A is the collection of all accumulation points of A, and is denoted
by A’

5. The collection of all limit points of A is denoted by A.
Remark 2.31. 1. An accumulation point of A needs not to be in A.

2. If A = {z} (that is, a single point), then A has no accumulation point; that is, A’ = .

3. Accumulation points are called cluster points in some books.

4. If x € A, then x is a limit point of A. In other words, A’ < A.

5. If z € A, then z is a limit point of A. In other words, A < A.
Example 2.32. Let A = (0,1) € R, then A’ = [0,1] and A = [0, 1].
Example 2.33. Let A= (0,1) u {2} < R. Then

1. for any z € [0,1],x € A’;

2. 2¢ A’ but 2 is a limit point of A;

3. if x¢[0,1] U {2} then x ¢ A’

Therefore, A’ = [0,1]. Note that sup A = 2; thus sup A might not belong to A’.
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Example 2.34. Let A = {z,}°; < R consists of a bounded sequence of distinct points.
Then A’ # &.

Proof. By Bolzano-Weierstrass property (Theorem 1.95), A has a convergent subsequence
{xn]. }jil converging to x € R.
Claim: z € A'.

Proof of claim: Ve > 0,3 K e N > ‘wnj — x‘ < ¢ for j = K. Moreover, x,, € A. =

Example 2.35. In a metric space (M,d), let B(z,r) = {y € M |d(z,y) < r}. Is it true
that B(x,r) € D(z,r)’; that is, every point of B(x,r) is an accumulation point of D(z,r)?

Answer: No, take a metric space with discrete metric

1 ifx#uy,
d0<x’y):{0 ifx:g.

and M has more than one point. We have D(x,1) = {z}, then D(z,1) = ¢J. Also,
B(z,1) =M & & = D(x,1)".

Proposition 2.36. If A< B, then A’ < B'.

Proof. Let x € A’. Then Ve > 0,3y e A,y # v 5y € D(z,e) n A. Since A < B, y € B.
Therefore, Ve > 0,dye B,y #x 3y € D(x,e) n Bz e B. o

Example 2.37. Let A be a subset of R". An interior point of A is an accumulation point
of A(Ac A'if Ac R™).

Proof. If z € A, then 37 > 0,5 D(x,r) € A. Let ¢ > 0 be given.
1. ezr,D(x,e) n (A\{z}) 2 D(z,r) n (A\{z}) # &.
2. e <r,D(x,e) < D(z,r) € A= D(z,e) n (A\{z}) # T.
Then for all ¢ > 0, D(z,¢) n (A\{z}) # F =2 e A" o

Theorem 2.38. Let (M,d) be a metric space and A = M, then A is closed if and only if
A=A (- BEEEFELEIvEEEL e 50 T #0F D limit points)
Proof. Ais closed & Vye AY3r > 03 D(y,r) < A (or D(y,r) n A = &).
=Vye Al y¢ A (orye AY).
< if y e A, then y € A. =
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Theorem 2.39. Let (M, d) be a metric space and A < M. Then A= AvA' (= (A\A)UA).

Proof. By definition, 1€ A < Ve > 0,D(z,e) n A # .
= If e A\A, then Ve > 0, D(z,¢) n (A\{z}) # .
= If r e A\A, then v € A'.

Therefore, AANA < A’ = A< AU A’. On the other hand, we also have (1) A < A and (2)
A < A; thus Au A € A, O

Corollary 2.40. Let (M,d) be a metric space, and A < B < M. Then A < B. In
particular, if A < B and B is closed, then A < B.

Proposition 2.41. Let (M,d) be a metric space, and A < M. Then A\A’ is the collection
of all isolated points of A.

Proof. Let v € A\A’. Then = € A, but 3¢ > 0 3 D(z,e) n (A\{z}) = . Therefore,
D(z,e) n A = {z} which implies that = is an isolated point. o

Theorem 2.42. Let (M,d) be a metric space, and A < M. Then A’ is closed; that is,
Vy¢e A/ ,3r >0 D(y,r)n A = .

Proof. Let y ¢ A’. Then 3¢ > 03 D(y,e) n (A\{y}) = (D(y,e)\{y}) n A= . Then

A< (D(y,e)\y})".

Since D(y,e)\{y} = D(y,e) n {y}* is open, (D(y,g)\{y})C is closed; thus Corollary 2.40
implies that

Ac (D(y,e)\{y})C or equivalently, A n D(y,e)\{y} =& .

Since A = A U A’ the equality above suggests that

A" D(y.e)\{y} = &;
thus the fact that y ¢ A" implies that D(y,e) n A’ = &. o

Definition 2.43. Let (M,d) be a metric space and A € M. The closure of A is the
intersection of closed sets containing A, and is denoted by cl(A). In other word, cl(A) =
(1 F (thus cl(A) is the smallest closed set containing A).

F' closed.
ACF
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Proposition 2.44. Let (M,d) be a metric space, and A < M.
1. Accl(A) (re A= if F 2 A is closed, then z € F).
2. A is closed if and only if A = cl(A).
Proposition 2.45. Let (M, d) be a metric space, and A < M. Then cl(A) = A(= AU A').

Proof. Since A < cl(A) and cl(A) is closed, Corollary 2.40 implies that A < cl(A).

On the other hand, if z ¢ AU A’ = A, then 3r > 03 D(x,7) n A = & or in other words,
A < D(z,r)". By the definition of the closure of sets, cl(A) < D(z,r)" or equivalently,
D(x,7) < cl(A)"; thus z ¢ cl(A). Therefore, cl(A) < A. o

Example 2.46. Let A =[0.1) u {2} < R. Find cl(A).
Answer: A’ =[0.1], cl(A) = Au A" =[0,1] U {2}.

Example 2.47. cl(A n B) < cl(A) ncl(B).
Answer: No. Take A = [0, 1], B = (1,2]. Since A is closed, then cl(A) = A. Since cl(B) =
1,2], AnB=. Socl(AnB) = & # {1} = cl(A) ncl(B); thus cl(An B) & cl(A) ncl(B).

Example 2.48. In a metric space (M, d),
z € cl(A) if and only if d(z, A) = inf {d(z,y) |y € A} = 0.

Proof. “<” Supposed(z,A) =0. If x € A, thenz € AVA" =cl(A). Ifx ¢ A, sinced(z, A) =
0,Ye>03ye Asd(z,y) <d(z,A)+¢e=c. Inother words, (D(x,e)\{z}) n A # &.
Therefore, v € A’; thus x € A u A" = cl(A).

“=" Suppose = € cl(A). Since A = cl(A), Ve >0, D(z,¢) n A # &. In other words,
Ve>0,dye A sd(z,y) <e.
Therefore, d(z, A) < € for all € > 0 which implies that d(x, A) = 0. o

Example 2.49. A = {% |n=1,2,---}. Find cl(A).
Answer: A" = {0} = cl(A) :AUA/:{%‘TL: 1,2,---} u{0}.

Example 2.50. A = {(z,y)|z € Q}. Find cl(A).
Answer: A’ =R? = cl(A) = R%
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Definition 2.51. Let (M, d) be a metric space. A subset A < M is said to be dense (¢
% ) in another subset B < M if A< B < cl(A).

Example 2.52. The rational numbers Q is dense in the real number system R.

Definition 2.53. Let (M, d) be a metric space, and A € M. The boundary of A, denoted
by bd(A) or dA, is the intersection of A and A® (0A = A n AC).

Remark 2.54. 1. 0A is closed since the closure of a set is closed.

2. By the definition of limit points of a set, we find that z € 0A < Ve > 0, D(x,e) n A #
& and D(z,e) n A # .

3. 0A = 0(A°).
Proposition 2.55. Let (M,d) be a metric space, and A < M. Then 0A = fl\A

Proof. If x € 0A, then Ve > 0,D(z,¢) n A® # &. Therefore, x ¢ A which implies that

A< A\A.
On the other hand, if z € A\fl, then Ve > 0,D(z,e) € A. As a consequence, Ve >
0,D(z,e) n A" # &; thus = € AC and this further implies that z € A N A® = 0A. =

Example 2.56. Let M =R, d(z,y) = |x — y|, and A =[0,1] n Q. Then
1. A =[0,1].
(reA,r+leA,T—|—l—>T:>TeA’.
n n
Ifsef0,1]n Q. Is,eA,s, >s=5s€A.
Ift¢[0,1],3>05D(te)n[0,1] = =t¢A).
2. A=[0,1)(=AvA). 3. A=g. 4. 0A=]0,1].

Example 2.57. Let (M, d) be a metric space with discrete metric, and A € M. Recall that

every point is an open set.
1. Aisopen. 2. Ais also closed since A’ is open. 3. A=A 4. A=y
5.cl(A)=A=A. 6. 0A=(.

Remark 2.58. If A € B, then 0A & 0B. For example, let A = Q n [0,1] and B = [0, 1].
Then A < B but 04 = [0,1], 0B = {0,1}.
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Example 2.59. 0A & A’: take A = {0}, then A" = ¢F, 0A = {0}.

Example 2.60. It is not always true that 0A = d(int(A)). For example, take A = [0, 1] U
{2}, then 0A = {0, 1,2},int(A) = (0,1), d(int(A)) = {0, 1}, so dA # d(int(A)).

Example 2.61. Let (M, d) be a metric space, and A, B < M. Then
J(AuB)<cdAudB and J(AnB)< JdAuOB
since
red(AuB) <= VYr>0D(xr)n(AuB)# & and D(x,r) n (A*n BY) # &
= Vr>0,D(z,r)n A" # &, D(x,r) n B"# &, and one of the following
holds: D(z,r) n A# & or D(z,r)n B # &
—zeAnAlorzeBn B,
and with A", B® replacing A, B in the inclusion we just arrive,

H(AnB)=0(AnB)f=0A"UB")<oA"LoB" =0AUIB.

2.3 Sequences and Completeness ( % # +)

Definition 2.62. Let (M, d) be a metric space. A sequence in (M, d) is a function f: N —
M, and is denoted by {f(n)}fil Write z,, for f(n). A sequence {z,}r_, in M is said to
converge to x if
Ve>0, 3N >0 sd(z,,x) < e whenever n > N.
= Ve>0, #{neN|d(z,,z) >} < .
< Ve >0, #{neN‘xn ¢ D(ac,g)} < o0.

As Definition 1.47, one writes lim z,, = x or x,, — x as n — oo to denote that the sequence
n—0o0

{x,}>_, converges to x.
Remark 2.63. Let (M, d) be a metric space, A € M be a subset.
x is a limit point of A < Ve >0, D(x,e) n A # .
<V¥Yn>0,3z,€ A, z,€ D(x,

).

< Vn>0, 3z, € A dx,,z) <

SI=3 =

< {z, ) A3z, >rasn — ©
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and

y is an accumulation point of A < Ve >0, D(y,e) n (A\{y}) # .
<Vn>0, 3y, #vy, y, € A, yneD(y,%).

<Vn>0, 3y, #y, yn € A, d(yn,y) < %
< I{Yntoer € AY} 2y — yasn — o0

Remark 2.64. A is closed & A = cl(A) = A < If {2,}°, < Aand 2, — 7 as n — o,

n=1 —
then x € A.
Remark 2.65. The sequence {xj}7~; does not converge to x as k — oo if

Je>03VYN >0, 3k > Nsd(zy,z) >ec<3e>03#{neN|dx, z) =c} =
<3Je>03#{neN|z, ¢ D(z,e)} = 0.

Proposition 2.66. In R", a sequence of vectors converges if and only if every component

of the vectors converges. In other words, in R™

Componentwise convergence < Convergence.

Proof. Let {vi}2 ,, v, = (vlgl), v,(f), e ,v,i")), be a sequence of vectors in R".
“=” Suppose v, — v = (v, .- v™) as k — 0. Then

Ve>0, 3N >0 3 |lvgy — v|2 < € whenever k > N;

I

thus if £ > N,

off =00 < o — vl = /(0] o)+ o — )2 <

“<" Assume that v,(f) —u; as k —> oo fori=1,2,--- ,n. Then

Ve>0,3N; >0, 3 \v,(f) —u,| < - whenever k > N;.

n
Let N = max{Ny, No, -+, N,}. Thenif k > N,

uvk—uuz,:\/(v,g”—u1>2+~--+(v,§">—un)2< = :
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Example 2.67. Let v, = 1, 1 € R2. Then v, — (0,0) as k — oo since
k' k2

1 1 1
\/(E—O)2+(——O)2:ﬁ\/k2+1—>0ask—>oo.

Proposition 2.68. Suppose that {v}, and {wg}, are sequences of vectors in a normed
space (V.| - |), Ak is a sequence in R, and vy — v, wy — w in V, A\ > X in R as k — o0.
Then

1. vp+w, > v+w as k — .
2. AU — v as k — 0.
1 1 .
3. —vp > —vask — 0 if Ay #0, A #0.
Ak A
Proposition 2.69. Let (M,d) be a metric space.

1. A set A< M is closed if and only if every convergent sequence {zy}_, S A converges

to a limit in A.
2. x € A if and only if there is a sequence {x3}"., € A, 32}, — 1 as k — ©

Proof. “=" Since A is closed, Theorem 2.38 implies that A = A. Let {3}, < A be a

convergent sequence with limit z. Then
Ve>0, 3N > 05d(xg,x) < e whenever k > N.

Therefore,
Ve>0, D(z,e) n A {xp}iy # D

which implies that z € A(= A).
“<” Assume the contrary that A is not closed. Then
Jrze A" 3Ve >0, D(z,e) £ A"

1 1
Let e = —, z, € D(z,~) n A. Then {z,}*., < A and z,, —> 2 as n — 0; thus we
n n

obtain a sequence {x,} ; which converges to a point z ¢ A, a contradiction. o
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Example 2.70. Suppose {x;} < R" is such that (i) ||zx| <1 (ii) xx — = as k — 0.
Question 1: |z < 17
Question 2: Can < be replaced by <; that is, is it true that |zx| < 1, 2y — x as k — o0,
then |z| < 17
Answer to Question 1: Yes, consider B(0,1) = {z € R"||z| < 1}. Then B is closed
since if z € BY, 3¢ = |lzs — 1 > 0 3 D(z,¢) < B". Since {23}, S B and 2, — z as
k — oo, by Proposition 2.69 = € B; thus |z| < 1.

On the other hand, we can obtain the inequality above by the triangle inequality:

lzllz < flex = 2llz +lzefo < lzx — 2o +1VE> 0= zs < lim [zp —2fz +1=1.

Answer to Question 2: No. For example, consider the case n = 1, and take x;, = 1 — %

Then |zx| < 1 and xx — = =1 as k — c0. However, |z| =1 < 1.

Definition 2.71. A point z in a metric space is said to be a cluster point of a sequence
{on oy if

Ve > 0,#{neN|xne D(x,s)} = .
Proposition 2.72. If {z,}> | is a sequence in a metric space (M,d), then
1. xis a cluster point of {x,}_, if and only if Ve >0 and N > 0,3n = N s d(z,,z) <e.
2. x is a cluster point of {w,};_, if and only if I{x,,}7) 3 2y, — 7 as j — ©,
3. &, — x as n — © if and only if every subsequence of {x,}>_, converges to x.

4. x, — x as n — © if and only if every proper subsequence of {x,}>_, has a further

subsequence that converges to x.
Proof. See the proof of Proposition 1.104 by changing |- — - | to d(-, ). o
Theorem 2.73. The collection of cluster points of a sequence is closed.

Proof. Let {xy}; < M be a sequence, and A be the collection of cluster points of {xy}7 ;.

If y € A%, then y is not a cluster point of {z}{_; thus
Je>03#{neN|z,eD(y,e)} <.

If ze D(y,¢), let r = e —d(y, z) > 0, then D(z,7) < D(y,e) (Check!). As a consequence,
#{neN|z, e D(z,r)} < .
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Figure 2.3: D(z,e —d(y,z2)) < D(y,¢) if z € D(y,¢)

Therefore, z € A* which implies that D(y,¢) < A%; thus A is closed. o

Next we talk about the completeness of a metric space. Recall that the completeness
of an order field is defined by the monotone sequence property (or the least upper bound
property) which relies on the concept of order, so we cannot define the completeness of a
metric space via these two properties. On the other hand, Theorem 1.98 suggests that when
the concept of order is out of scope, the convergence of all Cauchy sequences seems a good
replacement for completeness. This is in fact how we define the completeness of general

metric spaces. To be more precise, we start with the following

Definition 2.74. Let (M,d) be a metric space. A sequence {x;}>; < M is said to be
Cauchy it

Ve>0, 3N >0 3d(z,,x,) <e whenever n,m > N.

Definition 2.75. A metric space (M, d) is said to be complete if every Cauchy sequence
in M converges to a limit in M.

Definition 2.76. A sequence {z;}72; in a normed space (V, | - |) is said to be bounded if
3B >053 |z < BVkeN.
Definition 2.77. A sequence {z;}{_; in a metric space (M, d) is said to be bounded if
Jzge M and B > 03 d(xg, x9) < BYkeN.

Remark 2.78. Adopting the definition of boundedness in a metric space, a sequence {xy}7

in a nomed space (V, | -||) is bounded if
JzgeVand B> 053 |z —xo| < BVEkeN;

thus |zx| < || + B = B. Therefore, Definition 2.77 implies Definition 2.76.
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Proposition 2.79. A convergent sequence in (M, d) is bounded.
Proof. Let {x1}{, be a convergent sequence in M with limit xy. Then
Ve >0, 3N > 05 d(xg, x9) <& whenever k > N.
Let C = max {d(a:l,xo),d(xg,xo), e ,d(:vN,l,xO),e} + 1. Then d(zg,z0) < CVkeN. o
Proposition 2.80.

1. Every convergent sequence in (M,d) is Cauchy.

2. If a subsequence of Cauchy sequence converges, then this Cauchy sequence also con-

verges.
Proof. See the proof of Proposition 1.91 and Lemma 1.96 by changing | - | to d(,-). =

Theorem 2.81. A sequence in R™ converges if and only if the sequence is Cauchy (because

o _ _ @) _ .
of that lrg?é;]vk u;| < v —ulf, < \/ﬁlrglag}%\vk wl).

Theorem 2.82. Let (M,d) be a complete metric space, and N < M be a closed subset.
Then (N, d) is complete (% 7 B P 22 B & & & % § ).

Proof. Let {z1}72, < N be Cauchy sequence. Then
Ve>0,3Nyg > 03d(x,,x,) <cif n,m = Np.

Therefore, {zx};~, is Cauchy in (M,d). By completeness of (M,d), 3z € M 5z, — x as
k — oo. Note that x € N since N is closed. o

2.4 Series of Real Numbers and Vectors

Q0
Definition 2.83. Let (V,|| - ||) be a normed space. A series | xj, where {x;};2; €V, is

k=1
n

said to converge to S € V if the partial sum S,, = > x converges to S, and one writes
k=1

0
S = >, xy if this is the case.
k=1

Theorem 2.84. Let (V,||-|) be a complete normed space (called Banach space). A series

0
>z converges if and only if
k=1

Ve>0,3N >03|ap + 241+ -+ 2y < ifk=N,p=0.



64 CHAPTER 2. Point-Set Topology of Metric spaces

o0
xj, be partial sum of > xj. Then
1 k=1

Proof. Let S, =
k

{Sn 1}, converges in V < {S,}2_, is Cauchy
<Ve>0,dN>03|5,— S| <ecifn,m=>=N
<Ve>0,IN>03|zp1 +Tpaot+ - +azn|<cifm>n>=N
S Ve>0,AN>03 o +app1 + -+ 2ppp| <cifA>N+1Lp=0. o

0¢]
Corollary 2.85. If >} x} converges, then |zi| — 0 as k — oo, and if |zx| + 0 as k — oo,
k=1

Q0
then >, xy diverges.

k=1

Proof. Take p = 0 in Theorem 2.84. =
e @] e ¢]

Definition 2.86. A series Y. xy, is said to converge absolutely if > |z;|| converges in
k=1 k=1

R. A series that is convergent but not absolutely convergent is said to be conditionally

convergent.

© (1 k
Example 2.87. > ( k:) is conditionally convergent.
k=1

e} o0
Theorem 2.88. In a complete normed space, if >, x converges absolutely, then Y. xy

k=1 k=1
CONVETGES.

e 0] n
Proof. If 3} xj converges absolutely, then S, = >, || converges in R. Then
k=1 k=1

Ve>0,3N > 05 ||zp]| + |zps| + - + [zrip]| <€ if k= N,p=0.
Therefore, if £k = N,p > 0,
|k + Thpr £+ T | < el + -+ g, < e o

Theorem 2.89.

1. Geometric series:
r

1—r

0
(a) If |r| < 1, then Y. r* converges absolutely to
k=1

Q0
(b) If |r| > 1, then > ¥ does not converge (diverge).
k=1
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2. Comparison test:

Q0
(a) If Z ap converges, ar, = 0, and 0 < by, < ag, then Y by converges.
k=1 k=1

ee} [ee}
(b) If > ay diverges, ar, = 0, and ay < by, then > by diverges.
k=1 k=1

3. p-series:

0
1
— converges if p > 1 and diverges if p <
kP
=1
4. Root test:
(a) Iflimsup &/|xk| < 1, then Z xy, converges absolutely.
k—o0
If limsup {/|zx| > 1, then xk diverges.
(b) g
k—o0

5. Ratio and comparison test:

oo [0 0]
Let > ay, and ) by, be series, and by > 0 for all k € N.

k=1 k=1
: |ax| S &
(a) limsup —— < o0, Y. by is convergent, then > ay converges absolutely.

(b) lllgn inf 7€ > 0, Z bi. is divergent, then Z ay diverges.
—% Uk k=1

6. Integral test:

0
If f is continuous, non-negative, and monotone decreasing on [1,00), then >, f(k)
. —
converges if and only if the improper integral f f(z)dz < oo.
1

7. Alternative series:

o8]
Z (—1)kak is convergent if ar = 0, ax \, 0 (that is,a = agi1,ar — 0 as k — o0).

Remark 2.90. From the exercise problem, we have

lim inf 2 hm mf VAL IES hm 15up AVAETAIES hm sup Tl .

koo fa ! |z

As a consequence, by the root test we obtain
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|1 S

1. if lim sup < 1, the series > x}, converges absolutely, and
koo [Tkl k=1
Q0
2. if lim inf Ze1] > 1, the series > z}, diverges.
k= [Ty k=1
This is called the ratio test.
Example 2.91. Let
1
o if kis odd,
272
T — 1
— it kis even,
32
111111
1 w (S — — .. 1
that is, {zx}, = {2, 2 19'3 97 }, be a sequence in R. Then
1. liminf 71— 0;
k—o0 |l‘k|

o 1
2. h}?_l)(l)glf k| = 7

1
3. limsup /|zi| = —;
k—o0 | | \/§
4. lim sup 1] = 0.
koo [Tkl
e}

Therefore, )] x converges absolutely.
k=1



Chapter 3

Compact and Connected Sets

3.1 Compactness (?T‘Rtt)

Definition 3.1. Let (M, d) be a metric space. A subset K < M is called sequentially

compact if every sequence in K has a subsequence that converges to a point in K.

Example 3.2. Any closed and bounded set in (R, | -|) is sequentially compact.

Proof. Let {x}7, be a sequence in a closed and bounded set S. Then {z;};, is also

0

bounded; thus by Bolzano-Weierstrass property of R, there exists a subsequence {:L‘kj }j:1

converging to a point z € R. Since S is closed, x € S; thus S is sequentially compact. =

Proposition 3.3. Let (M, d) be a metric space, and K = M be sequentially compact. Then
K is closed and bounded.

Proof. For closedness, assume that {z};>; € K and x; — x as k — co0. By the definition of

sequential compactness, there exists {a:kj}oo converging to a point y € K. By Proposition

j=1
2.72, x = y; thus x € K.
For boundedness, assume the contrary that V (zg, B) € M x R, there exists y € K such

that d(xg,y) > B. In particular, there exists

xp € K, d(zg,x0) > 1 +d(xp_1,20) VkeN.

67
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Then any subsequence of {xj}}”; cannot be Cauchy since d(xy,z,) > 1 for all k, ¢ € N; thus

{x1}72; has no convergent subsequence, a contradiction. D

Remark 3.4. Example 3.2 and Proposition 3.3 together suggest that in (R, |- ),
sequentially compact < closed and bounded .

Corollary 3.5. If K < R is sequentially compact, then inf K € K and sup K € K.

Proof. By Proposition 3.3, K must be closed and bounded. Therefore, inf K € R. Then
for each n € N, there exists z,, € K such that inf K < z,, < inf K + 1 Since {z,}¥ ., is a
bounded sequence in R, the Bolzano-Weierstrass theorem (Theorem 1.65) implies that there
is a subsequence {xnk}zo:l and x € R such that klim Zn, = ©. Note that = inf K, and by

—00
the closedness of K, x € K. The proof of sup K € K is similar. =

Definition 3.6. Let (M, d) be a metric space, and A < M. A cover of A is a collection of

sets {L{a}ae ; Whose union contains A; that is,
Ac U U, .
ael

It is an open cover of A if U, is open for all a € I. A subcover of a given cover is a

sub-collection {Z/{a}ae g of {Z/la}ae ; whose union also contains A; that is,

AgUua, Jc.

aeJ

It is a finite subcover if #.J < 0.

Definition 3.7. Let (M, d) be a metric space. A subset K € M is called compact if every

open cover of K possesses a finite subcover; that is, K < M is compact if

Y open cover {Z/{a}ad of K.dJ<c I, #J<w>sK < UL{a.

aeJ
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Example 3.8. Consider R x {0} in the normed space (R? | - [2). For z € R, then
{D((m, 0), 1) }xeR is an open cover of R x {0}; that is,

R x {0} < | D((x,0),1).

zeR

Figure 3.1: An open cover of the z-axis
However, there is no finite subcover; thus R x {0} is not compact.

Example 3.9. Consider (0, 1] in the normed space (R, |- ). Let I = (%, 2). Then {I}7,
is an open cover of (0, 1]; that is,
o
(0,1 kul (£:2)-

However, there is no finite subcover since

Therefore, (0, 1] is not compact.

Lemma 3.10. Let (M,d) be a metric space, and K < M be compact. Then K is closed.

In other words, compact subsets of metric spaces are closed.
Proof. Suppose the contrary that 3 {z;};>; € K, vy, > v as k — o, but v ¢ K. For y € K,
define the open ball U, by

1

Then {L{y}ye - 1s an open cover of K that is, K < L}(Uy Since K is compact, there exist
ye

{y1,--+ ,yn} € K such that
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Let r = %min {d(z, ), ,d(z,y,)} > 0. Then if d(z, z) <r,

1 1
d(zayi) = d(%%) - d({E, Z) > d<x7yz) -—r> d('rayl) - §d<xayz) = §d($7yl)

which implies that D(z,r) nU,, = F foralli=1,---  n.

4 \
// uys \\
! \ - o
I I /” AN
l\ 95 %d(x’lly:s) /] Uyl \\
\ /
\ / zd(m:\yl) yl ]
N s N 4
~ ~___- -~ /‘x’_ \\I \\ _ ’/
1 1
)mimmw
3
\
T \yg s
2 Z/ly
2

On the other hand, since x, — = as k — o0, 3N > 0 such that
d(xp,z) <r Vk=N.

In particular, xy € D(x,r) n K; thus zx ¢ U,, for all i = 1,--- ,n, which contradicts to
that {Z/{yi}?zl is a cover of K. o

Lemma 3.11. Let (M,d) be a metric space, and K = M be compact. If F < K is closed,

then F' is compact. In other words, closed subsets of compact sets are compact.

Proof. Let {L{a}ael be an open cover of F'. Then {Ma}ael U {F"} is an open cover of K;

thus possessing a finite subcover of K. Therefore, we must have

KQO%Nﬁ

=1

for some «; € I. In particular, FF < | J U,, U F' so F c U Un, . o
=1 i=1

()

Definition 3.12. Let (M, d) be a metric space. A subset A < M is called totally bounded

if for each r > 0, there exists {1, -+ ,xy} M such that

N
Ac U D(z;,r).
i=1
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Proposition 3.13. Let (M, d) be a metric space, and A = M be totally bounded. Then A

s bounded. In other words, totally bounded sets are bounded.

N
Proof. By total boundedness, there exists {y1, -+ ,yn} S M such that A < [ J D(y;,1). Let
i=1

zo = y1 and R = max {d(zo,y2), -+ ,d(zo,yn)} + 1. Then if z € A, z € D(y;, 1) for some
j=1,--- N, and

d(z, o) < d(z,y;) + d(yj, v0) <1+ d(zo,y;) <R
which implies that A € D(z, R). Therefore, A is bounded. o

Example 3.14. In a general metric space (M,d), a bounded set might not be totally
bounded. For example, consider the metric space (M,d) with the discrete metric, and
A € M be a set having infinitely many points. Then A is bounded since A € D(x,2) for
any x € M; however, A is not totally bounded since A cannot be covered by finitely many

balls with radius %

Example 3.15. Every bounded set in (R™, |-||2) is totally bounded (Check!). In particular,
the set {1} x [1,2] in (R?,| - |) is totally bounded.
On the other hand, let d : R? x R? — R be defined by
71 — 1 if @ =yo,
d(z,y) = ‘ where x = (21, 25) and y = (y1,y2)-
|T1 —y1| +|ze — o + 1 if 2o # yo.
Then (R?, d) is also a metric space (exercise). The set {1} x [1,2] is not totally bounded. In

fact, consider open ball with radius T

1 1 1
yeD(a:,i) @d(:c,y)<§<:>|x1—y1] <§andm2:yz

1 1
<y € (:cl—§,x1+§) and zo = ¥ .

In other words,
1 1
D(x, %) = (:Ul — 50 + 5) X {xa};

thus one cannot cover {1} x [1,2] by the union of finitely many balls with radius %

Proposition 3.16. Let (M,d) be a metric space, and T < M be totally bounded. If S < T,
then S is totally bounded. In other words, subsets of totally bounded sets are totally bounded.
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Proof. Let r > 0 be given. By the total boundedness of T, there exists {1, -+ ,xy} & M
such that

N
S_TQUD(%,T). o
i=1

Proposition 3.17. Let (M, d) be a metric space, and A = M. Then A is totally bounded
N

if and only if Vr >0, H{yr, - ,yn} S A such that A < | J D(y;,r).
i=1

Proof. Tt suffices to show the “only if” part. Let » > 0 be given. Since A is totally bounded,
N T

W.L.O.G., we may assume that for each i = 1,--- /N, D(yi, g) N A # . Then for each
1=1,---, N, there exists z; € D(yi, g) N A which suggests that

N N
i=1 i=1
since D(yi,g) < D(x;,r) foralli=1,--- N. O

Lemma 3.18. Let (M,d) be a metric space, and K < M. If K is either compact or
sequentially compact, then K is totally bounded..

Proof. Suppose first that K is compact. Let r > 0 be given, then {D(m, r)}zeK is an open
cover of K. Since K is compact, there exists a finite subcover; thus 3{zy, -+ ,any} € K
such that

N
K c UD(ZCZ,’I“) .
i=1

Therefore, K is totally bounded.

Now we assume that K is sequentially compact. Suppose the contrary that there is an
n

r > 0 such that any finite set {y1,--- ,yn} € K, K & |J D(y;, 7). This implies that we can
i=1

choose a sequence {zy};; < K such that

k
Tr41 € K\UD(Z’Z,T) .

=1

Then {x}72, is a sequence in K without convergent subsequence since d(xy, zy) > r for all
/{, /e N. u]
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Theorem 3.19. Let (M,d) be a metric space, and K < M. Then the following three

statements are equivalent:
1. K is compact.
2. K is sequentially compact.
3. K is totally bounded and (K,d) is complete.
Proof. We show that 1 = 3 = 2 = 1 to conclude the theorem.

“l = 3”: By Lemma 3.18, it suffices to show the completeness of (K, d). Let {zx}, be a

Cauchy sequence in K. Suppose that {x}7>; does not converge in K. Then
Vye K,38, > 03 #{keN|z,e D(y,é,)} <o (3.1.1)

for otherwise there is a subsequence of {z};2, that converges to x which will suggests

the convergence of the Cauchy sequence. The collection { D(y, (5y)}y€ 5 then is an open
cover of K; thus possesses a finite subcover {D(yi, (5%.) }11 In particular, {zx}7, <

N
U D (yi, 5@-) or

1=1
N
#{keN|zye| D d,)} =0
i=1
which contradicts to (3.1.1).

“3 = 27: The proof of this step is similar to the proof of the Bolzano-Weierstrass Theorem
in R (Theorem 1.95) that we proceed as follows. Let {x}};2; be a sequence in Ty = K.
Since K is totally bound, there exist {ygl), o y](\}l)} € K such that

Ny
T=K<| D" 1).
=1

One of these D(yi(l), 1)’s must contain infinitely many xj’s; that is, 31 < ¢; < N; such
that #{k € N |z € D(yg),l)} = . Define Tt = K n D(yéll),l). Then T; is also

totally bounded by Proposition 3.16, so there exist {y?), e ,y](\z)} c T} such that

RPN
niel o).
=1
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Suppose that #{k € N}xk € D(yg), %)} = oo for some 1 < ¢y < N,. Define Ty, =

1
1 n D(y(Q), 7). We continue this process, and obtain that for all n € N,
2R

(1) 3 {y§"), . ,y](\zz} < T,,_1 such that

(2) T, =Th 10 D(yg:), %), where 1 < /,, < N,, is chosen so that

#{keN}xkeD(ytg:),l)} = . (3.1.2)

n

Pick an k; € {k: € N‘xk € D(yéll),l)}, and k; € {k € N‘xk € D(yéj),l)} such that
7]
kj > kj_y for all j = 2. We note such k; always exists because of (3.1.2). Then

{a, }jil is a subsequence of {z;}},, and x, € T; < K for all j € N.

Claim: {xkj};il is a Cauchy sequence.

Proof of claim: Let € > 0 be given, and N > 0 be large enough so that % < % Since

1
() —), we conclude that if n,m > N, by triangle

if 7 > N, we must have Ty, € D(yzN N

inequality

11
d(wn, ) < d(oeoyg,)) +d(e,uy)) < 5+ 5 <€

Since (K, d) is complete, the Cauchy sequence {xkj}j,o:l converges to a point in K.

“2 = 17": Let {Z/{a}ael be an open cover of K.

Claim: there exists r > 0 such that for each z € K, D(z,r) < U, for some o € I.

Proof of claim: Suppose the contrary that for all £ > 0, there exists x; € K such
1

that D(:L‘k, %) & U, for all a € I. Then {z;}}2, is a sequence in K; thus by the

assumption of sequential compactness, there exists a subsequence {xk]} converging

j=1
in K. Suppose that zp, — x as j — o0, and x € Us for some 3 € I. Then

(1) there is r > 0 such that D(z,r) < Uz since Up is open.

(2) there exists N > 0 such that d(xy;,r) < g forall j > N.
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Choose j = N such that 1 <. Then D(xk

1 .
<3 " E) < D(z,7) < U, a contradiction.
J J

By Lemma 3.18, there exists {z1, -+ ,xny} € K such that K < U D(x;,r). For each
1< N the clalm above implies that there exists a; € such that D(z;,r) S U,y,.
Then U D(x;,r) < U U, which suggests that

i=1 i=1

N
KEUUai. o

Remark 3.20.
1. The equivalency between 1 and 2 is sometimes called the Bolzano-Weistrass Theorem.

2. A number r > 0 satisfying the claim in the step “2 = 1” is called a Lebesgue number

for the cover {Z/la}ae ;- The supremum of all such r is called the Lebesgue number
for the cover {Ua}ae s

Alternative Proof of Theorem 3.19. In this proof we show that 1 = 2 = 3 = 1 to conclude

the theorem.

“1 = 2”7: Assume the contrary that K is not sequentially compact. Then there is a se-
quence {x}>; < K that does not have a convergent subsequence with a limit in K.

Therefore, for each x € K, there exists ¢, > 0 such that
#{k e N|xy e D(x,6,)} <

for otherwise x is a cluster point of {4 }72; so Proposition 2.72 guarantees the existence
of a subsequence of {z;}{, converging to z. Since {D(z, 5;5)}%[( is an open cover of
K, by the compactness of K there exists {y;, - ,yn} S K such that

{onhi = K D (y:, 6

Cz

i=1

while this is impossible since #{k eN ‘ Ty € D(yi, 5%.)} <owforalls=1,---N.

“2 = 3”7 By Lemma 3.18, it suffices to show that (K, d) is complete. Let {z;};°; < K be
a Cauchy sequence. By sequential compactness of K, there is a subsequence {:L‘kj }20:1
converging to a point z € K. By Proposition 2.80, {4}, also converges to z; thus

every Cauchy sequence in (K, d) converges to a point in K.
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“3 = 17: We first prove the following

Claim: If {V,}aes is an open cover of a totally bounded set A such that there is no
finite subcover, then for all » > 0, there exists z € A such that A n D(x,r) does not

admit a finite subcover.

Proof of claim: Let r > 0 be given. Since A is totally bounded, by Proposition 3.17

N

there exists {a1,---,an} < A such that A < | J D(a;,r). If for each j = 1,--- | N,
j=1

A n D(aj,r) can be covered by finitely many V,’s, then A itself can be covered by

finitely many V,’s, a contradiction. Therefore, at least one An D(a;,r) does not admit

a finite subcover.

Now assume the contrary that there exists an open cover {U,}q.er of K such that
there is no finite subcover. Let ¢, = 27". Since K is totally bounded, by the claim
there exists x; € K such that K n D(xy,e1) which does not admit a finite subcover.
By Proposition 3.16, K n D(z,£1) is totally bounded, so there must be an x5 €
K n D(xy1,e1) such that K n D(x1,e1) n D(x9,e5) cannot be covered by the union
of finitely many U,. We continuous this process, and obtain a sequence {z;}; such
that

k
(1) zx1 € K n () D(x;,¢;) (which implies that d(zgy1, 2x) < €);
i=1

k
(2) K n () D(z;,¢;) cannot be covered by the union of finitely many U,.

i=1

Then similar to Example 1.100, we find that {z;}72, is a Cauchy sequence in (K, d).

By the completeness of K, x;, — x as k — oo for some z € K.

Since {U,}aer is an open cover of K, x € Ug for some f € I. Since Uz is open,
3r > 0 such that D(x,r) < Ugz. For this particular r, there exists N > 0 such that
d(zy, ) < g Therefore, if & > N such that ¢, < g,

D(xy,er) € D(x,1) < Us

which contradicts to (2). o

Example 3.21. Let (M,d) be a metric space, and {x};2; be a convergent sequence with

limit x. Let A = {x1,x9,---} U {z}. Then A is compact.
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Definition 3.22. Let (M, d) be a metric space. A subset A € M is called pre-compact
if A is compact. Let & < M be an open set, a subset A of U is said to be compactly
contained in U, denoted by Acc U, if A is pre-compact and A < U.

Example 3.23. Let (M,d) be a complete metric space, and A € M be totally bounded.
Then A is compact. In other words, in a complete metric space, totally bounded sets are
pre-compact.

(Hint: Use the total boundedness equivalence to show compactness.)

Definition 3.24. Let (M, d) be a metric space, and A < M. A collection of closed sets
{F,}aer is said to have the finite intersection property for the set A if the intersection
of any finite number of F,, with A is non-empty; that is, {F,, }ae; has the finite intersection
property for A if
An () Fo# @ forall JcTand #J < .
act

Theorem 3.25. Let (M,d) be a metric space, and K € M. The K is compact if and only
if every collection of closed sets with the finite intersection property for K has non-empty

intersection with K; that is,

K n ﬂ F, # & for all {F,}aer having the finite intersection property for K.

ael

Proof. 1t can be proved by contradiction, and is left as an exercise. O

J2o T aij where

Example 3.26. Let A = (0,1) = R, and K; = [ - 171]- Take Kj , K;
J

n 0
J1 <Jj2 <+ <Jp Then N K;, n A= [—1,,i} N (0,1) # &. However z € [ K; <
=1 n j=1

0 0
—-1<z< 1 for all j € N. So (| K; = [-1,0]; thus () K; n A = &. Therefore, (0,1) is not
J j=1 j=1

compact.

Example 3.27. Let X be the collection of all bounded real sequences; that is,
X = {{z1};2, = R|for some M > 0, |x)| < M for all k} .

The number sup |zi| = sup{|z1], |22], -, |zx|, -+ } < o0 is denoted by |{z)}i2,[. For exam-
=
1k

ple, if xp = (kl), then [{zx};,| = 1. Then (X, |- ) is a complete normed space (left as
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an exercise). Define

1
A={{mhily e X ||l < £},
B={{z}{ € X |z > 0as k — w0},
C = {{z1};i2, € X | the sequence {z;};, converges},

D = {{ax}jL, € X | sup |zg| = 1} (the unit sphere in (X, | - [)).
k=1

The closedness of A (which implies the completeness of (A, |- |)) is left as an exercise. We
show that A is totally bounded.
Let » > 0 be given. Then 4N > 0 > % < r. Define

i1 i9 IN—1
E = {{I‘k}koozlll’l:N—H,CL’Q:N—H,"' y,IN—1 — N1 for some
i iy = —N,~N+1,---,N—1N, andxkzoifk>N+1}.
Then

1. #E < 0. In fact, #E = 2N + 1)V 7! < 0.

2 Ac U D(mfi) s U Dl{mi.r).

{z}2 €E {zr}32 1€E

Therefore, A is totally bounded.
On the other hand, B and C' are not compact since they are not bounded; thus not
totally bounded by Proposition 3.13. D is bounded but not totally bounded. In fact, D

1
cannot be covered by the union of finitely many balls with radius = since each ball with

ee]
radius % contains at most one of the points from the subset {{xgk)}jo_l} < D, where for
=1 k=1
each k
(K)yoo .
{Ij j:l_{07"'a07 1707"'}7
[

(k —1) terms

that is, xg-k) = Og;, the kronecker delta.

3.1.1 The Heine-Borel theorem

Theorem 3.28. In the Euclidean space (R",| - |2), a subset K is compact if and only if it

1s closed and bounded.
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Proof. By Proposition 3.13 and Theorem 3.19, it is clear that K is closed and bounded if
K is compact (in any metric space). It remains to show the direction “<”. Nevertheless,
by Theorem 2.82 closed subsets of a complete metric space must be complete, so it suffices
to show that a bounded set in (R™, | - |2) is totally bounded.

Let r > 0 be given. By the boundedness of K, for some M > 0 we have |z|, < M for

all z € K; thus K < [-M, M]". Choose N > 0 so that \/ZM < r, and define

E:{(% ,MT%)‘Z-M-%... ipe {=N, =N 41,--- ’N_l,N}}.

Then #E = (2N + 1)" < 0, and
Kc[-MM]"c | ] D(x,r). o

xeFE

Alternative Proof of “=7". Let {zx};; < K be a sequence. Since K < R", we can write
T = (x,gl),x£2),-~- 7$](€n)) e R”.
Jj = 1,2,---  n, are bounded; that is, —M; < x,(f) < M; for all k € N. Applying the

Bolzano-Weierstrass property (Theorem 1.95) to the sequence {x,ﬁl)},‘f:l, we obtain a se-

Since K is bounded, then all the sequence {xk) [

ORES : (1) 1 : (2 ® (2 ©
quence {xkj }j=1 with z,° — yM as j — o, Now {ZBkj }jzl has a subsequence {:Eka }ezl
converges, say x,(jz —y? as { — .

Continuing in this way, we obtain a subsequence of {z;}{_, that converges to y =
(yM,y@ ...y, Since K is close, y € K; thus K is sequentially compact which is

equivalent to the compactness of K. O

Corollary 3.29. A bounded set A in the Fuclidean space (R",| - |2) is pre-compact. In
particular, if {vg}{, is a bounded sequence in R™, there exists a convergent subsequence

{xk } (the sentence in blue color is again called the Bolzano- Weierstrass theorem).

Example 3.30. Let A = {0} u {1 -+ }. Then A is compact in (R,] - |).
Example 3.31. Let A=[0,1] u (2, 3] < (R, | -|). Since A is not closed, A is not compact.

3.1.2 The nested set property

Theorem 3.32. Let {K,}°, be a sequence of non-empty compact sets in a metric space
o0

(M,d) such that K, = K,11 for all n € N. Then there is at least one point in [\ K,; that
n=1

18,

o0
(K.~ @
n=1
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0 0 0
Proof. Assume the contrary that (| K, = @. Then |J K} = () Kn)c = M. Since K
n=1 n=1

n=1
is an open cover of K7; thus by compactness of Ky, there exists J < N,

Kic | K = (K

neJ neJ

is open, {KEL}:LOZI
#.J < oo such that

Therefore, K n (| K, = & which implies that K..; = &, a contradiction. o

neJ

Alternative Proof. By assumption, {K,}>_, has the finite intersection property for K. Since

K is compact, by Theorem 3.25,

KlmﬁKn;é@. o

n=2
Corollary 3.33. Let {Uy}72, be a collection of open sets in a metric space (M,d) such that
a0
Up S Up1q for all k € N and U is compact. Then | J Uy, # M.
k=1

Proof. This is proved by letting K,, = U’, and applying Theorem 3.32. D

Remark 3.34. If the compactness is removed from the condition, then the intersection

might be empty. Suppose that the metric space under consideration is (R, |- |).
ce 1 . .
1. If the closedness condition is removed, then U, = (0, %) has empty intersection.

2. If the boundedness condition is removed, then F = [k, c0) has empty intersection.

3.2 Connectedness (:#:id 4 )

Definition 3.35. Let (M, d) be a metric space, and A € M. Two non-empty open sets U

and V are said to separate A if
. AnUNY =T; 2. AnlU # J; 3.ANV # I, 4. AcUUV.

We say that A is disconnected or separated if such separation exists, and A is connected

if no such separation exists.

Proposition 3.36. Let (M,d) be a metric space. A subset A < M is disconnected if and
only if A=Ay U Ay with Ay n Ay = Ay 0 Ay = & for some non-empty A, and As.
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Proof. “=" Suppose that there exist U, V non-empty open sets such that 1-4 in Definition
3.35 hold. Let Ay = Anl and Ay = An V. By 1, A; € V', thus by the definition of
the closure of sets, A; < V°. This implies that A; N Ay = . Similarly, A, N A, = .

“<" Let U = A§ and V = A% be two open sets. Then V n A} =U n Ay = J; thus
AnUnNVY=AvA)nUNV=(AnU)nV=UnAnV)=C.
Moreover, 2-4 in Definition 3.35 also hold since A; € U and A, < V. o

Corollary 3.37. Let (M,d) be a metric space. Suppose that a subset A < M 1is connected,
and A= A; U Ay, where Ay N Ay = Ay n Ay = . Then Ay or A, is empty.

Theorem 3.38. A subset A of the Euclidean space (R, |- |) is connected if and only if it
has the property that if x,y € A and v < z <y, then z € A.

Proof. “=" Suppose that there exist z,y € A, z < z <y but 2z ¢ A. Then A = A; U A,,
where
Ay =An(—0,z) and Ay =An (2,0).
Since z € A; and y € A,, Ay and A, are non-empty. Moreover, A1 N Ay = AjnAy = F;

thus by Proposition 3.36, A is disconnected, a contradiction.

“<” Suppose that A is not connected. Then there exist non-empty sets A; and A, such
that A = Al U A2 with /_11 N AQ = Al N /_12 = @ Pick z € Al and VRS AQ. WLOG,
we may assume that z < y. Define z = sup(4; n [z,y]) .

Claim: z € A;.

Proof of claim: By definition, for any n > 0 there exists z,, € A1 N [z,y] such that

1 D1 . -
z — — <z, < z. Therefore, x,, — z as n — o which implies that z € A;.
n

Since z € Ay, z ¢ Ay. In particular, = < z < y.

(a) If z¢ Ay, then x < z <y and z ¢ A, a contradiction.

(b) If z € Ay, then z ¢ Ay; thus 3r > 0 such that (z —r,z +r) < AS. Then for
all 21 € (z,z+71), 2 <z <yand z; ¢ Ay. Thenz < z; <yand z; ¢ A, a

contradiction. 5
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3.3 Subspace Topology

Let (M, d) be a metric space, and N € M be a subset. Then (NN, d) is a metric space, and
the topology of (IV,d) is called the subspace topology of (N, d).

Remark 3.39. The topology of a metric is the collection of all open sets of that metric

space.

Proposition 3.40. Let (M,d) be a metric space, and N < M. A subsetV < N is open in
(N,d) if and only if V =U n N for some open set U in (M,d).

Proof. “=7 Let ¥V < N be open in (N,d). Then Vz €V, 3r, > 0 such that
Dy(z,r,) = {y e N ‘ d(z,y) < rw} c V.

In particular, V = | J Dn(z,r;). Note that Dy(z,7) = D(z,r) n N; thus if U =
eV
U D(z, ), then U is open in (M, d), and

zeV

V:UD(:c,rx)mN:Z/{mN.
eV

“«<" Suppose that V =U n N for some open set U in (M,d). Let « € V. Then x € U; thus
37 > 0 such that D(z,r) € U. Therefore,

Dy(z,7)={ye Nl|d(z,y) <r}=D(x,r)nNSUNN=V;
hence V is open in (N, d). o

Corollary 3.41. Let (M,d) be a metric space, and N < M. Let (M,d) be a metric space,
and N € M. A subset E < N is closed in (N,d) if and only if E = F n N for some closed
set Fin (M,d).

Definition 3.42. Let (M,d) be a metric space, and N < M. A subset A is said to be
open open
closed relative to N if An N is closed in the metric space (N,d).

compact compact

Theorem 3.43. Let (M,d) be a metric space, and K =€ N < M. Then K is compact in
(M, d) if and only if K is compact in (N,d).
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Proof. “=" Let {V,}aer be an open cover of K in (N,d). By Proposition 3.40, there are
open sets U, in (M,d) such that V, = U, n N for all a € I. Then {U,}ae; is also an
open cover of K; thus possesses a finite subcover; that is, 3.J < I, #J < o such that
K < |J U, which, together with the fact that K < N, implies that

Ke(Jt) N =t N =V

aeJ aeJ aeJ

“<" Let {Uy}aer be an open cover of K in (M,d). Letting V, = U, n N, by Proposition
3.40 we find that {Va}aer is an open cover of K in (N,d). Since K is compact in
(N,d), there exists J < I, #J < oo such that K < ] V,; thus

aed

KQUUQ. o

aed

Remark 3.44. Another way to look at Theorem 3.43 is using the sequential compactness

equivalence. Let {zx}72, € K be a sequence. By sequential compactness of K in either
(M,d) or (N,d), there exists {xy, }jil
the metric d used in different space are identical, the concept of convergence of a sequence

and z € K such that x;;, — z as j — c0. As long as

are the same; thus compactness in (M, d) or (N, d) are the same.

Example 3.45. Let (M, d) be (R,|-|), and N = Q. Consider the set F' = [0,1] n Q. By
Corollary 3.41 F'is closed in (Q, |- |). However, F' is not compact in (Q, | - |) since F' is not
complete. We can also apply Theorem 3.43 to see this: if ' < Q is compact in (Q,]|-|),

then F' is compact in (R, |- |) which is clearly not the case since F' is not closed in (R, |- |).

Remark 3.46. Let (M,d) be a metric space. By Proposition 3.36 a subset A < M is
disconnected if and only if there exist two subsets U, Uy of A, open relative to A, such that
A=U Ul and Uy Uy, = & (one choice of (Uy,Us) is Uy = A\A; and Uy = A\A,, where
Ay and A, are given by Proposition 3.36). Note that U, and U, are also closed relative to
A.

Given the observation above, if A is a connected set and E is a subset of A such that FE
is closed and open relative to A, then ' = ¢§ or £ = A.



Chapter 4

Continuous Maps

4.1 Continuity

Definition 4.1. Let (M,d) and (N, p) be two metric spaces, A< M and f: A — N be a

map. For a given xg € A’, we say that b € N is the limit of f at x, written

lim f(x)=0b or f(x)—>basz— xg,
T—T0

if for every sequence {z;}i2; < A\{zo} converging to z, the sequence { f (xk)}zc:l converges
to b.

Proposition 4.2. Let (M,d) and (N, p) be two metric spaces, A< M and f: A— N be a
map. Then lim f(x) = b if and only if
T—T0

Ve> 0,30 =6d(xo,e) > 03 p(f(x),b) < e whenever 0 < d(x,x9) < andxz € A.

Proof. “=" Assume the contrary that 3¢ > 0 such that for all § > 0, there exists x5 € A
with
0 <d(zs,mp) <0 and p(f(xs),b) =¢.

In particular, letting § = %, we can find {x;}}2, < A\{zo} such that
1
0 < d(zy, x0) < P and  p(f(z),b) = €.

Then x — x¢ as k — oo but f(zy) > b as k — o0, a contradiction.

84
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“<" Let {xr}2, < A\{zo} be such that z;, — x¢ as k — o0, and € > 0 be given. By

assumption,
36 = d(zo,e) > 03 p(f(x),b) < e whenever 0 < d(z,z9) <0 and x € A.
Since z, — xg as k — 00, AN > 0 3 d(xg, xg) < 0 if k£ = N. Therefore,
p(f(xg),b) <e Yk=N
which suggests that klgglo f(zx) = 0. o

Remark 4.3. Let (M,d) = (N,p) = (R,|-]), A = (a,b), and f : A — N. We write
lim, f(z) and lilili f(z) for the limit lim f(z) and lin}] f(z), respectively, if the later exist.

Following this notation, we have

lim f(z)=L<Ve>0,30>03|f(x)—L|<eif0<z—a<dandz e (a,b),

z—a™t

lim f(z)=L<Ve>0,30>03|f(z)—L|<ecif0<b—2x <0 and z € (a,b).

r—b—

Definition 4.4. Let (M,d) and (N, p) be two metric spaces, A € M, and f : A - N

be a map. For a given xy € A, f is said to be continuous at z if either xy € A\A’ or

Jim f(x) = f(xo)

R" — R"
Example 4.5. The identity map f : R is continuous at each point of R".

Example 4.6. The function f : (0,00) — R defined by f(x) = % is continuous at each
point of (0, o).

Proposition 4.7. Let (M,d) and (N, p) be two metric spaces, A< M, and f: A — N be

a map. Then f is continuous at xg € A if and only if
Ve>0,30 =0d(xg,e) >03p(f(x), f(xo)) < & whenever x € D(xy,6) N A.
Proof. Case 1: If o € A’, then f is continuous at x if and only if
Ve> 0,30 =06(xo,e) > 03 p(f(x), f(xg)) < € whenever x € D(xg,6) N A\{xo} .
Since p(f(xo), f(z0)) = 0 < &, we find that the statement above is equivalent to that

Ve> 0,30 =0d(xo,e) > 03 p(f(x), f(xo)) < e whenever x € D(xy,) n A.
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Case 2: Let 25 A\A'.

“=" then 34 > 0 such that D(x,d) n A = {xo}. Therefore, for this particular §, we

must have

p(f(x), f(xo)) =0 < e whenever x € D(zp,0) N A.

“«<" We note that if zqg € A\ A’, f is defined to be continuous at z,. In other words,

f is continuous at each isolated point. =

Remark 4.8. We remark here that Proposition 4.7 suggests that f is continuous at zy € A
if and only if
Ve>0,30 > 053 f(D(xg,0) nA) < D(f(xp),¢) .

(Do, 5)nA)

Remark 4.9. In general the number  in Proposition 4.7 also depends on the function f.
For a function f : A — R which is continuous at xy € A, let §(f, zg, ) denote the largest
§ > 0 such that if 2 € D(zo,8) N A, then p(f(x), f(z0)) < &. In other words,

§(f,zo,e) =sup {6 > 0| p(f(z), f(w)) < & if x € D(xg,0) N A}.

This number provides another way for the understanding of the uniform continuity (in
Section 4.5) and the equi-continuity (in Section 5.5). See Remark 4.51 and Remark 5.54 for
further details.

Definition 4.10. Let (M,d) and (N, p) be metric spaces, and A < M. Amap f: A—> N

is said to be continuous on the set B € A if f is continuous at each point of B.

Theorem 4.11. Let (M,d) and (N, p) be metric spaces, A< M, and f : A — N be a map.

Then the following assertions are equivalent:
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1. f is continuous on A.

2. For each open setV = N, f~Y(V) < A is open relative to A; that is, f[~*(V)=UnN A

for some U open in M.

3. For each closed set E = N, f~Y(E) < A is closed relative to A; that is, f~'(E) = FnA

for some F closed in M.

Proof. 1t should be clear that 2 < 3 (left as an exercise); thus we show that 1 < 2. Before
proceeding, we recall that B < f~!(f(B)) for all B< A and f(f~'(B)) < B for all B< N.

“l = 2" Let ae f~'(V). Then f(a) € V. Since V is open in (N, p), I > 0 such that
D(f(a),efw)) = V. By continuity of f (and Remark 4.8), there exists 6, > 0 such that

f(D(a, (5a) N A) < D(f(a), 5f(a)) .

Therefore, by Proposition 0.15, for each a € f~*(V), 34, > 0 such that

D(a,é,) n A< f7H(f(D(a,0,) n A)) < fH(D(f(a).epw)) S FH(V).  (4.11)

Let Y = |J Df(a,d0,). Then U is open (since it is the union of arbitrarily many
acf~t(V)
open balls), and

(a) U 2 f~1(V) since U contains every center of balls whose union forms U;

(b) U nAC (V) by (4.1.1).
Therefore, U n A= f~1(V).

“2= 1" Let a€ A and € > 0 be given. Define V = D(f(a),e). By assumption there exists
U open in (M,d) such that f~1(V) =U n A. Since a € f~1(V), a € U; thus by the
openness of U, 3§ > 0 such that D(a,d) < U. Therefore, by Proposition 0.15 we have

F(D(a,8) A A) € fU n A) = F(F7(V) €V = D(f(a),<)

which suggests that f is continuous at a for all a € A; thus f is continuous on A. o

Example 4.12. Let f : R” — R™ be continuous. Then {z € R"| | f(z)[> < 1} is open since

{zeR"||f(2)|2 < 1} = f(D(0, 1)
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Remark 4.13. For a function f of two variable or more, it is important to distinguish the
continuity of f and the continuity in each variable (by holding all other variables fixed). For
example, let f : R?> — R be defined by

1 if either x =0 or y = 0,

f(:c,y)z{o itz #0andy#0.

Observe that f(0,0) = 1, but f is not continuous at (0,0). In fact, for any 6 > 0, f(z,y) =0
for infinitely many values of (z,y) € D((0,0),0); that is, |f(z,y) — f(0,0)] = 1 for such
values. However if we consider the function g(z) = f(z,0) = 1 or the function h(y) =

f(0,y) = 1, then g, h are continuous. Note also that lim  f(z,y) does not exists but

(2,y)—(0,

lim(lim f(2,y)) = lim 0 = 0.

4.2 Operations on Continuous Maps

Definition 4.14. Let (M, d) be a metric space, (V,|| - |) be a (real) normed space, A < M,
and f,g: A — V be maps, h : A — R be a function. The maps f + g, f — g and hf,
mapping from A to V, are defined by

(f+9)(x) = f(z) +g(z) VreA,
(f —9)(x) = f(z) —g(z) VreA,

(W)@ =h@)f(@)  Veed
The map % : A\{x € A|h(z) =0} — V is defined by
Py fl@) _
<h)(x)_h(x) Vee A\{re A|h(x) =0}.
Proposition 4.15. Let (M, d) be a metric space, (V,|-|) be a (real) normed space, A < M,
and f,g: A — YV be maps, h : A — R be a function. Suppose that xg € A’, and lim f(x) = a,

T—T0

lim g(z) =0, lim h(zx) =c. Then
T—>T(0

lim (f 4 g)(z) = a+b,
lim (hf)(z) = ca,
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Corollary 4.16. Let (M,d) be a metric space, (V,|-|) be a (real) normed space, A < M,
and f,g: A—YV be maps, h : A — R be a function. Suppose that f,qg, h are continuous at

xg € A. Then the maps f+ g, f —g and hf are continuous at xy, and 7 is continuous at
xo if h(xo) # 0.

Corollary 4.17. Let (M,d) be a metric space, (V,| - |) be a (real) normed space, A < M,
and f,g: A —V be continuous maps, h : A — R be a continuous function. Then the maps

f+g, f—gand hf are continuous on A, and % is continuous on A\{x € A|h(xz) = 0}.

Definition 4.18. Let (M,d), (N,p) and (P,r) be metric space, A < M, B < N, and
f:A— N,g: B — P bemaps such that f(A) € B. The composite function go f: A — P
is the map defined by

(go f)x)=g(f(z)) VzeA.

Figure 4.1: The composition of functions

Theorem 4.19. Let (M,d), (N,p) and (P,r) be metric space, A < M, B < N, and
f:A— N, g: B — P be maps such that f(A) € B. Suppose that f is continuous at xy,
and g is continuous at f(xg). Then the composite function go f : A — P is continuous at

2.
Proof. Let & > 0 be given. Since g is continuous at f(z), 37 > 0 such that
g(D(f(x0).7) ~ B) < D((g o f)(x0).<)
Since f is continuous at x, 38 > 0 such that
J(D(x0,8) n A) € D(f(xo). 7).
Since f(A) € B, f(D(xo,6) n A) < D(f(x0),7) N B; thus
(90 F)(D(wo,0) N A) < g(D(f(x0),7) n B) < D((g° f)(20),¢) - .
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Corollary 4.20. Let (M,d), (N,p) and (P,r) be metric space, A < M, B < N, and
f+:A— N, g: B — P be continuous maps such that f(A) < B. Then the composite

function go f : A — P is continuous on A.

Alternative Proof of Corollary 4.20. Let W be an open set in (P,r). By Theorem 4.11,
there exists V open in (N, p) such that g7*(W) = V n B. Since V is open in (N, p), by
Theorem 4.11 again there exists U open in (M, d) such that f~'(V) =U n A. Then

(go YW =fgo W) =f"(VnB)=f'V)nf(B)=UnAn f(B),
while the fact that f(A) € B further suggests that
(go /)W) =Un A.

Therefore, by Theorem 4.11 we find that (g o f) is continuous on A. o

4.3 Images of Compact Sets under Continuous Maps

Theorem 4.21. Let (M,d) and (N, p) be metric spaces, A < M, and f : A — N be a

continuous map.
1. If K € A is compact, then f(K) is compact in (N, p).

2. Moreover, if (N, p) = (R,|-|), then there exist xg,z1 € K such that
f(zo) =inf f(K) =inf{f(z)|z e K} and f(z1)=supf(K)=sup{f(z)|ze K}.

Proof. 1. Let {V4}aer be an open cover of f(K). Since V, is open, by Theorem 4.11 there
exists U, open in (M, d) such that f~*(V,) =U, n A. Since f(K) S |J Va,

ael

Ke iy e s v =anJ

I a€el

Q
m

which implies that {U,}aes is an open cover of K. Therefore,

AJcL#l<wsKcAn | =] (Va);

aeJ aed

thus f(K) = U f(f7 (V) € U Ve

aeJ aeJ
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2. By 1, f(K) is compact; thus sequentially compact. Corollary 3.5 then implies that
inf f(K) € f(K) and sup f(K) € f(K). o

Alternative Proof of Part 1. Let {y,}>_, be asequencein f(K). Then there exists {z,}> , <
K such that y, = f(z,). Since K is sequentially compact, there exists a convergent subse-
quence {x,, }5, with limit z € K. Let y = f(z) € f(K). By the continuity of f,

lim p(yn,.y) = lim p(f(2s,), f(x)) =0

which implies that the sequence {y,, }Zczl converges to y € f(K). Therefore, f(K) is sequen-

tially compact. O

Corollary 4.22 (The Extreme Value Theorem (& €32 ) ). Let f : [a,b] — R be contin-
uous. Then f attains its maximum and minimum in [a,b]; that is, there are x € [a,b] and
x1 € [a,b] such that

f(zo) =inf{f(z)|z € [a,b]} and f(z1)=sup{f(z)|x € [a,b]}. (4.3.1)

Proof. The Heine-Borel Theorem suggests that [a,b] is a compact set in R; thus Theorem
4.21 implies that f([a,b]) must be compact in R. By the Heine-Borel Theorem again f(|a, b))

is closed and bounded, so

inf f([a,b]) € f([a,]) and sup f([a,0]) € f([a,D])
which further imply (4.3.1). o

Remark 4.23. If f attains its maximum (or minimum) on a set B, we use max { f(z) |z €
B} (or min{f(z)|z € B}) to denote sup { f(z)|z € B} (or inf{f(z) |z € B}). Therefore,

(4.3.1) can be rewritten as

f(zo) =min{f(z)|z e [a,b]} and f(z1)=max{f(z)|z € [a,b]}.

Example 4.24. Two norms | - | and || - || on a real vector space V are called equivalent if

there are positive constants C'; and C5 such that
Cillz| < |lz]l < Cofz|  VzeV.

We note that equivalent norms on a vector space V induce the same topology; that is, if | - |

and || - || are equivalent norms on V, then U is open in the normed space (V,| - |) if and
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only if U is open in the normed space (V.|| ||). In fact, let ¢ be an open set in (V,| - ||).
Then for any x € U, there exists » > 0 such that

D”.H(x,r) = {yE V’ Hl’—yH < T} cUu.

Let 6 = Cyr. Then if z € Dy (z,6) = {y € V| |z — y|| <},

1 1
lr =zl < glle =zl < G- Cr=r

Ch

which implies that D (x,6) < Dy (x,r) < U. Therefore, U is open in (V, || - [|). Similarly,
if i is open in (V, || - ||), then the inequality ||z[| < Cs|x| suggests that U is open in (V, ||-|).
Claim: Any two norms on R" are equivalent.

Proof of claim: Tt suffices to show that any norm | - || on R" is equivalent to the two-norm
| |2 (check). Let {ex}7_; be the standard basis of R"; that is,

ek:((),... ,0,1,0,--- 70).
—
(k — 1) zeros

n n

Every z € R"™ can be written as © = ). x;e;, and |z]s = 4 /D] |;|2. By the definition of
i=1 i=1

norms and the Cauchy-Schwartz inequality,

e < D lailllesl < 2y [ el (4.3.2)
=1 i=1

thus letting Cy = 4 /Z |ei]|? we have |z| < Col|zs.
On the other hand define f : R” — R by

n
= Jol = | Y wer].
=1

Because of (4.3.2), f is continuous on R". In fact, for x,y € R",

[f(@) = f)| = l2] = Iyl| < |z =yl < Collz =yl

which guarantees the continuity of f on R". Let S"! = {z € R"||z|, = 1}. Then S" ' is a
compact set in (R", | - [|2) (since it is closed and bounded); thus by Theorem 4.21 f attains
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its minimum on S"~! at some point a = (ay, - - ,a,). Moreover, f(a) > 0 (since if f(a) =0,
a=0¢S" ). Then for all z € R", ﬁ e S"!: thus
z2
T
f(m) > f(a).

The inequality above further implies that f(a)|z|2 < f(x) = |z||; thus letting C; = f(a) we

have C|z|s < |z|.
Remark 4.25.

1. Let f: R — R be defined by f(z) = 0. Then f is continuous. Note that {0} < R is
compact (.- closed and bounded), but f~*({0}) = R is not compact.

2. Let f: R — R be defined by f(z) = 2?. Then f is continuous. Note that C' = {1} is
connected, but f~*(C) = {1, —1} is not connected.

Remark 4.26.

1. If K is not compact, then Theorem 4.21 is not true. Consider the following counter
example: K = (0,1), f : K — R defined by f(x) = % Then f(K) is unbounded.

2. If f is not continuous, then Theorem 4.21 is not true either.

(a) Counter example 1: f: K = [0,1] — R defined by

1 if x # 0,
flry)=q @
0 ifx=0.
Then f(K) is unbounded = 3z, € K 3 f(z,) = sup f(K).
(b) Counter example 2: f:[0,1] - R by

r ifx#1,
f(x,y):{ 0 ifx=1.

Then there is no z; € [0, 1] such that f(z;) = sup f(z) = 1.
z€[0,1]

Example 4.27 (An example show that xg,z; in Theorem 4.21 are not unique). Let f :
[—2,2] — R be defined by f(x) = (z? — 1)

1. Critical point: f'(z) =2(z* —1) 20 =0< 2 =0, +1.
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2. Comparison: f(0) =1, f(1) = f(-1) =0, f(2) = f(—=2) = 9. Then

J@)=f(-2)= sup f) and f(1)=f(~1)= inf_[(x).

z€[—2,2] z€[—2,2]

Corollary 4.28. Let (M,d) be a metric space, K < M be a compact set, and f : K — R

be continuous. Then the set
{x e K ‘ f(x) is the maximum of f on K}
15 a non-empty compact set.
Proof. Let M = sup f(K). Then the set defined above is f~!({M}), and
1. f~Y({M}) is non-empty by Theorem 4.21;
2. f7H({M}) is closed since {M} is a closed set in (R,|-|) and f is continuous on K.

Lemma 3.11 suggests that f~!({M}) is compact. o

4.4 Images of Connected and Path Connected Sets un-
der Continuous Maps

Definition 4.29. Let (M,d) be a metric space. A subset A < M is said to be path

connected if for every x,y € A, there exists a continuous map ¢ : [0,1] — A such that

©(0) =z and ¢(1) = y.

Figure 4.2: Path connected sets

Example 4.30. A set A in a vector space V is called convex if for all z,y € A, the line
segment joining x and y, denoted by Ty, lies in A. Then a convex set in a normed space is
path connected. In fact, for z,y € A, define p(t) =ty + (1 — t)z. Then
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L. ¢:[0,1] > Ty < A, ¢(0) =z, ¢(1) = y;

2. ¢ :[0,1] — A is continuous.

TY = QD([O? 1])

Figure 4.3: Convex sets

Example 4.31. A set S in a vector space V is called star-shaped if there exists p € S
such that for any ¢ € S, the line segment joining p and ¢ lies in S. A star-shaped set in a

normed space is path connected. In fact, for x,y € S, define

—_

oft) = 2tp + (1 — 2t)x %fte[O,Q},
(2t—1y+2-2t)p ifte[;,1].

N | -

Then
Loo:[0,1]] =zpupy < S, 9(0) =z, ¢(1) = y;
2. ¢:[0,1] — A is continuous.

Theorem 4.32. Let (M,d) be a metric space, and A < M. If A is path connected, then A

is connected.
Proof. Assume the contrary that there are two open sets V; and Vs, such that
LAYV Vo= 2 AnVi#; 3. AnVo#; 4. AV, UV,

Since A is path connected, for v € A n V) and y € A n Vs, there exists ¢ : [0,1] — A such
that ¢(0) = z and ¢(1) = y. By Theorem 4.11, there exist U; and Uy open in (R, | -|) such
that o= '(V1) =U; " [0,1] and =1 (Vy) = Uy N [0, 1]. Therefore,

0,1]=¢p (A et WV)up W)Uy ulh.

Since 0 € Uy, 1 € Uy, and [0,1] nUy nUy = p YA N V) N Vy) = &, we conclude that [0, 1]

is disconnected, a contradiction. O
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Example 4.33. Let A = {(:U,siné) |z €(0,1]} U ({0} x [-1,1]). Then A is connected in
(R2,] - |2), but A is not path connected.

Theorem 4.34. Let (M,d) and (N, p) be metric spaces, A < M, and f : A — N be a

continuous map.

1. If C < A is connected, then f(C) is compact in (N, p).
2. If C < A is path connected, then f(C') is path connected in (N, p).

Proof. 1. Suppose that there are two open sets V; and V, in (N, p) such that
(a) f(C)nVinVa=; (b) f(C)n V1 # & (¢) f(C)n Vo # &5 (d) f(C) S ViV,

By Theorem 4.11, there are U; and U, open in (M, d) such that f~'(V;) =U; n A and
f'(V2) =Us n A. By (d),

Ccf IO V) uf V) =Uthvll) nAclUy Vs
Moreover, by (a) we find that

Calh nUy=CrUnA)nUsnA)=Cn fHV) A W)
S @) Vi) =g

which implies C' nU; NnUs = &. Finally, (b) implies that for some z € C, f(z) € V.
Therefore, x € f~1(V)) = Uy n A which suggests that x € U;; thus C nU; # .
Similarly, C'n Uy # . Therefore, C' is disconnected which is a contradiction.

2. Let y1,y2 € f(C). Then 32,29 € C such that f(z1) =y, and f(x2) = yo. Since C'is
path connected, 37 : [0, 1] — C such that r is continuous on [0, 1] and r(0) = x; and
r(1) = x9. Let ¢ :[0,1] — f(C) be defined by ¢ = for. By Corollary 4.20 ¢ is
continuous on [0, 1], and ¢(0) = y; and ¢(1) = ya. o

Corollary 4.35 (The Intermediate Value Theorem (¥ B & %32 ) ). Let f : [a,b] > R be
continuous. If f(a) # f(b), then for all d in between f(a) and f(b), there exists ¢ € (a,b)
such that f(c) =d.

Proof. The closed interval [a, b] is connected by Theorem 3.38, so Theorem 4.34 implies that
f(Ja, b]) must be connected in R. By Theorem 3.38 again, if d is in between f(a) and f(b),
then d belongs to f([a,b]). Therefore, for some ¢ € (a,b) we have f(c) = d. o
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Example 4.36. Let f :[0,1] — [0, 1] be continuous. Then 3z, € [0,1] 3 f(xo) = zo.
Proof. Let g(x) = x — f(z). Then
1. g(0)=0o0rg(l)=0=x9=0o0r L.
2. g(0) #0or g(1) # 0= ¢(0) < 0 and g(1) > 0. Since g : [0,1] — R is continuous,
Jxg€[0,1] 3 g(zg) =0= Tz € (0,1) 3 f(xg) = xo. o
Remark 4.37. Such an zy in Example 4.36 is called a fized-point of f.

Example 4.38. Let f : [1,2] — [0, 3] be continuous, and f(1) = 0 and f(2) = 3. Then
E|£L'Q € [1,2] =) f(l‘o) = Xy.

Proof. Let g(x) =z — f(x). Then g : [1,2] — R is continuous. Moreover,

thus 3z € (1,2) 3 g(xg) = 0. o

Example 4.39. Let p be a cubic polynomial; that is, p(z) = azx®+ asx® + ayx + ag for some

ap, a1, as € R and ag # 0. Then p has a real root xy (that is, 3¢ € R such that p(x¢) = 0).

Proof. Note that p is obviously continuous and R is connected. Write

p(z) = azz® (1 + SCRNR a0 ).

asr  a3xr?  asxd

Now lim izoifn>0andﬁsféo,so

T—+00 5(13”
. a9 al ao
| 1+ —= =1.
x—lgloo( + asx + azx? a3x3)
Moreover,
. 3 0.0] ].f a > O,
lim az” = .
T—00 —w ifa<0.
Suppose that @ > 0. Then lim az® = o0 and lim az® = —0 = Jz,y e Rap(z) <0 <

r—00 r——00

p(y). By Corollary 4.35 3r € R 3 p(r) = 0. The case that a < 0 is similar. o
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4.5 Uniform Continuity (23 i3 %)

Definition 4.40. Let (M,d) and (NN, p) be metric spaces, A < M, and f : A — N be
a map. For a set B < A, f is said to be uniformly continuous on B if for any

two sequences {z,}2 , {yn}i"y < B with the property that lim d(z,,y,) = 0, one has
n—ao0

Tim p(f(), /() = 0.

Proposition 4.41. Let (M,d) and (N, p) be metric spaces, A< M, and f : A — N be a

map. If [ is uniformly continuous on A, then f is continuous on A.

Proof. Let xyg € A n A’. Then there exists sequence {z;}>; < A such that x; — xy as
k — . Let {yx}r; be a constant sequence with value x¢; that is, y, = z for all k € N.

Then {yr}>; < A and d(zg, yx) — 0 as k — co. By the uniform continuity of f on A,

lim p(f(zx), f(xo)) = ]}i_{gp(f(ifk)af(yk)) =0

k—0o0

which implies that f is continuous on x. =

Example 4.42. Let f : [0,1] — R be the Dirichlet function; that is,

0 ifreQ,
f<x):{ 1 ifzeQ.

and B = Q n[0,1]. Then f is continuous nowhere in [0, 1], but f is uniformly continuous
on B. However, the proposition above guarantees that if f is uniformly continuous on A,
then f must be continuous on A (Check why the proof of Proposition 4.41 does not go
through if B is a proper subset of A).

Example 4.43. The function f(x) = |x| is uniformly continuous on R.

Proof. By the triangle inequality,

|f(z) = f(y)| = ||z = lyl| <z —yl;

thus if {z,}>, and {y,};°, are sequences in R and lim |z, — y,| = 0, by the Sandwich
n—0o0
lemma we must have lim |f(z,) — f(ya)| = 0. o
n—o0

Example 4.44. The function f : (0,0) — R defined by f(z) = 1 uniformly continuous
T

on [a, o) for all @ > 0. However, it is not uniformly continuous on (0, o).
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Proof. Let {z,}>_, and {y,}r_, be sequences in [a, o) such that hm |T, — yn| = 0. Then

< ’xn - yn’

< 5 —0 as n—
| T ¥n] a

which implies that f is uniformly continuous on [a,0) if @ > 0. However, by choosing

1 1
r, = — and y, = —, we find that
n 2n

1
|0 — Yn| = m but |f(zs) — f(ya)| =n = 1;
thus f cannot be uniformly continuous on (0, o). o

Remark 4.45. Let (M,d) and (N, p) be metric spaces, A< M, and f: B< A— N bea

map. Then the following four statements are equivalent:

(1) f is not uniformly continuous on B.

(2) I{xn )y, {ynt, € B > hm d(xn,yn) =0 and hmsupp(f( ),f(yn)) > 0.

n—o0

(3) IH{andiie, {gmbiiy = B 3 lim d(wn, yn) = 0 and lim p(f(xn), f(yn)) > 0.

n—0o0

(4) 3e>03Vn>0,3x,,y, € B and d(z,,y,) < % 5p(f(2n), fyn)) =€
Example 4.46. Let f : R — R defined by f(z) = 22 Then f is continuous in R but not

uniformly continuous on R. Let e =1, z, =n, and y,, = n + o

|f(zn) = flyn)| = ° = (n+ — 1

e L R ER IR

Example 4.47. The function f (x) = sin(2?) is not uniform continuous on R.

Proof. Let ¢ = = 2ny/T + o and Yn = 2n4/T — £ Then
|sin(z}) — sin(y;)| = ‘sin (4n’m + g + 64n2) — sin (4n® ;T 6 6: 5
thus if n is large enough, |sin(22) — sin(y2)| > 1. o

Example 4.48. The function f : (0,1) — R defined by f(z) = sin < is not uniformly
X

continuous.
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T\ -1 T —1
Proof. Let e =1, z, = (2n7r + 5) and y, = (2n7r — 5) . Then

.1 .1
}sm——sm—‘ =2,
Tn Yn
T 1 1
while |z,, — = = < =~ for all n e N. o
| n yn| An2r2 — %2 (477,2 _ i)ﬂ- n

Theorem 4.49. Let (M,d) and (N, p) be metric spaces, A< M, and f : A — N be a map.

For a set B< A, f is uniformly continuous on B if and only if
Ve>0,30 > 03 p(f(2), f(y)) < e whenever d(z,y) <8 and z,y € B.

Proof. “<” Suppose the contrary that f is not uniformly continuous on B. Then there are
two sequences {x,}?°;, {y,}’°; in B such that

lim d(z,,y,) =0 but limsup p(f(zn), f(ya)) > 0.

k—o0 n—o

Let € = %lim sup p(f(:pn), f(yn)) Then by the definition of the limit and the limit

n—00
superior (or Proposition 1.116) we conclude that there exist subsequences {z,, }7 ;

and {yn, 72, such that
P(f (@ny), f (Yny)) = limsup p(f (zn), f(Yn)) —e=2>0

n—00
while ]}im d(zp,, yn,) = 0, a contradiction.
—00

: 1 .
“=7" Suppose the contrary that there exists ¢ > 0 such that for all 6 = — > 0, there exist
n

two points z,, and y, € B such that

d(2p, Ypn) < % but  p(f(zn), flyn)) = €.

These points form two sequences {x,}> |, {y,}°, in B such that lim d(z,,y,) = 0,
n—ao0
while the limit of p(f(2,), f(ys)), if exists, does not converges to zero as n — 0. As

a consequence, f is not uniformly continuous on B, a contradiction. o

Remark 4.50. The theorem above provides another way (the blue color part) of defining
the uniform continuity of a function over a subset of its domain. Moreover, according to

this alternative definition, if f : A — N is uniformly continuous on B < A, then

V€>0,35>05VbeM,f(D(b,g)mB) gD(c,%) for some ce N ;
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that is, the diameter of the image, under f, of subsets of B whose diameter is not greater
than ¢ is not greater than e (& B ® B /&7 4216 0 e+ G &4 dnlic f P2 218 » A%
a3 ¥ NE LT € AT €) .

Remark 4.51. In terms of the number 6(f, z,¢) defined in Remark 4.9, the uniform conti-

nuity of a function f: A — N is equivalent to that
5f(5)zin£5(f,x,e)>0 Ve>0.
xTe

The function d¢(-) is called the inverse of the modulus of continuity of (a uniform

continuous) function f.

Theorem 4.52. Let (M,d) and (N, p) be metric spaces, A< M, and f : A — N be a map.

If K € A is compact and f is continuous on K, then f is uniformly continuous on K.

Proof. Let £ > 0 be given. Since f is continuous on K,

Vae K,36 =6(a) > 03 p(f(x), f(a) < % whenever x € D(a,0) n A.

Then {D(a, 5(;))} is an open cover of K; thus
aeK

N
Iay, - -- ,aN}gKaKQUD(ai,%),
=1

where 0; = 0(a;). Let 6 = %min{él, -+ ,0n}. Then § > 0, and if 1,25 € K and d(z1,x2) <

9, there must be j = 1,---, N such that zy, 25 € B(a;,0,). In fact, since z; € D(aj, %j) for
some 7 =1,---, N, then

O
d(l’Q,CLj) < d(l’l,l‘g) + d(:vl,aj) <0+ 5] < 5]' .

Therefore, z1, x5 € D(a;,9;) N A for some j =1,---, N; thus

e €

p(f(x1), [(22)) < p(f(21), flag)) + p(f(22), flay)) < sts=¢ o
Alternative proof. Assume the contrary that f is not uniformly continuous on K. Then ((3)
of Remark 4.45 implies that) there are sequences {z,}°_; and {y,}_, in K such that

lim d(z,,,y,) =0 but lim p(f(zn), f(ya)) > 0.

n—0o0 n—0o0
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Since K is (sequentially) compact, there exist convergent subsequences {z,, }72, and {y,, },

with limits z,y € K. On the other hand, lim d(z,,y,) = 0, we must have x = y; thus by
n—0oo

the continuity of f (on K),

0= P(f(x)a f(x)) = lim p(f(xnk)7 f(ynk)) = lim P(f(xn)u f(yn)) >0,

k—o0 n— o0

a contradiction. o

Lemma 4.53. Let (M,d) and (N, p) be metric spaces, A< M, and f : A — N be uniformly

continuous. If {x}i2, € A is a Cauchy sequence, so is {f(:pk)},zozl

Proof. Let {x}}2; be a Cauchy sequence in (M,d), and € > 0 be given. Since f: A - N

is uniformly continuous,
36>0>5 p(f(m),f(y)) < ¢ whenever d(z,y) < d and z,y € A.

For this particular 6, 3N > 0 3 d(zg, x¢) < d if k,£ = N. Therefore,
p(f(xr), f(ze) <eif k£ = N, o

Corollary 4.54. Let (M,d) and (N,p) be metric spaces, A < M, and f : A — N be
uniformly continuous. If N is complete, then f has a unique extension to a continuous
function on A; that is, 3g: A — N such that

(1) g is uniformly continuous on A;
(2) g(z) = f(z) for all x € A;
(3) if h: A— N is a continuous map satisfying (1) and (2), then h = g.

Proof. Let x € A\A. Then 3{z;}?, < A such that v, — x as k — o0. Since {z;}7,
is Cauchy, by Lemma 4.53 { f (xk)}zozl is a Cauchy sequence in (N, p); thus is convergent.
Moreover, if {z;}72, < A is another sequence converging to x, we must have d(zy, z;) — 0
as k — oo; thus p(f(xg), f(zx)) — 0 as k — oo, so the limit of {f(:)sk)}zozl and {f(zk)}zozl

must be the same.

Define g : A — N by

{ f(z) ifreA,
g(x) =

klim f(zy) ifz e A\A, and {2}, € A converging to = as k — 0.
—m
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Then the argument above shows that ¢ is well-defined, and (2), (3) hold.

Let £ > 0 be given. Since f: A — N is uniformly continuous,
30 > 03 p(f(2), f(y) < % whenever d(z,y) < 2§ and z,y € A.

Suppose that x,y € A such that d(z,y) < 6. Let {m}7,, {yx}, € A be sequences
converging to x and y, respectively. Then 3 N > 0 such that

d(xy, ) < g,d(yk,y) < g and p(f(x), g(x)) < g,p(f(yk),g(y)) < % Vk=N.
In particular, due to the triangle inequality,
d(zn,yn) < d(zn,z) +d(z,y) + d(y, yn) < g +0+ g =20,
thus p(f(zx), f(yn)) < 5. As a consequence,
p(9(2).9(9)) < p(9@). () + p(F(en). Fu) +p(Flun). F) < S+ 5+ =< o

4.6 Differentiation of Functions of One Variable

Definition 4.55. A function f : (a,b) — R is said to be differentiable at x, if there

exists a number m such that

lim f(x) = f(zo) — m(x — x)

X0 r — 2o

=0.

The (unique) number m is usually denoted by f'(x), and is called the derivative of f at

Zg-

Remark 4.56. The derivative of f at xg can be computed by

f’(ﬂfo) — lim f(:L’) B f(xO) )

T—T0 T — Tg

Remark 4.57. By the definition of the limit of functions, f : (a,b) — R is differentiable at
xo € (a,b) if and only if there exists m € R, denoted by f’(zg), such that

Ve>0,36>03|f(x) — flzo) — ['(wo) (@ — mo)| < elw — mol if |z — m| < 4.

Definition 4.58. A function f : (a,b) — R is said to be differentiable (on (a,b)) if f is

differentiable at each z € (a,b).
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Proposition 4.59. Suppose that a function f : (a,b) — R s differentiable at xo. Then f

1s continuous at xg.

Proof. For x # xg, f(z)— f(xg) = JW - (x — z¢); thus Proposition 4.15 implies that
— o

lim (f(z) — f(z)) = lim @) = flao) lim (z — x9) = f'(z0) -0=0. o

Tr—IT0 T—T0 Xr — ,Z'O T—T0

Theorem 4.60. Suppose that functions f, g : (a,b) — R are differentiable at xo, and k € R

is a constant. Then
- (kf) (o) = kf'(20).
2. (f £ 9)(x0) = f'(w0) £ g'(w0).

- (f9)'(zo) = ['(x0)g(x0) + f(20)g'(20)-

[y f(w0)g(xo) — f(z0)g'(z0) .

e = # 0.
(g) (.’Io) g($0)2 @fg(%)

Theorem 4.61 (Chain Rule). Suppose that a function f : (a,b) — R is differentiable at xy,
and g : (¢, d) — R is differentiable at yo = f(xo) € (¢,d). Then go f is differentiable at x,

and

—_

w

s

(g0 f)(w0) = g'(f(z0)) [ (w0) -
Proof. Let € > 0 be given. Since f : (a,b) — R is differentiable at z and g : (¢,d) — R is
differentiable at yo = f(zo),

361 > 03 |f(x) = f(zo) — [/ (o) (2 — x0)| < min{l’ 2(1+|€g/(y0)|)}|

x — x| if |x — 0| < &4

and

’ E‘y_y0’ .
305 > 03 |g(y) — 9(vo) — 9' (o) (y — vo)| < A+ 17 (zo)) if |y — yo| < 2.

Moreover, by Proposition 4.59 f is continuous at zo; thus
305 > 03 |f(x) — f(zo)] < 0 if |z — 20| < &5 and z € (a,b).
Let § = min{dy,d;}, and denote f(z) by y. Then if |z — zo| < 6, we have |y — yo| < & and
(g0 f)(x) = (g0 f)lao) = g (yo) f'(x0) (= — x0)| = |9(y) — g(yo) — 9" (%) f'(x0)(z — )]
= 19(y) — 9(y0) — 9'(40) (y — y0) + ¢' (o) (f (x) — f(w0) — ['(x0) (2 — wo)]
el f(z) = fl=o

12w = ol
<20+ e
< s ipan (2 = @l 17 Golle = o) + Sl — o] = el — .
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By Remark 4.57, g o f is differentiable at xq with derivative ¢'(f(xo))f'(zo). o

Proposition 4.62. If f : (a,b) — R is differentiable at xo € (a,b) and f attains a local

minimum or maximum at xo, then f'(xq) = 0.

Proof. W.L.O.G. we assume that f attains its local minimum at zo. Then f(z) — f(zo) =0

for all x € I, where [ is an open interval containing xy. Therefore,

ToT0 U Xo a—zy; T — X
and
f'(xg) = lim 1(z) = f(zo) — i f(z) = f(@o) > 0.
r=To T — o wazar T — 2o
As a consequence, f'(zg) = 0. ]

Theorem 4.63 (Rolle). Suppose that a function f : [a,b] — R is continuous, and is
differentiable on (a,b). If f(a) = f(b), then Ic € (a,b) such that f'(c) = 0.

Proof. By the Extreme Value Theorem, there exists zo and x; in [a, b] such that
f(z) = min f([a,b)) and  f(a1) = max f(a,b]).
Case 1. f(x¢) = f(z1), then f is constant on [a, b]; thus f'(z) = 0 for all = € (a,b).

Case 2. One of f(xg) and f(x;) is different from f(a). W.L.O.G. we may assume that
f(xo) # f(a). Then xg € (a,b), and f attains its global minimum at xy. By Proposition
462, f/(af()) = 0. =

Theorem 4.64 (Cauchy’s Mean Value Theorem). Suppose that functions f,g : [a,b] — R
are continuous, and f,q: (a,b) — R are differentiable. If g(a) # g(b) and ¢'(x) # 0 for all
x € (a,b), then 3c € (a,b) such that

Proof. Consider the function

h(z) = (f(x) = f(a)) (9(b) — g(a)) = (£(b) = f(a)) (9(z) — g(a)) -

Then h : [a,b] — R is continuous, and is differentiable on (a, b). Moreover, h(b) = h(a) = 0.
By Rolle’s theorem, 3¢ € (a,b) such that

W(e) = () (9(b) — 9(a) — (F(b) ~ F(a))g'(c) = 0. .
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Corollary 4.65 (Mean Value Theorem). Suppose that a function f : [a,b] — R is continu-
ous, and f : (a,b) — R is differentiable. Then 3¢ € (a,b) such that

f(0) — f(a)

, JR—

f (C) - b—a :

Proof. Apply the Cauchy Mean Value Theorem for the case that g(z) = z. =

Corollary 4.66. Suppose that a function f : [a,b] — R is continuous and f'(x) =0 for all
x € (a,b). Then f is constant.

Proof. Fix x € (a,b), by Mean Value Theorem Jc € (a,z) 3 f(z) — f(a) = f'(¢)(x —a) = 0.
Then f(z) = f(a) = Vz € (a,b), f(x) = f(a). Now by continuity, f(b) = liril_ f(x) = f(a).

(]

Corollary 4.67 (L’Hospital’s rule). Let f, g : (a,b) — R be differentiable functions. Suppose

/
that for some xo € (a,b), f(xg) = g(zo) =0, ¢'(x) # 0 for allx # xo, and the limit lim ;/Eg
T—T0
exists. Then the limit lim f() also exists, and
T—T0 g(ﬂ?)

/
lim M = lim f/(ac) .
0 gla) A o)
Proof. We first note that g(z) # g(x¢) for all = # x since if not, the Mean Value Theorem
implies that 3¢ in between x and zy such that ¢’(¢) = 0 which contradicts to that ¢'(z) # 0

for all z # xg. By Cauchy’s Mean Value Theorem, for all z € (a,b) and x # ¢, there exists
¢ = £(x) in between = and x( such that
[@)  J@) - f)  FE)
9(@)  g(x) —glze)  ¢'(&)
Since £ — ¢ as r — xp, we have
!/ /
lim M = lim f,(f) = lim f,(x) .
w0 g(x) w0 g'(§)  eme0 g (x)
Example 4.68. A function f : [a,b] — R is said to be Lipschitz continuous if 3 M > 0
such that

|f(z1) = fz2)] < Mzy — 29| Vg, 25 € [a,0].

If the derivative of a differentiable function f : (a,b) — R is bounded; that is, 3M > 0
5 |f'(z)] < M for all x € (a,b), then the Mean Value Theorem suggests that f is Lipschitz

continuous. A Lipschitz continuous function must be uniformly continuous.
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increasing

decreasing
strictly increasing
strictly decreasing

Definition 4.69. A function f : (a,b) — R is said to be (on (a,b))

AS\AW/A\

if f(z1)

f(xe) if a < x1 < x5 < b. f is said to be monotone if f is either increasing

vV

or decreasing on (a, b), and strictly monotone if f is either strictly increasing or strictly

decreasing.

Theorem 4.70. Suppose that f : (a,b) — R is differentiable.
1. f is increasing on (a,b) if and only if f'(x) = 0 for all x € (a,b).
2. f is decreasing on (a,b) if and only if f'(x) <0 for all x € (a,b).
3. If f'(x) > 0 for all x € (a,b), then f is strictly increasing.
4. If f'(z) <0 for all x € (a,b), then f is strictly decreasing.

Theorem 4.71 (Inverse Function Theorem). Let f : (a,b) — R be differentiable, and f’
is sign-definite; that is, f'(x) > 0 for all x € (a,b) or f'(x) < 0 for all x € (a,b). Then
f:(a,b) — f((a,b)) is a bijection, and f~1, the inverse function of f, is differentiable on

f((a,b)), and
1

[l
Proof. W.L.O.G. we assume that f'(z) > 0 for all z € (a,b). By Theorem 4.70 f is strictly
increasing; thus ! exists.

Claim: f~': f((a,b)) — (a,b) is continuous.

Proof of claim: Let yo = f(z0) € f((a,b)), and € > 0 be given. Then f((xg —e,2¢+¢€)) =
(f(zo —¢), f(wo +¢€)) since f is continuous on (a,b) and (z¢ — £, 20 + ) is connected. Let
6 = min{ f (o) — f(zo —€), f(zo +€) — f(0)}. Then § > 0, and

(Y (f(z) Ve (ab). (4.6.1)

(Yo — 6,90 +6) = (f(l’o)—ajf(%o)‘i‘d) < f((wo—e,20+¢));

thus by the injectivity of f,

FH (o—0,90+0) < f(f((zo—e,m0+¢))) = (wo—e,20+2) = (f " (yo) —&. /(o) +2).-
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The inclusion above implies that f~! is continuous at .
Writing y = f(x) and = = f~(). Then if yo = f(o) € f((a.b)).

@) — ) . r—w
Y=Y f(z) = flzo)

Since f~! is continuous on f((a,b)),  — x4 as y — yo; thus

lim S W) = 7 (wo) = lim — = L
y=vo Y—"% w—wo f(x) — f(wo)  f'(0)
which implies that f~! is differentiable at yp. o

4.7 Integration of Functions of One Variable

Definition 4.72. Let A < R be a bounded subset. A collection P of finitely many points
{zo, 21, -+ ,x,} is called a partition of A if inffA =12 <2 < -+ <z,1 <z, =supA.
The mesh size of the partition P, denoted by ||P|, is defined by

(4 :max{xk_xk—l‘k: 1.+ ,n}.

Definition 4.73. Let A < R be a bounded subset, and f : A — R be a bounded function.
For any partition P = {zg,x1, - ,x,} of A, the upper sum and the lower sum of f
with respect to the partition P, denoted by U(f, P) and L(f, P) respectively, are numbers
defined by

n n—1

U(f,P)= Z sup  f(z)(z — 2p1) = Z sup  f(@)(Tk41 — 71 ,
k=1 me[mk,l,xk] k=0 xe[wk,xk+1}
n n—1

L(f,P) = Z inf f(x) () — 281) = Z inf  f()(wpe1 — 1),

=1 E[Tp—1,2k] k=0 TE[T,Tp41]

where f is an extension of f given by
(4.7.1)

The two numbers

J f(z)dz = inf{U(f,P)|P is a partition of A},
A
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and

f f(z)dz = sup {L(f,P)|P is a partition of A}
Ja

are called the upper integral and lower integral of f over A, respective. The function

f is said to be Riemann (Darboux) integrable (over A) if f f(z)dx = J f(z)dz, and
A A

in this case, we express the upper and lower integral as f f(z)dx, called the integral of f

over A. The upper integral, the lower integral, and the integral of f over [a,b] sometimes

b b b
are also denoted by jf(x)da:, Jf(a:)da:, and Jf(:v)d:v.

b b
Example 4.74. J f(z)dz and J f(z)dz are not always the same. For example, define
Fi0—Rby

1 ifze0,1)\Q,

ﬂ@:{OﬁxeMHmQ

Let P={0 =29 < 2y < --- < x, = 1} be any partition on [0,1]. Then for any k =
0,1,---,n—1, sup f(r)=1and inf f(x)=0; thus

TE[T) Tht1] z€[zk,TEr1]
n—1 n
U(f,P) = Z sup  f(@)(zk — 2p—1) = 2(9% — Tp-1)
k=0 €[z, Thr1) =0

= (@1 —20) + (2 —21) + + (Tp—Tp1) =T —20=1-0=1

and

As a consequence,

fl f(z)dz = inf{U(f,P) |73 is a partition on [0,1]} =1,

0

Jl f(z)dx = sup {L(f,P) ‘ P is a partition on [0,1]} = 0;

0

hence f is not Riemann integrable over [0, 1].

b
Example 4.75. Suppose f : [a,b] — R is integrable and f > 0 on [a, b, then J f(z)dx = 0.
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Reason: Since f > 0 on [a,b] = sup f(x) = 0 for £ = 0,1,...,n — 1. Therefore,
€[z, Trt1)

U(f,P) = 0 for all partition P on [a, b], so
b b
J f(z)dx = J f(z)dx = inf{U(f,P)| P is a partition on [a,b]} > 0.

Definition 4.76. A partition P’ of a bounded set A < R is said to be a refinement of
another partition P if P < P’

Proposition 4.77. Let A < R be a bounded subset, and f: A — R be a bounded function.
If P and P are partitions of A and P’ is a refinement of P, then

L(f,P) < L(f,P) < U(},P) < U(f,P).

Proof. Let f be the extension of f given by (4.7.1). Suppose that P = {zg, z1,--- ,2,}, P’ =
{vo,v1, -+ ,Ym}, and P < P’. For any fixed k =0,1,--- ,n — 1, either P’ N (zg, Tp41) = &
or P’ n (zg, Tpr1) # -

L If P (xg, 2k41) = O, then zp = yp and zg41 = yep1 for some €. Therefore,

sup  f(x)(wpp1r — ) = sup f(2)(Yer1 — o)

TE[Th, Tp41] z€[Yye,Yey1]
2. UP n (xh, Ths1) = {Yot1, Yos2, -+ s Yotp), then x, = yp and 41 = ypypy1. Therefore,
p+1 B B
sup F@)Yeri —yericn) = sup f(2)(Yer1 — ve)
i=1 TE[Yeti—1,Ye+i] z€[ye,ye+1]
+  sup  f(@)(Yer2 — Yes1) + - F sup J (@) (Yepr1 — Yesp)
TE[Yot1,Ye+2] TE[Yetp,Yetp+1]
< sup o f(@)(Wern —yo) + sup f(2)(Yer2 — Yerr) +
x€[T), Tht1) €T Tht1)
+  sup (%) Werpr1 — Yeup) = sup  f(2)(Tpgr — T) -
TE€[x ), X)) TE[Xk,Tht1]

In either case,

sup  f(2)(ye — Y1) < sup  f(@)(@pr1 — ) -

[Yor1,yeClzn zpp1] “EWe-1,Ye] TE[T ), Thop1]
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As a consequence,

m—1

U(f,P)=>, sup [f(z)(yesr — Z > F(@)(ye = yer)
¢=0 Elyeyes] k=0 [yo—1,ye]<S[zk,Th+1]

n—1

<>, sup  f(@)(arp —2) =U(f,P).

k=0 CEG[JEk,CEk+1]

Similarly, L(f,P) < L(f,P’); thus the fact that L(f,P") < U(f, P’) concludes the proposi-

tion. o

Corollary 4.78. Let [ : [a,b] — R be a function bounded by M ; that is, | f(x)| < M for all
a < x <b. Then for all partitions Py and Py of [a,b],

_M(b—a) < L(f,P)) < ff ff U(fPy) < M(b—a).

b 7
Proof. It suffices to show that f f(z)dx < J f(z)dz. By the definition of infimum and

supremum, for any given € > 0, 3 partitions P and P such that

b - B b b N b -
Lf(:):)dx—ﬁ < L(f,P) < Lf(x)dx and Lf(a:)da:< U(f,P) < Lf(x)da:—l—é

Let P =P U P. Then P is a refinement of both P and 75; thus

b ~b
ff(:n)dm—%<L(f,75)<L(f,73)<U(f,73)<U(f,ﬁ)< J Fla)de + &

b 7
Since € > 0 is given arbitrarily, we must have J f(z)dr < f f(x)dx. o

Proposition 4.79 (Riemann’s condition). Let A € R be a bounded set, and f: A — R be

a bounded function. Then f is Riemann integrable over A if and only if
Ve > 0,3 a partition P of AsU(f,P)— L(f,P) <e.

Proof. “=" Let € > 0 be given. Since f is integrable over A,

UL P) =  sup L(f,m:Lf(x)dx

in
P: Partition of A P: Partition of A
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thus there exist P; and P, partitions of A, such that
| s@ie =5 <1P) < [ sde < U P < | flopdn e S

A 2 A A 2
Let P = P; U Py. Then P is a refinement of P; and Py; thus

J f(x)dx — g < L(f,P1) < L(f,P) < J f(z)dx

A A
SU(P) < UPY) < [ fo)de+
A

which implies that U(f,P) — L(f,P) < .

“<” We note that for any partition P of A,

L(f,P) < Lf(x)dx < Lf(:c)dx <U(f,P);

so we have that for all partition P of A,

J_Af(x)dx — JAf(x)da: <U(f,P)— L(f,P).

Let € > 0 be given. By choosing P so that U(f,P) — L(f,P) < e, we conclude that
J f(z)dx — J f(z)dz < e.
A Ja

Since € > 0 is given arbitrarily, J f(z)dz = J f(z)dz; thus f is Riemann integrable
A Ja

over A. o

Proposition 4.80. Suppose that f, g : [a,b] — R are Riemann integrable, and k € R. Then

b b
1. kf is Riemann integrable, and J (kf)(x)dx = kj f(z)dz.

b b b
2. f £ g are Riemann integrable, and f (f £9)(x)dx = f f(x)dz + f g(z)dx.

b b
3. If f < g for all x € |a,b], then J f(z)dr < Jg(x)d:zc.

4. If f is also Riemann integrable over [b,c|, then f is Riemann integrable over |a,c],

and

ch(x)da: = Lbf(x)dx + ch(x)dx. (4.7.2)
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5. The function |f| is also Riemann integrable, and

[ r@ad < [1rlas,

Proof. 1. Case 1. k = 0. We note that
inf (kf)(z)=k inf f(x) and sup (kf)(z) =k sup f(x).
xE[Ti_1,24)] xe[ri_1,24] T€[Ti_1,24] xE[x; 1,24

Then

n

L(kf,P) =), inf (kf)(w)(z:i—zi1)

S aefwi 1]
- Ykt @) =) = KL P).
Similarly, U(kf,P) = kU(f,P) for every partition P. So
Jb(kf)(x)dx = sup L(kf,P)=k sup L(f,P)
a P: Partition of [a, b] P: Partition of [a, b]

= kLbf(x)dx = kLbf(x)dx.

b
Similarly, J

b
(k) (2)de = k;f f(x)de. Hence kf is integrable and
b

Lb(krf)(:c)d:c = J (kf)(x)dz = kff(a:)dx = k:ff@)dm
Case 2. k < 0. We have

inf (kf)(x)=k sup f(z) and sup (kf)(z)=Fk inf f(z).

w€[zi-1,Ti] x€[zi—1,mi) z€[wim1,2i] z€[zi—1,2i]

Then L(kf, P) = kU(f,P)and U(kf,P) = kL(f,P); thus

b
f (kf)(z)dx = sup L(kf,P) = sup kU(f,P)

a P: Partition of [a, ] P: Partition of [a, ]

—k inf U(f,P) = kff(x)dx —k Lbf(a:)dx.

‘P: Partition of [a, b]

b
Similarly, f

a

b
(kf)(x)dx = k’j f(z)dz. Hence kf is Riemann integrable over [a, b] and

Lb(kfxx)dx = f (kf)(x)de = kLbf(x)dx = kLbf(Q;)da,

b
Ja
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2. We prove the case of summation. For ant partition P, we have

n

Lf+9.P) =) inf (f+g)@)(w i)

w€[$i,1,xi]

> Z inf f( — T— 1 + Z inf - :L'i—l)
) T€[Ti—1,%4] xe[ac, 1 acl]
= L(f,P) + L(9,P) .
Similarly, U(f + ¢, P) < U(f,P) + U(g,P). Therefore,
LUP)+ L(g.P) S L(f +9.P) < U(f +9.P) < U(F.P) + Ulg.P).  (473)
Let € > 0 be given. By Proposition 4.79, 3Py, P, partitions of [a, b] such that

U(f, P1) — L(f, Pl) < and U(g,Pg) — L(g,Pg) <

DN ™
DN ™

Let P = Pl U 732. By (473),

< (U(£.P) = L(f.P) + (U9, P2) = L{g Pa)) < 5 + 5 = <.

By Proposition 4.79, f + ¢ is Riemann integrable over [a, b].

To see f (f+9)(z)dx = f f(z)dz + f x)dz, we note that by Proposition 4.77,
f f(z)dz —|— = f f(z)dz —l— =

and similarly, U(g, P) < f g(z)dz + —. Therefore, by (4.7.3),

b ~b
f (f + 9)(x)d = j (f + 9)@)dz < U(f + 9. P)

a a

Uf,P)+U(g,P Jf d:v—l—f g(x)dr +¢€. (4.7.4)
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On the other hand,

LGP = 0GP =5 = [ 1w

and

b 9
L(g.P) > U(g.P) =5 > | gla)de = 5

a

| ™

hence by (4.7.3),

f(f+g f ( + 9)@)de > L(f + ¢, P) = L(f.P) + L(g, P)

a

% |

x)dx + J g(x)dx —¢. (4.7.5)

By (4.7.4) and (4.7.5),
b

Lb f(x)dz + J:g(x)dx —e< fb(f +g)(z)dx < abf(:):)dx +J g(@)de +¢.

a a

b b b
Since € > 0 is arbitrary, f (f+9)(x)dx = J f(z)dz + J g(x)dx

a

3. Let P={a=m9 <z < <x, =b} be a partition of [a,b]. Define

mi(f)= inf f(z) and m(g)= inf g(z).

xE[Xi 1,24 x€[x;_1,24]

Since f(x) < g(x) on [a,b], m;(f) < m;(g). As a consequence, for any partition P,

L(f,P) = Y mi(f)(wi — wia) < D mi(g) (@i — xi1) = L(g, P);
thus taking the infimum over all partition P,

[[#@de = [ stz = sup L5 P) < sup L0 P) = [g(ortr = [ gtasia.

a a

4. Let € > 0 be given. Since f is Riemann integrable of [a,b] and [b, ¢], there exist a

partition Py over [a, b] and a partition Py of [b, ¢] such that

U(fa Pl) _L(fa Pl) < and U(f77)2) (f PQ)

1\3\(‘0

¢
2
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Let P =Py u Py. Then P is a partition of [a, ¢| such that
U(f,P) - L(f,P) - U(fvpl) + U(f77)2> - L<f77)1> - L<f77)2) <E.
Therefore, Proposition 4.79 suggests that f is Riemann integrable over [a, ¢].

c b c
Now we show that J f(z)dx = J f(z)dx + f f(z)dz. To simplify the notation,
a a b
we let . , .
A= Jf(.:t)da:, B = Jf(x)dx, C = Jf(:z:)d:z:.
a a b
Let € > 0 be given. Then 3 partition P = {xg, z1, - ,x,} of [a,c] such that
A<U(f,P)<A+e.
Let P’ =P u {b}. Then P’ is a refinement of P. Moreover,
U(fu Pl) - U(fv Pl) + U(fu PQ) ’

where P; = P’ N [a,b] and Py = P’ n [b, ] are partitions of [a, b] and [b, ¢] whose union
is P. Therefore,
B+C<U(f,P1)+U(f,P) =U(f,P)<U(f,P)<A+e.

On the other hand, 3 partition P; of [a, b] and partition Py of [b, ¢] such that

BéU@PQ<B+%aM.C<U@Pﬁ<C+§
Let P = P; U Py. Then P is a partition of [a, c]. Therefore,

A<SU(f,P)=U(f,P1)+U(f,P2) <B+C+e¢.

Therefore, Ve >0, B+C <A+cand A< B+C+¢;thus A= B+ C.

Note that for any interval [, ],

sup |f(2)] — iﬂf}\f(ffﬂ < sup f(x) — inf]f(fv); (Check!)

a€lof] a€fa,f zefa,f] z€la,f

thus for any partition P of [a, b],
U(lf,P) = L(f,P) < U(f,P) = L(f,P).

Therefore, Proposition 4.79 suggests that |f| is Riemann integrable over [a, b]. More-
over, since —|f(z)| < f(z) < |f(z)] for all x € [a,b], by 3 we have

_fmmm<fﬂmm§fmmm. g



§4.7 Integration of Functions of One Variable 117

Remark 4.81. The proof of 4 in Proposition 4.80 in fact also shows that if a < b < ¢, then

f: f(a)de = f fla)da + £ flw)da .

Similar proof also suggests that

_ch(x)dx - _Lbf(m)dx + _L f(x)dz .

a b

Remark 4.82. If a < b, we let the number J f(x)dx denote the number —J f(x)dx. Then
b a

(4.7.2) holds for all a,b, c € R.

Example 4.83. Let f :[0,1] — R be defined by

1 ifxeQ,
Jx) = { —1 ifze Q.
Then f(z) is not Riemann integrable over [0,1] since U(f,P) = 1 and L(f,P) = —1.

However |f(z)| = 1, thus |f| is Riemann integrable. In other words, if |f| is integrable, we

cannot know whether f is integrable or not.
Theorem 4.84. If f : [a,b] — R is continuous, then f is Riemann integrable.

Proof. Let € > 0 be given. Theorem 4.52 suggests that

2(b—a)

Let P be a partition with mesh size less than §. Then

36> 03 [f(x) - fy)l <

whenever |z — y| < 0 and z,y € [a, b] .

U(f,P)— Z sup  f(z) — inf  f(2))(z — zp1)
=1 €[Tp—1,7k] Te[T)_1,2k]
5 " c
< — (xk—l'k_l) = (xn_xo) <€;
2(b—a) ,;1 2(b— a)
thus by Proposition 4.79 f is Riemann integrable over [a, b]. 5

Corollary 4.85. If f : (a,b) — R is continuous and [ is bounded on [a,b|, then f is

Riemann integrable over |a, b].
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Proof. Let |f(z)] < M for all x € [a,b], and € > 0 be given. Since f : [a—kgiM,b—SiM] — R
is continuous, by Theorem 4.84 f is Riemann integrable; thus
3P': partition of [a + = b- i} sU(f,P')—L(f,P) < c
8M’  8M ’ ’ 2

Let P =P’ u {a,b}. Then

U(f773) - L(f,P)

€ € €
< sup f(x)— inf f(x))=—+ =+ sup f(x)— inf f(x))=—
(me[a,a—i-ng] ( ) z€la,a+ 5571 ( ))SM 2 (‘Te[b_si\wb] ( ) x€[b—g57,0] ( )) SM
€ € €
<2M - — + - +2M - — =¢;
VTV
thus Proposition 4.79 suggests that f is Riemann integrable over [a, b]. =

Corollary 4.86. If f : [a,b] — R is bounded and is continuous at all but finitely many

points of |a,b], then f is Riemann integral.

Proof. Let {c1,--- ,cn} be the collection of all discontinuities of f in (a,b) such that ¢; <
g < -+ <cy. Let a=c¢oand b = cyyq. Then for all k = 0,1,--- , N, f: (¢, Cry1) 18
continuous and f : [¢k, cgy1] is bounded; thus f is Riemann integrable by Corollary 4.86.

Finally, 4 of Proposition 4.80 suggests that f is Riemann integrable over [a, b]. o
Theorem 4.87. Any increasing or decreasing function on [a,b] is Riemann integrable.

Proof. Let f : [a,b] — R be a monotone function, and € > 0 be given. W.L.O.G. we may
assume that f(b) # f(a). Let P = {xg,x1, -+ ,x,} be a partition of [a,b] with mesh size

€
less than m. Then

n

Uf,P)=L(f,P)=>,( swp fle)— _inf f(z))(x—z451)

k=1 2Z€[rr—1,7k] TE[T)_1,7k]
= £ £
< 2 @) = f@e) |y = 1 (0) = fa) |l = €
,;‘ oo A CENIo]
thus Proposition 4.79 suggests that f is Riemann integrable over [a, b]. o

Definition 4.88. A continuous function F : [a.b] — R is called an anti-derivative ( ¥ #
dn %) of f:[a,b] —> R if F is differentiable on (a,b) and F'(x) = f(z) for all = € (a,b).
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Theorem 4.89 (Fundamental Theorem of Calculus (#icfg # & & 232 ) ). Let f : [a,b] > R

be continuous. Then f has an anti-derivative F', and
b
J F@)dz = F(b) — Fla).

b
Moreover, if G is any other anti-derivative of f, we also have f f(z)dzr = G(b) — G(a).

T

Proof. Define F(x) = f f(y)dy, where the integral of f over [a, x] is well-defined because
of continuity of f on [a,(zz:]. We first show that F is differentiable on (a, b).

Let g € (a,b) and € > 0 be given. Since [a, b] is compact,
361> 03 |f(z) = f(y)] < g whenever |z — y| < 0, and 2,y € [a, b] .

Let § = min{dy, o — a,b — zo}. By 4 of Proposition 4.80, if z, z¢ € (a,b),

Li fly)dy = E fly)dy — on Fy)dy = F(z) — F(x);

thus if 0 < |z — x| < 4,

F(x) — F(xo)

r — X

1

r — 2o o

~ fla ’ _
1 max{zo,r} 1 max{zo, a:}

| (y) = f(zo)|dy <

s = fwo)] = [ [ (1)~ S0

r — 2o z0

dy<5

~ " —
|$ - QZ'()| min{zo,z} |$ - IIZ'()| min{zo,z} 2

Therefore, lim F(x) — F(xo)
T—T0 T — X

Next we show that I’ is continuous at x = a and x = b. This is simply because of the

= f(xo) for all zy € (a,b), so F'(z) = f(z) for all x € (a,b).

boundedness of f on [a,b] which suggests that

limsup | F(z) —

z—a™t

max |f(z)] -limsupj 1dt =0

ze[a b] z—at

and

limsup |F(z) —

r—b— r—b~

b
max |f(z)|- limsupf 1dt =0.
E[ b] x—b— T

Therefore, F' is an anti-derivative of f.
Now suppose that G is another anti-derivative of f. Then (G — F)(x) = 0 for all
€ (a,b). By Corollary 4.66, (G — F)(z) = (G — F)(a) for all z € [a, b]; thus G(b) — G(a) =
F(b) — F(a). o
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Example 4.90. If f is only integrable but not continuous, then the function
Fla) = | ot

is not necessarily differentiable. For example, consider

0 if0o<z
1 ifl<x

Y

ﬂ@z{ N

<
<

Then
0 if0<x<1,

F(x):{ r—1 ifl<z<2

so F' is continuous on [0, 2] but not differentiable at x = 1.
Theorem 4.91. Let f : [a,b] — R be differentiable and assume that f" is Riemann integrable.

b
Then f Fx)de = F(b) — f(a).
Proof. Let P = {xg,x1,--- x,} be a partition of [a,b]. Since f : [a,b] — R is differentiable,
by the Mean Value Theorem there exists {{1, - ,&,} with the property that x; < &1 <
Tpyq1 for all k =0,1--- n— 1 such that

f(&e)(@psr — 2p) = flaper) — flan) VE=0,1,--+ ,n—1.

Therefore,
n—1 n—1 n—1
D, inf fa) (e =) < ) P (E)(@en —a) < Y sup (@) (@rg — a)
k=0 xe[zkvkarl] k=0 k=0 $€[xk,$k+1]
n—1 n—1
Since > f'(&pv1)(Tpa1 — xp) = D, (f(l'k_i_l) — f(xk)) = f(b) — f(a), the inequality above
k=0 k=0

implies that
L(f',P) < f(b) — f(a) < U(f',P) for all partitions P of [a,b];

thus by the definition of the upper and the lower integrals,

b b

| r@n < 10) - @) < | s@yin.
We then conclude the theorem by the identity
b 7b b
| r@ar = [ r@ar = | r@a

since f’ is Riemann integrable. o
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Definition 4.92. Let P = {x¢,x1, - ,x,} be a partition of a bounded set A € R. A set of
points {&, - -+, &,} are called sample points with respect to a partition P if &, € [z)_1, zx]
forall k=1,---,n.

Theorem 4.93 (Darboux). Let f : A — R be a bounded function with extension f given
by (4.7.1). Then f is Riemann integrable if and only if 31 € R such that Ve > 0, 36 > 0
3 if P ={xo,x1, - ,x,} is a partition of A satisfying |P| < ¢, then for all sets of sample
points {&1, -+ , &} with respect to P,

‘ 2 F(€osn) (@por —an) — 1] <& (4.7.6)
k=0

Proof. “<” Let ¢ > 0 be given. Then for some I € R, 36 > 0 such that if P is a partition
of A satisfying ||P|| < ¢, then for all sets of sample points {&,--- ,&,} with respect to

P, we must have

n—1
’ Z F(&rrr) (@ppn — ) = 1| < Z.
k=0

Let P = {xo,x1, -+ ,z,} be a partition of A with |P| < §. Choose sets of sample
points {&1, -+, &} and {ny, -+ ,n,} with respect to P such that

() swp  f¥) - ——— < (&)< s f(@);
TE[TE,Tht1] 4($n B $0) * z€[z), Tht1)
b)  inf fl@)+-— > f > inf  f(2).
(b) A f(z) T f(s1) e f(z)
Then
n—1 _ n-1 -
U(f,P)=2, sup  J@)(wnm — i) < ) [F(€n) + g (nsr — )
k=0 TE[TE Tt 1] =0 (zn — 20)
n—1 n—1
7 e g € 9
= ];)f(&cﬂ)(xkﬂ —xp) + 2(wn — 20) l;)(wkﬂ —xp) <1+ iti— I+ 3
and
n—1 _ n-1
L(f,P) = inf ) (T — xp) > — Thy1 — T
(P = 2t J@)w =) > 2, [Tlme) = g =) on =)
n—1 n—1
= € g € €
= ];)f(ﬁkﬂ)(xkﬂ —T) — M};}(%H —xy) >1— 11 =1- 5

As a consequence, I—% < L(f,P) <U(f,P) <I—|—g; thus U(f,P) — L(f,P) <e.
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“=" Let ¢ > 0 be given, and I = f f(z)dx. Since f is Riemann integrable over A, 3 a
A
partition Py = {yo, Y1, - ,Ym} of A such that U(f,Py) — L(f,P1) < % Define

A E }
= Y1 = Yol, [Y2 —Y1l, 5 |Ym ym*l’élm(supf(A)—inff(A)) .

If P={xg, 21, - ,2,} is a partition of A with ||P|| < 0, then at most 2m intervals
of the form [z, x441] contains one of these y;’s, and each such interval [xj, zj41] can

only contain one of these y;’s. Let P' =P u P.
Claim: U(f,P) —U(f,P)) < g

Proof of claim: We note that

n—1

U(f,P) =), Sup }]F(x)(xk-&-l — T)
k=0 E€[TksTh11

= Z sup  f(x)(zpp1 — xx) + Z sup  f() (k1 — z)

O<k<n—1 with TE€[Tk,Tr11] O<k<n—1 with T€[Tk,Tr+1]
’Plﬁ[zk,zk+1]=g le[zk,szrl];eg

and

U(f,P)= sup (@) (2ha1 — a1)

0<k<n—1 with TE€[Tk,Trt1]
Pioleg,zpq1]=9

+ ) [ sup f(x)(y; —xx)+  sup  f(@)(zer1 —yy)] -

0<k<n—1 with z€[zy,y;] z€[Y;),Th11]
Pioleg,ep1]=y;

Therefore,

U(f,P)=U(f,P) < (sup f(A) —inf f(A)) D] (2ke1 — 25)

0<k<n—1 with
Piolzg,zp4q]#D

< 2m(sup f(A) —inf f(A))d < g.

On the other hand, the inequality U(f, P1) — L(f,P1) < % suggests that

U(f,P) 1< g
As a consequence,

U(f,P)—1<U(f.P)—1+U(f,P) —U(f.P) <e.
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Therefore, for any sample set {1, -+ ,&,} with respect to P,

n—1

Z (&) (Thsr — ) SU(F,P) <1+e.

k=0
Similar argument can be used to show that

n—1

Z f(fkﬂ)(xlwrl —xg) = L(f,P)>1—¢

k=0

which conclude the Theorem. o

n—1

Remark 4.94. The sum >, f(&k41)(2ks1 — xx) in (4.7.6) is called a Riemann sum of f
k=0
over A.

Theorem 4.95 (Change of Variable Formula). Let g : [a,b] — R be a one-to-one continu-

ously differentiable function, and f : g([a,b]) — R be Riemann integrable. Then (f o g)g’ is
also Riemann integrable, and

b
j fly) dy = j Fla(@)lg (@) da
g([a,b]) a



Chapter 5

Uniform Convergence and the Space
of Continuous Functions

2

5.1 Pointwise and Uniform Convergence ( i% bz ag¥? 3=
3 e at)
Definition 5.1. Let (M,d) and (N, p) be two metric spaces, A M be a set, and f, [ :

A — N be functions for k = 1,2, ---. The sequence of function {fx}{, is said to converge

Ml

\

pointwise to f if
lim p(fx(a), f(a)) =0 VaeA.
k—o0

We often write f, — f p.w. if f; converges pointwise to f.
Let B < A be a subset. The sequence of functions {f;};; is said to converge uni-

formly to f on B (or {fx}{, converges to f uniformly on B) if

lim sup p(fu(), f(x)) = 0.

k—w zep

In other words, {fx}72, converges uniformly to f on B if for every € > 0, 3 N > 0 such that
p(fr(z), f(z)) <e Vk>NandzeB.

Example 5.2. Let f, f :[0,1] — R be given by

0 if1<:17<1
TS 0 if z € (0,1],
fole) = o g
—hr+1 if0<w< . =5

Then {fi};, converges pointwise to f on [0,1]. To see this, fix = € [0, 1].

124
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1. Case x # O: Lete>0begiven,takeN>%@%<x. If k>N,
|fi(x) = f(2)] = |fulx) 0] = 00| <.

2. Casex =0: Foranye >0, k=1,2,3,..., ‘fk(O)—f(O)‘:]1—1|:O<5.

However, {f}72, does not converge uniformly to f on [0, 1] because

sup [fule) — f(@)] = 1= lim sup [felx) — f(x)] =1#0.

z€[0,1] k=0 2e(0,1]

Example 5.3. Let f; : [0,1] — R be given by fi.(x) = 2. Then for each a € [0,1), fy(a) — 0

as k — oo, while if a = 1, fi(a) = 1 for all k. Therefore, if f(z) = { 0 ifzel0,1),

| ifp—1, ‘hen

fr = f p.w.. However, since
sup | fi(w) — f()] = sup |fu(z)| =1,
z€0,1] x€[0,1)

we must have
lim sup |fi(z) — f(z)] =1#0.

k=0 zef0,1]
Therefore, {f}72, does not converge uniformly to f on [0, 1].
On the other hand, if 0 < a < 1, then

sup ‘fk(x) - f(x)‘ <av;

z€[0,a]

thus by the Sandwich lemma,

lim sup |fk(3:)—f(as)} =0.

k=00 3¢ [0,a]

Therefore, {f}72, converges to uniformly f on [0,a] if 0 < a < 1.

sin x

Example 5.4. Let f : R — R be given by fi(x) = . Then for each x € R, | fx(z)| <

which converges to 0 as k — o. By the Sandwich lemma,

S

lim |fy(z)| =0 VzeR.
k—o0

Therefore, frp — 0 p.w.. Moreover, since sup !fk(x)| < %, klim sup !fk(x)| = 0. Therefore,
xeR —%0 zeR
{fr}7, converges uniformly to 0 on R.
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Proposition 5.5. Let (M,d) and (N,p) be two metric spaces, A < M be a set, and
fr, [+ A— N be functions for k =1,2,---. If {fi}i2, converges uniformly to f on A, then

{fe}i, converges pointwise to f.

Proof. For each a € A,
p(fr(a), f(a)) < Slelgp(fk(x>vf(x)) ;

thus the Sandwich lemma suggests that
lim p(fi(a), f(a)) =0
since {fx}, converges uniformly to f on A. o

Proposition 5.6 (Cauchy criterion for uniform convergence). Let (M, d) and (N, p) be two
metric spaces, A © M be a set, and fr, : A — N be a sequence of functions. Suppose that
(N, p) is complete. Then {fi}, converges uniformly on B < A if and only if for every
e>0,3dN > 0 such that

p(fe(@), fo(z)) <& Vk, (>N andx € B.

Proof. “=7" Let € > 0 be given, and {fx};~, converges uniformly to f on B. Then 3N > 0
such that

p(felz), f(x)) <g Vk>NandzeB.
Then if k,¢ > N and z € B,

p(fu(@), fol@)) < p(fu(@), f(2)) + p(f(2), fu(x)) <

DO | ™
(]

“<" Let b e B. By assumption, {fk(b)}zozl is a Cauchy sequence in (N, p); thus is conver-
gent. Let f(b) denote the limit of { fk(b)}zozl. Then { fx}2, converges pointwise to f

on B. We claim that the convergence is indeed uniform on B.

Let € > 0 be given. Then 3 N > 0 such that

p(fk(x)aff(x)) < % Vk,{>Nand r € B.

Moreover, for each x € B there exists N, > 0 such that

A\

p(fe@), f@) <5 V=N,
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Then for all k > N and x € B,

p(fe(x), f(2)) < p(ful(z), (@) + p(fe(x), f(z)) <

in which we choose ¢ = max{N, N,} to conclude the inequality. o

Theorem 5.7. Let (M,d) and (N, p) be two metric spaces, A = M be a set, and fr: A — N
be a sequence of continuous functions converging to f : A — N uniformly on A. Then f is
continuous on A; that is,

lim f(z) = lim lim fi(z) = lim lim fy(x) = f(a).

r—a z—a k—o0 k—o0 z—a

Proof. Let a € A and € > 0 be given. Since {fi}72, converges uniformly to f on A, 3N >0
such that

p(fel(z), f(z)) < g Vik>Nandze A,

By the continuity of fn, 30 > 0 such that
p(fn(z), fn(a)) < % whenever x € D(a,d) n A.
Therefore, if z € D(a,d) n A, by the triangle inequality

p(f (@), f(a)) < p(f(x), fn(2)) + p(fn (), fn(a) + p(fn(a), f(a))
3

< —|—g+€—5'
3 3 7

thus f is continuous at a. o

zk

Example 5.8. Let f; : [0,2] — R be given by fi(z) = T2

. Then

1. For each a € [0,1), fr(a) — 0 as k — o;
2. For each a € (1,2], fr(a) > 1 as k — oo;
3. If a =1, then fy(a) = %
ifxel0,1),
ifz=1, Then {fi}72, converges pointwise to f. However, {fi}72,
if e (1,2].

does not converge uniformly to f on [0,2] since fj are continuous functions for all £ € N
but f is not.

Let f(x) =

=N = O
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Remark 5.9. The uniform limit of sequence of continuous function might not be uniformly

continuous. For example, let A = (0,1) and fi(z) = Lforall ke N. Then {fi}72, converges
X
1
uniformly to f(z) = = but the limit function is not uniformly continuous on A.
Theorem 5.10 (Dini’s Theorem). Let K be a compact set, and fi, : K — R be continuous

for allk € N such that fi, < fry1 for allk € N. If{fi}i2, converges pointwise to a continuous

function f: K — R, then {fi};=, converges uniformly to f on K.

Proof. Suppose the contrary that there exists € > 0 such that for all £ € N, the set
Fy={ze K|f(z) - filx) =}

is non-empty. Note that since f < fr.1 for alln € N, Fj, 2 Fj.4 for all £ € N. Moreover, by
the continuity of f; and f, F} is a closed subset of K; thus Fj is compact. Therefore, the
nested set property for compact sets (Theorem 3.32) implies that ()_, Fj is non-empty. In
other words, there exists x € K such that f(x) — fx(z) = € for all n € N which contradicts
to the fact that fr — f p.w. on K. =

Theorem 5.11. Let I < R be a finite interval, f : I — R be a sequence of differentiable
functions, and g : [ — R be a function. Suppose that {fk(a)}zo:l converges for some a € I,

and {fi}{, converges uniformly to g on I. Then
L. {fe}, converges uniformly to some function f on I.

2. The limit function f is differentiable on I, and f'(x) = g(x) for all x € I; that is,

lim f(z) = lim = fu() = = lim fu(x) = f'(z).

k—o0 k—oo dx dx k—o

Proof. 1. Let € > 0 be given. Since {fk(a)}zozl converges to f(a), {fk(a)}zc:l is a Cauchy
sequence. Therefore, 4 N; > 0 such that

£
[fila) = fl@)] < 5 VE L= Ny
By the uniform convergence of {f;}, on I and Proposition 5.6, 3 Ny > 0 such that

fi(x) — fi(x)] < ﬁ Wk (> Nyandael,

where |I| is the length of the interval.
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Let N = max{Ny, No}. By the mean value theorem, for all k£,¢ > N and x € I, there

exists £ in between x and a such that

glr —al e

2lIl T 27

|fi(@) = fe() = fela) + fela)| = | fu(€) = fi©)[lx — a] <
thus for all £,/ > N and z € I,

=£&.

[fi(@) = fo(@)] < [fila) = fe(a)] + g < g + g

Therefore, Proposition 5.6 suggests that {fx}72,; converges uniformly on I.

2. Suppose that the uniform limit of {fx}2, is f. Let z € I be a fixed point, and define

Jel =Jl@) ey e 14 s a JO=J@ Spyeq t2q
Pi(t) = t—a ’ " and @(t) = t—w ’ ’
fi(z) ift=u, g(x) ift=u.

Then ¢, is continuous on [ for all k € N, and {¢y}7~, converges pointwise to ¢.
Claim: {¢x}, converges uniformly to ¢ on I.

Proof of claim: Let € > 0 be given. Since {f}}{2, converges uniformly on 7, 3N > 0

such that
Stu?\f,g(t) - fit)<e VEk(=N.
Since
| fi(t) = fr(@) — fo(t) + fol2)] fttotel
|61(t) — ¢e(t)] = |t — x| ’ ’
|fi(2) = fi(2)| ift =,

by the mean value theorem we obtain that
|0(t) — e(t)| < sup|fi(s) — fi(s)| <e Vk{>=Nandtel.
sel

Finally, by Theorem 5.7, ¢ is continuous on [; thus
£'(x) = lim 6(t) = o(x) = g(x). 0

Example 5.12. Assume that f; : I — R is differentiable for all k € N, and { f; }}2_; converges
uniformly to g on I. Then {f;};2; might NOT converge. For example, consider fi(z) = k.
Then f; =0 but {f;}_, does not converge.
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Example 5.13. Assume that f; : I — R is differentiable for all £ € N, and {fx}7;
converges uniformly to f on I. Then f might NOT be differentiable. In fact, there are
differentiable functions fy : [a,b] — R such that f; converges uniformly to f on [a,b] but f

is not differentiable. For example, consider

- Sa?if 2] < %,
Jiu(z) = 1 .1
| ~ % if 5 S M <1

Observe that fy(—x) = fr(x), so it suffices to consider x = 0.

1. Let f(x) = |z|. Then f; — f uniformly:

sup ’fk(x) — f(x)’ = Cnsel;)[’)u {fk(a:) — x‘ = max{ sup ‘fk(x) — x‘, sup }fk(x) — x‘}

ze[—1,1] xe[O,%] $E[%,1]

ka? 1
:max{ sup1 ‘7—x‘, sulp |x———x‘}

z€[0, %] ze(x,1] 2k
ka? k1 1 3
< sup ‘7|+}x‘ <§(E)2+E=%—>Oask—>oo.

2€[0, ]

. . . . 1 .
2. To see if f; are differentiable, it suffices to show f}(—) exists.

k
LA AN it h >0
1 fan R 1| GER) gy g iR
fk(%) = }ILH% h - fle% h k1 1
—> —> o= 2_7 .
SR ifh<0
1 h ifh>0
— lim — -
noo h h+§h2 ith <0

Example 5.14. Assume that f; : [-1,1] — R be given by

( 0 if ze[-1,0],
2
o %xQ if:z:e(O,%],
)= K, 20 12
1—?(37—%) 1fa:e(%,%],
. 2
\ 1 1f:1:e(%,1]
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( 0 if xe[-1,0],

1
k’2$ ifxe (0, E:| s
and {f;},2, converges pointwise to 0 but not

Then f,g({lj) = { 2 . 1 2
—k’Q(a:—E) ifve (E,E} ,
. 2
\ 0 ifre (E’ 1} ,
uniformly on [—1,1]. We note that {fx};2,; converges to a discontinuous function
0 if ze[-1,0],
f(x)_{ 1 ifze(0,1],

so the convergence of {fi}72; cannot be uniform on [—1, 1].

Example 5.15. Suppose fi : [0,1] — R are differentiable on (0,1) and f; converges uni-

formly to f on [0, 1] for some f : [0,1] — R. Does f; converge uniformly?
sin(k%x)

Answer: No! Take f, = P k=1,2,---, then f; — 0 uniformly on [0, 1] since
in(k? 1
sup |fi(x) — 0| = sup M} < - = lim sup |fu(z) — 0| =0.
z€[0,1] z€[0,1] k ko k=00 eio )

Now f}(z) = kcos(k*z) and f}(0) =k — o0 as k — oo.

Example 5.16. There are differentiable functions fy : [a,b] — R such that f; converges
X

. . / . 12 -
uniformly to f on [a,b] but ICILIIOIO fi # (klglolo fr). For example, take fr(x) = T on
—1,1]. Then fl(z) = 52"
y 4] k - (1 +k2$2)2'
X

1
— O| = lim — =0, fi converges uniformly to 0 on [—1, 1].

1. Since lim sup | lim o
—00

k—o0 ze[—1,1] 1+ k2x2

2. (lim fy(x)) = 0" =0.

. . 1 — k222 1 ifx=0,
3. khm fi(z) = lim = Note that f; does not converge
—

k—owo (1+k222)2 | 0 ifz #0,

:c‘ <1
uniformly.

Theorem 5.17. Let fi : [a,b] — R be a sequence of Riemann integrable functions which

converges uniformly to f on [a,b]. Then f is Riemann integrable, and

1mfﬁmmzfgwmm:fmmx (5.1.1)

k—0o0
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Proof. Let € > 0 be given. Since {fy};~; converges uniformly to f on [a,b], 3N > 0 such
that

| fr(z) = f(z)| < h—a) Vk>= N and z € [a,b]. (5.1.2)

Since fy is Riemann integrable on [a, b], by Riemann’s condition there exists a partition P
of [a,b] such that
U(fNap) - L(fNaP) <

DO | ™

Using (4.7.3), we find that

U(f,P)—L(f,P)=U(f - fn+ fn,P) = L(f — fn + [N, P)
<U(f - fn,P)+U(f§,P) = L(f — f~,P) — L(fn,P)

€ €
<4(17—61)([)_(1)%_4(b—a)(b_a)JFU(fN’P)_L(vaP)
e € €
<Z+Z+§_€’

thus by Riemann’s condition f is Riemann integrable on [a, b].
Now, if £ > N, (5.1.2) implies that

f (fula) = f(2))da| < j | fle) — (@)

Lb fr(z)dx — Lbf(x)dx‘ =
< 4(b—a)

(b_a):z_1<€

which suggests (5.1.1). o
Example 5.18. Let {gx};2, be the rational numbers in [0, 1], and

0 ifa:e{CI1>CI2>“‘ ,Qk}a
1 otherwise.

fi(z) = {
Then f; converges pointwise to the Dirichlet function
0 ifzeQn|0,1],
flx) = .
1 ifze0,1\Q.
However, { fx}{2; does not converge uniformly to f since f; are Riemann integrable on [0, 1]

for all £ € N but f is not.

Example 5.19. Let fi : [0,1] — R be functions given in Example 5.14, and let g, = f;.
1

Then {gx}72, converges pointwise to 0, but J gr(x)dx =1 for all ke N.
0
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5.2 Series of Functions and The Weierstrass M-Test

Definition 5.20. Let (M,d) be a metric space, (V,| - |) be a norm space, A € M be a
o0

subset, and g, g : A — V be functions. We say that the series Y. g, converges pointwise to
k=1

0
g, and write > g = g p.w. if the sequence of partitial sum {s,}>2_; given by
k=1

n
Sp = 2 9k
k=1

e}

converges pointwise to g. We say that > g, converges to g uniformly on B < A if {s,}>_;
k=1

converges uniformly to g on B.

e 6}
Example 5.21. Consider the geometric series . 2*. The partial sum s, is given by
k=0

1 — gntl
if 1
Sp(x) = —z r7L

n+l ifz=1.

Then

a0
1. > 2% converges pointwise to g(x) = .
k=0

in (—1,1).

o0
2. Y ¥ does not converge pointwise in (—oo, —1] U [1, o).
k=0

0

3. > xF converges uniformly on (—a,a) if 0 < a < 1 since
k=0

|$‘n+1 |a|n+1
— 0 as n — oo.

sup |sp(z) — g(x)| = sup <
z€(—a,a) ’ ( ) ( )‘ ze(—a,a) 1—=x 1—a

Q0
4. > 2* does not converge uniformly on (—1,1) since sup |[s,(z) — g(z)| = .
k=0 ze(—1,1)

The following two corollaries are direct consequences of Proposition 5.6 and Theorem
5.7.
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Corollary 5.22. Let (M,d) be a metric space, (V, | -|) be a complete normed vector space,
o0

A< M be a subset, and g : A — V be functions. Then ), g, converges uniformly on A if
k=1
and only if

n

Ve>0,3N>05 | Z g(@)||<e  VYn>m=NandzecA.
k=m+1

Corollary 5.23. Let (M,d) be a metric space, (V,| -||) be a normed vector space, A < M

Q0
be a subset, and gy, g : A — V be functions. If g : A — V are continuous and > gi(x)
k=1
converges to g uniformly on A, then g is continuous.
Theorem 5.24. Let f : (a,b) — R be an infinitely differentiable functions; that is, % (x)
exists for all k € N and = € (a,b). Let ¢ € (a,b) and suppose that for some 0 < h < o0,

|f®(@)] < M for all z € (c—h,c+h) < (a,b). Then

Zf x—ck Vre(c—h,c+h).

Proof. First, we claim that

n (k) (o x )
0=y -0+ o [ U ey vy, G2

. n!

By the fundamental theorem or Calculus (Theorem 4.89) It is clear that (5.2.1) holds for
n = 0. Suppose that (5.2.1) holds for n = m. Then

mo (k) (. — g)mtt y=r T (y — )"t
-3 k'( )<w ~of s [ [ )
-3 ot e [ Uy

which implies that (5.2.1) also holds for n = m+ 1. By induction (5.2.1) holds for all n € N.
n g(k)
Letting s,(z) = > / k‘(c) (x — )k, then if z € (¢ — h,c+ h),
k=0

T hn hn+1
[50(2) — f(2)] < U HMdy‘ <——M.

n+1 n+1

Let € > 0 be given. Since lim M =0, 3N > 0 such that

n—0o0 n'

‘M <ecifn>=N. Asa
consequence, if n > N,

|sn(z) — f(z)] <& whenever n > N. o
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@ L2k
Example 5.25. The series Y. (—1)*
k=0

subset of R.

k1) converges to sin z uniformly on any bounded

Theorem 5.26 (Weierstrass M-test). Let (M,d) be a metric space, (V, | -|) be a complete

normed vector space, A = M be a subset, and g, : A — V be a sequence of functions.

o0
Suppose that 3 My, > 0 such that sup g ()| < My for allk € N and Y, My converges. Then
zeA k=1

18

a0
gr converges uniformly and absolutely (that is, >, |gx| converges uniformly) on A.
k=1

k=1

n

Proof. We show that the partial sum s, = Y. g satisfies the Cauchy criterion. Let ¢ > 0

k=1
0 n

be given. Since Y. M} converges (which means >  M; converges as n — o), there exists
k=1 k=1
N > 0 such that

k=m+1 k=m+1
Therefore,
n n n
H > gk($)”< Yoa@)| < D) Mi<e Yn>m>NandzeA.
k=m+1 k=m+1 k=m+1
Apply Proposition 5.6 to the sequence {s,}>_;, we conclude the theorem. o

Theorem 5.7 and 5.26 together imply the following

Corollary 5.27. Let (M,d) be a metric space, (V.| -|) be a complete normed vector space,

A < M be a subset, and g, : A — V be a sequence of continuous functions. Suppose that
e}

o0
I My, > 0 such that sup ||gx(x)|| < My for all k € N and >, My, converges. Then . g is
r€A k=1 k=1
continuous on A.
k2 2k
) < I

Example 5.28. Consider the series f(x) = Z (ﬁ) . For all x € [-R, R], (

5
= k! (k!)
Moreover,
R2(k+1) Rk R?
lim su = limsup —— =0;
NS Ty G RSP g

o0 k.9

thus the ratio test and the Weierstrass M-test suggest that the series Z (% converges
k=0 "

uniformly on [—R, R]. Corollary 5.27 suggests that f is continuous on [_—R, R]. Since R is

arbitrary, we find that f is continuous on R.
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0
Example 5.29. Let {ax}}2, be a bounded sequence. Then Z %xk converges to a contin-

k=0
uous function.

. : &L cos(2k + 1)z
Example 5.30. Consider the function f(z) = = - kZO RCTFSIER

(much later) that f(z) = |z| for all z € [—m, 7], and by the Weierstrass M-test it is easy to

We can in fact show

see that the convergence is uniform on R.

O x

Figure 5.1: The graph of some partial sums

5.3 Integration and Differentiation of Series

The following two theorems are direct consequences of Theorem 5.11 and 5.17.

0

Theorem 5.31. Let g, : [a,b] — R be a sequence of Riemann integrable functions. If 3. g
k=1
converges uniformly on |a,b|, then

Jb i gr(x)de = i Jb gr(x)dx .

Theorem 5.32. Let gy, : (a,b) — R be a sequence of differentiable functions. Suppose that
Q0

a0
> g converges for some c € (a,b), and Y, g converges uniformly on (a,b). Then
k=1 k=1

> i) = LN ou)

Definition 5.33. A series is called a power series about c or centered at c if it is of

a0
the form Y. az(x — ¢)* for some sequence {a;};°, < R and c € R.
k=0
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Proposition 5.34. If a power series centered at c is convergent at some point b # ¢, then

the power series converges pointwise on (¢ — |b—c|, ¢+ |b—c|), and converges uniformly on

[, ] if [, Bl < (e = |b = ¢f, e+ |b = cf).

Q0

Proof. Since the series Y. a(b — ¢)* converges, |a|[b — ¢|* — 0 as k — oo; thus IM > 0
k=0

such that |ag||b — c[f < M for all k.

o0
1. z€(c—|b—c|,c+|b—c|), the series > ax(x — ¢)¥ converges absolutely since
k=0

e} *© - k
S fnta o1 < 3 oo~ = Sl k= < 3 (=)
=0 k=0

which converges (because of the geometric series test or ratio test).

16—l la—¢
b—c|” b—¢]

2. Let r = max{ } Then 0 < r < 1, and |a(z — ¢)f| < Mr* if x € [, f].

0
Therefore, the Weierstrass M-test implies that the series > ap(z — ¢)* converges

k=0
uniformly on [«, 5]. o
By the proposition above, we immediately conclude that the collection of all x at which
the power series converges must be connected; thus is an interval or a point. Moreover,
if the interval contains point other than ¢, the interior of this interval must be symmetric

about c¢. These observations induce the following

Definition 5.35. A number R is called the radius of convergence of the power series
0

S ap(z — c) if the series converges for all z € (¢ — R,c+ R) but diverges if x > ¢+ R or
k=0
r < c— R. In other words,

0
R=sup{r=0]| Z ai(z — ¢)* converges in [c — r,c+ 7]} .
k=0
The interval of convergence or convergence interval of a power series is the collection

of all x at which the power series converges.

Remark 5.36. A power series converges pointwise on its interval of convergence.

Q0

Theorem 5.37. Let Y. ap(x — ¢)* be a power series with convergence interval I, and
k=0

[a, B] € int(I) = (c— R, c+ R) be a closed interval (in which R is the radius of convergence).

Then
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0
1. The power series Y. ap(x — ¢)* converges uniformly on [, B].
k=0

0
2. The power series Y. (k + 1)apy1(z — ¢)F converges pointwise on (¢ — R,c+ R), and
converges uniformly on |c, [].
Proof. 1. It is simply a restatement of Proposition 5.34.

0
2. By 1, it suffices to show that the power series Y. (k+1)ag,1 (2 —c)* converges pointwise
k=0

on (¢ — R,c+ R). Clearly the series converges at © = ¢. Let x € (¢ — R,c+ R) and

x # c. Define
xr+C+R .
— if x> c,
b r+C—-R .
—— ifx<ec.
2
Thenifr—M 0<r<1and
b—c|’
c koo S [z —c[\* S k
Mk + Dlagslle — o < Z Dlag|lb— cff <H> <MY (k+1)r
k=0 k=0 k=0

a0
for some M > 0. Note that the ratio test implies that the series . (k+1)r* converges
k=0

0
if 0 < r < 1; thus the series Y, (k+1)|ags 1|z — c|[F converges by the comparison test.
k0
Corollary 5.38. A power series >. ap(x —c)¥ is differentiable in the interior of its interval

of convergence I. Moreover,

e0]
%Zakx—c Zkakx—c Vaeint(l).
k=0

Corollary 5.39. A power series >, ax(x—c)* is Riemann integrable on any closed intervals
k=0
contained in the interior of its interval of convergence I. Moreover, if [a, f] < int(I), then

L Z_:Oak(x — o)fdr = ;ak Lﬂ(x — Ofda

Example 5.40. Let {a;};>, be a bounded sequence. Then

d a = a _ = a
%(Z ) :kzl(k;—kl)!xk =t

k=0
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0 k

t
Example 5.41. We show Jexdx = e’ — 1 as follows. By Theorem 5.24, e = ] % and
k=0 N

the convergence is uniform on any bounded sets of R; thus Corollary 5.39 suggests that
t t 0k ootk D k4l Dk
T T t t
Tdr = —dr = —dxr = =e —1.
Je * ng!x ;Lk'x k;(kﬂ)! R =

d 0 Lk o0 0
Example 5.42. d—( > ?> = Y 2Pt = 3 aF for all z € (—1,1); thus
X

k=1 k=1 k=0
d /& zk 1
- - = i —-1,1).
dm(%k) j— ve(=1,1)
As a consequence,
Z J y d:p— log(l—t)  Vte(-1,1). (5.3.1)
x

Using the alternating series test, it is clear that the left-hand side of (5.3.1) converges at
t = —1. What is the value of

6]
(—1)F 1 1 1 1 1
_ S I R B
2 2 3 15767
k=1
) ) d n xk n—1 L 1 — " 1 " ]
Consider the partial sum d:U(,El ?> —Igoa: I Integrating both
sides over [—1, 0],
no(_1)k 0 n 0 1
‘ 1) Sf = dxéf (—x)"dx = — 0 as n — w;
k‘:1 k: _1]__.’,6 _1 n+1
thus
1 +1 1+1 + log 2
—_ = _ — — _ — — ..= 10
2 175 &

In other words,

0 0
Example 5.43. It is clear that _1_1 5= 2 (—a?) = Y (=1)F2® for all z € (—1,1). So if
x k=0 k=0
e (—1,1),
T o T
tan~' x = J J etkdt = YT (—1)Fe*at
k=0+0
e W g, T
2k +1 t=0 3 5 7
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The right-hand side of the identity above converges at x = 1. What is the value of

o (—1)F 1 1 1
> =1—c4-—- 47
2k 41 3 5 7T

Mimic the previous example, we consider

€z T 1 _ (__42\n+1 T (42 \n+1
tan_lx:f di :J ﬁdtnLJ‘ Ldt

o 1+1¢2 0 1+1¢2 o 1+t
x (_tQ)n+1

= ' —1kt2kdt+J—
fo;}( ) o 1+t

n T T —t2>n+1 n (_1)k T (_t2)n+1
= — 1)k dt f (Gl dt = N L2kl J di-
];J( ) i 142 Z2k+1x i 1+ 7

0 0 k=0

dt

thus plugging x = 1,

n (_1)k 1 t2(n+1) 1 1
‘tan_ll—z ‘gf dt<J #2001 g — — 0 as n — .
= 2k +1 0 0

Therefore,

5.4 The Space of Continuous Functions

Definition 5.44. Let (M,d) be a metric space, (V.| - |) be a normed vector space, and
A < M be a subset. We define € (A;V) as the collection of all continuous functions on A

with value in V; that is,
¢ (A;V)={f:A— V| is continuous on A}.

Let %5(A; V) be the subspace of € (A; V) which consists of all bounded continuous functions
on A; that is,
Gh(A; V) ={fe€(A;V)|f is bounded} .

Every f € 4,(A;V) is associated with a non-negative real number | f|, given by
[flleo = sup {f(2)] |2 € A} = sup | f ()]
xe

The number | f| is called the sup-norm of f.
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Proposition 5.45. Let (M, d) be a metric space, (V, | -||) be a normed vector space, A < M

be a subset.
1. €(A;V) and 6,(A; V) are vector spaces.
2. (G4(A; V), | - ) is a normed vector space.
3. If K € M is compact, then € (K;V) = €,(K; V).
Proof. 1 and 2 are trivial, and 3 is concluded by Theorem 4.21. D

Remark 5.46. In general | - |, is not a “norm” on €(A;V). For example, the function

flz) = = belongs to €'((0,1); R) and ||f|. = 0. Note that to be a norm | f| has to take
X

values in R, and o ¢ R.

Proposition 5.47. Let (M,d) be a metric space, (V,||-|) be a normed vector space, A = M
be a subset, and fi, f € €,(A; V) for all k € N. Then { fx}2, converges uniformly to f on A
if and only if {fr}i, converges to f in (€(4;V),] - |«)-

Proof. The equivalency is obvious since lim sup || fx(z) — f(z)| = klim Ife — floo - o
—0 zeA -0

Theorem 5.48. Let (M, d) be a metric space, (V,|-|) be a normed vector space, and A < M
be a subset. If (V, |- |) is complete, so is (€,(A; V), |- ).

Proof. Let {fi}7, be a Cauchy sequence in (¢,(A;V),| - |«). Then
Ve>0,aN >0 53 |fi— filo<eifk,{ = N.
By the definition of the sup-norm, the statement above suggests that
Ve>0,3N >0 3| fu(x) — folx)| <e ifk,{=Nandxe A

which implies that {fy}72, satisfies the Cauchy criterion. By Proposition 5.6, {fx};2, con-
verges uniformly to some function f on A. By Theorem 5.7, f € €(A; V).

Claim: f is bounded on A (which further suggests that f € €,(A4;V)).

Proof of claim: Since {fi}72, converges uniformly to f on A, 3N > 0 such that

[fe(z) = f(z)| <1 Vk=NandzxeA.
Suppose that | fx(x)| < M for all z € A. Then if z € A,
[f @) < [fn(@) = f@)] + [ fn(e)] <1+ M

which implies that f is bounded. Finally, we conclude the theorem by Proposition 5.47. o
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Definition 5.49. A Banach space is a complete normed vector space.

Example 5.50. The set B = {f e ¢([0,1]; |f > 0 for all z € [0, 1]} is open in

Reason: Let f € B be given. Since [0, 1] is compact and f is continuous, by the extreme

value theorem 3 xq € [0, 1] so that i%fl} f(z) = f(xg) > 0. Take e = f(;co)' Now if ¢ is such
z€|0,

that |g — f|lo = sup !g(x) — f(x)‘ <e= f(;CO), we have for any y € [0, 1],
z€[0,1]
o) — FW)] < sup Jg(x) — F(a)] < T2
z€[0,1]
= 1) - 1) < ) < g + 120

Therefore, g € B; thus D(f,e) < B

Yy

@) x

Figure 5.2: g € D(f,¢) if the graph of g lies in between the two red dash lines

Example 5.51. Find the closure of B given in the previous example.

Proof. Claim: cl(B) = {f e €([0,1],R) | f(z) > 0}.

Proof of claim: We show V f € {fe% [0,1],R) ‘f 0}, 1fre B3| fr— fllow — 0 as
k — oo. Take fi(z) :f(x)+%,then fre B (. fr(x) > 0), and
1 1
| fi = flloo = sup |fu(z) = f(z)] < sup — == > 0ask — . o

v kK
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5.5 The Arzela-Ascoli Theorem

5.5.1 Equi-continuous family of functions

The first part of this section is devoted to the investigation of the difference between the

pointwise convergence and the uniform convergence of sequence of functions.

Definition 5.52. Let (M,d) be a metric space, (V,| - |) be a normed vector space, and
A < M be a subset. A subset B < %,(A;V) is said to be equi-continuous if

Ve>0,30 >0 3 |f(x1) — f(z2)| <& whenever d(z1,x9) <0, x1,20€ A, and f e B.

Remark 5.53. 1. If B < %,(A;V) is equi-continuous, and B’ is a subset of B, then B’ is

also equi-continuous.
2. In an equi-continuous set of functions B, every f € B is uniformly continuous.

Remark 5.54. For a uniformly continuous function f, let d;(¢) (we have defined this
number in Remark 4.51) denote the largest § that can be used in the definition of the
uniform continuity; that is, d;(e) has the property that

|f(z) — f(y)| < e whenever d(z,y) <d,z,yec A < 0<0<ds(e).

Suppose that every element in B < %,(A;V) is uniformly continuous on A. Then B is

equi-continuous if and only if }nlg dr(e) > 0.
€

Example 5.55. Let B = {f € ¢,((0,1); V) ||f/(z)| < 1 for all z € (0,1)}. Then B is equi-

continuous (by choosing § = € for any given ¢, and applying the mean value theorem).

Example 5.56. Let f; : [0,1] — R be a sequence of functions given by

( 1
1 2

fr(z) =% 2—kx 1fk: L

0 if x >

Y

TN R

\

and B = {fx}7;. Then B is not equi-continuous since the largest ¢ for each k is % which

converges to 0.



144 CHAPTER 5. Uniform Convergence and the Space of Continuous Functions

Lemma 5.57. Let (M, d) be a metric space, (V,|-|) be a normed vector space, and K < M

be a compact subset. If B < € (K;V) is pre-compact, then B is equi-continuous.

Proof. Suppose the contrary that B is not equi-continuous. Then 3¢ > 0 such that
1
VkeN,Jzy,y, € K and fr € B o d(zy, yy) < 7 but I fi(zr) = frly)| = €.

Since B is pre-compact in (¢'(K;V),| - |») and K is compact in (M,d), there exists a
subsequence { fj, };il and {my, }72, such that { fi, };il converges uniformly to some function
fe (CK;V), |- |o) and {ax,}72, converges to some a € K. We must also have {yy,}72,
converges to a since d(zx;, Yr,) < e
Since f is continuous at a,

35>09wﬂm—fmm<§ if 2 € D(a,8) N K.

Moreover, since { fkj}zozl converges to f uniformly on K and xy,,yx, — aasj — o, 3N >0
such that
\Wﬁ@—f@ﬂ<% if j>Nandze K

and

|lzg, —all <0 and |y, —al <0 ifj=>N.

As a consequence, for all j > N,

€ < | fi, (@) = ooy i) < | Sy () = (i) + [ f(@n;) = f(a)]
4e

1 () = F@)l + 1 () = iy () <

which is a contradiction. o

Alternative proof of Lemma 5.57. Suppose the contrary that B is not equi-continuous. Then
de > 0 such that

1

VkEN,EI:Bk,ykeKand kaB Bd(l'k,yk) < 2

but | fi(zr) — fi(yr)| = €.

Since B is pre-compact in (CK(K V), | - Hoo), there exists a subsequence { fkj} converges

e ¢]
j=1
to some function f in (CK(K; V), |- Hoo). By Proposition 5.47, {fkj}j.ozl converges uniformly

to f on K; thus there exists N; > 0 such that

kag(x) _f(:B)H < Z Vj = N1 and x € K .
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Since f € €(K;V), by Theorem 4.52, f is uniformly continuous on K; thus
35> 03| f(zx) - f(y)| < Z if d(z,y) <6 and 2,y € K .
For one of such a 4, there exists Ny > 0 such that
d(xg,yr) <6 Yk =N;.

Therefore, d(xx;,yx,) < 6 if j = Ny (this is because k; > j for all j € N); thus for all
j 2 maX{Nl,Ng},

3¢

& < [y (s ) = ey (g ) | < oy (g ) = F Qa1 (s ) = F Qo ) 1 Qo) = s (s ) <

which is a contradiction. o

Corollary 5.58. Let (M, d) be a metric space, (V, |-||) be a normed vector space, and K < M

be a compact subset. If { fr}, converges uniformly on K, then {fi}i2, is equi-continuous.

Example 5.59. Corollary 5.58 fails to hold if the compactness of K is removed. For

example, let {fx}2; be a sequence of identical functions fi(x) = L on (0,1). Then {fr}72,
T

converges uniformly on (0, 1) but { f}72, is not equi-continuous since none of f; is uniformly

continuous on (0, 1) which violates Remark 5.53.

We have just shown that if { fj.}72; converges uniformly on a compact set K, then {f;}7>,
must be equi-continuous. The inverse statement, on the other hand, cannot be true. For
example, taking {fx}72,; to be a sequence of constant functions fi(x) = k. Then {fx}7,
obviously does not converge, not even any subsequence. Therefore, we would like to study
under what additional conditions, equi-continuity of a sequence of functions (defined on
a compact set K) indeed converges uniformly. The following lemma is an answer to the

question.

Lemma 5.60. Let (M,d) be a metric space, (V,| -|) be a Banach space, K < M be a
compact set, and {fi}7, < €(K;V) be a sequence of equi-continuous functions. If {fi}i,
converges pointwise on a dense subset E of K (that is, E < K < cl(E)), then {fx}{,

converges uniformly on K.

Proof. Let € > 0 be given. By the equi-continuity of {fx}{,

35 >0 3 | fu(z) — fuly)] <§ if d(z,y) <0, z,ye K and ke N.
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Since K is compact, K is totally bounded; thus

" 5
El{yl,"’ ,ym}gK 3 K C UD(yJ7§)
j=1

By the denseness of E in K, for each j = 1,---,m, 32; € E such that d(z;,y;) < g
Moreover, D(yj, g) < D(z;,9); thus K < j@l D(z;,0). Since { fi}32, converges pointwise on
E, {fr(2;)}, converges as k — oo for all j =1,--- ,m. Therefore,
IN; >0 3 | fulz) — fulz)] < % Vk (>N,
Let N = max{Ny,---, Ny}, then
1filz) = =)l <5 Vh>Nandj=1,.m.

Now we are in the position of concluding the lemma. If x € K, there exists z; € E such
that d(z, z;) < J; thus if we further assume that k,¢ > N,

[ (@) = fe(@)| < () = frlz) |+ 1fu(z) = fe(zp) + [ fe(z5) = fe(@)| < €.

By Proposition 5.6, {fi};2, converges uniformly on K. o

Remark 5.61. Corollary 5.58 and Lemma 5.60 suggest that “a sequence {fi}j2, € € (K:V)
converges uniformly on K if and only if { f};2; is equi-continuous and pointwise convergent

(on a dense subset of K)”.

5.5.2 Compact sets in ¢ (K;V)

The next subject in this section is to obtain a (useful) criterion of determining the compact-
ness (or pre-compactness) of a subset B € € (K;V) which guarantees the existence of a

convergent subsequence { fi, }jozl of a given sequence {fi}i; € B in (€(K;V),| - [x)-

Lemma 5.62 (Diagonal Process). Let E be a countable set, (V,| -|) be a Banach space,
and fr : E — V be a sequence of functions. Suppose that for each x € E, {fk(m)}zozl is
pre-compact in V. Then there exists a subsequence of {fx}w., that converges pointwise on

E.

Proof. Since E is countable, E' = {x,}2,.
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1. Since { fi(z } 4, 18 pre-compact in (V, | - [), there exists a subsequence { f1, } _, such
that { fi, (21 }30:1 converges in (V, | - |).

2. Since {fk(:cg)}zozl is pre-compact in (V, || |), the sequence {fkj(l'z)};il c {fk(xg)}zo:l
has a convergent subsequence { [, (ZL‘Q)}ZO:l.

Continuing this process, we obtain a sequence of sequences Sy, Sy, - -+ such that
1. Sy consists of a subsequence of {f;}{_; which converges at z, and
2. Sk 2 Skyq for all ke N.

Let gr be the k-th element of Si. Then the sequence {gx}; is a subsequence of {fi}7,

and {gx}r, converges at each point of E. o

The condition that “{fk(x)}zo:l is pre-compact in V for each x € E” in Lemma 5.62

motivates the following

Definition 5.63. Let (M,d) be a metric space, (V,| - |) be a normed vector space, and

compact
A € M be a subset. A subset B < %;(A;V) is said to be pointwise pre-compact if the
bounded
compact
set B, = {f(z)|f € B} is pre-compact in (V,]| ) for all z € A.
bounded

Example 5.64. Let f; : [0,1] — R be given in Example 5.56, and B = {f;};°;. Then B is
pointwise compact: for each x € [0,1], B, is a finite set since if fz(0) = 0 for all k£ € N, and

if z > 0, fr(x) =0 for all k large enough which implies that #B, < co.

EFiEy k5 ‘K(K V) # % 7 compact sets § H A E B iEE T o g AN ;‘k.ﬁp: o
P BcE(K;V) —«r\compact set o X5 T — 1 S FF| {fk}k LS B AP A i A oRe 35§
- ¥ & sup-norm T T agn Subsequence { Jx; } ( ¥ sequentially compact ) » ¢ Dlagonal
Process (Lemma 5.62) %> A PR A& K ¢ $5- BB+ & F B {fi}, & F
&_ pointwise pre-compact (iz B0 & %7 ¥ 1135 T subsequence RELT &) 0 2R s 4e
4 Lemma 5.60 0§84 » & F Frig 4e b equi-continuity ik i 2. {8 > iR BhiTac § %i@—:} ke
& o FH o fp Ry A g & R B % & pointwise pre-compact Lﬁ equi—continuous iTA
B kEd B A C(K;V) ¥ 1 compact set © @ f— B compact set K ® it 7 it 45 ¥
- BB+ EERES T 5B Lemma 1k & o
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Lemma 5.65. A compact set K in a metric space (M,d) is separable; that is, there exists
a countable subset E of K such that cl(F) = K.

Proof. Since K is compact, K is totally bounded; thus Vn e N, 3 F,, € K such that

1
#E, <o and K C U D(y’ﬁ>‘

yeb,

0
Let E = |J E,. Then FE is countable by Theorem 1.42. We claim that cl(£) = K.
n=1

To see this, first by the definition of the closure of a set, cl(F) € K (since K is closed).
Let x € K. Since K < | D(y, l), T € D(y, l) for some y € E,,. Therefore, D(x, l) NE #
n n n

yeEy

& for all n € N. This implies that z € E = cl(E). o

Theorem 5.66. Let (M,d) be a metric space, (V.| -|) be a Banach space, K < M be a
compact set, and B < € (K;V) be equi-continuous and pointwise pre-compact. Then B is
pre-compact in (€(K; V), || - |x)-

Proof. We show that every sequence {fi}72; in B has a convergent subsequence. Since K is
compact, there is a countable dense subset F of K (Lemma 5.65), and the diagonal process
(Lemma 5.62) suggests that there exists { Tx; }jil that converges pointwise on E. Since E is
dense in K, by Lemma 5.60 { Jx; }jozl converges uniformly on K; thus { Jx; };Ozl converges in
(€(K;V), |- |) by Proposition 5.47. o

Remark 5.67. Lemma 5.57 and Theorem 5.66 suggest that “a set B < %(K;V) is pre-
compact if and only if B is equi-continuous and pointwise pre-compact”. (That B is pre-

compact implies that B is pointwise pre-compact is left as an exercise).

Corollary 5.68. Let (M,d) be a metric space, and K < M be a compact set. Assume that
B < €(K;R) is equi-continuous and pointwise bounded on K. Then every sequence in B

has a uniformly convergent subsequence.

Proof. By the Bolzano-Weierstrass theorem the boundedness of { fk(as)}lzo:l suggests that
{ fk(x)}zozl is pre-compact for all € E. Therefore, we can apply Theorem 5.66 under the
setting (V.|| - |) = (R,]| - |) to conclude the corollary. o

The following theorem provides how compact sets look like in €'(K;V).
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Theorem 5.69 (The Arzela-Ascoli Theorem). Let (M, d) be a metric space, (V.| -|) be
a Banach space, K < M be a compact set, and B < € (K;V). Then B is compact in
(€(K;V), | - ) if and only if B is closed, equi-continuous, and pointwise compact.

Proof. “<"” This direction is conclude by Theorem 5.66 and the fact that B is closed.

“=" By Lemma 3.10 and Lemma 5.57, it suffices to shows that B is pointwise compact.
Let 2 € K and { fk(x)}zozl be a sequence in B,. Since B is compact, there exists a
subsequence { Jx; }jil that converges uniformly to some function f € B. In particular,
{fx, (93)}]00:1 converges to f(x) € B,. In other words, we find a subsequence { fy, (:v)}jozl

of { fk(x)}zo:l that converges to a point in B,. This implies that B, is sequentially

compact; thus B, is compact. O
Example 5.70. Let f; : [0,1] = R be a sequence of functions such that
(1) |fe(x)] < M forall ke Nand z € [0,1]; (2) |fi(z)| < M; forall k e Nand z € [0, 1].

Then {fi}72, is clearly pointwise bounded. Moreover, by the mean value theorem

which suggests that {fi}{_, is equi-continuous. Therefore, by Corollary 5.68 there exists a
subsequence { Jx; };il that converges uniformly on [0, 1].

Question: If assumption (1) of Example 5.70 is omitted, can {fi};~; still have a convergent
subsequence?

Answer: No! Take fi(z) = k, then {f};2, does not have a convergent subsequence (note

that fi is continuous and f;(x) = 0; that is, Assumptions (1) (2) are fulfilled).

Example 5.71. We show that Assumption (1) of Example 5.70 can be replaced by f(0) = 0
for all £ e N.

Proof. (a) If f,,(0) = 0, then by the mean value theorem we have for all x € (0,1] and k € N,
fr(x) — fu(0) = fi(ck)(x — 0). Then Assumption (2) of Example 5.70 suggests that

|fe(@) = fre(0)] = | frlew)||x]| < Ma|z| < M,

which suggests that {f};2 is uniformly bounded by M.

(b) {fx}r, are equi-continuous (same proof as in Example 5.70). o
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5.6 The Contraction Mapping Principle ({z 3P &
7 ) and its Applications

Definition 5.72. Let (M, d) be a metric space, and ® : M — M be a mapping. P is said

to be a contraction mapping if there exists a constant k € [0, 1) such that
d(®(z), ®(y)) < kd(z,y) Va,ye M.

Remark 5.73. A contraction mapping must be (uniformly) continuous.
Reason: Given € > 0, take § = %, where k is set as in the definition of contraction. Now
if d(z,y) < 6, then

d(®(z),®(y)) < kd(z,y) < k- % =c.

Example 5.74. For what r < 1 do we have f : [0,r] — [0,7] where f(x) = x? a contraction?

Answer: By the mean value theorem, f(x) — f(y) = f'(¢)(z — y), ¢ between z, y; thus

(@) = f)| = [f()|lz =yl = 2c|z — y| < 2|z — y| < 2R|z —y|.
Hence Vr < R < %, the map f : [0,7] — [0, 7] is a contraction where f(z) = 2.

On the other hand, suppose 3k € [0,1) aVz,y € [O, %}, ’xQ — yQ‘ < k’x — y‘, then

|2 — 7]

sup <k<l.

x#y,x,ye[o,%] !x - y’

1 1 1 1
Butwecantakex:§,yn:5—5771:1,27...,x,yne[075]_SO
et I U U N
d e Al = lim G5 - ) =1
22 —y?|

This means  sup < 1 is not possible.

x#y,m,y€[0,5] |z =yl

Definition 5.75. Let (M, d) be a metric space, and ® : M — M be a mapping. A point
xg € M is called a fized-point for ® if ®(xy) = zy.

2
Example 5.76. Let ® : R — R be given by &(x) = < ;2. Then 1 is a fixed-point, and 2

is also a fixed-point.
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Theorem 5.77 (Contraction Mapping Principle). Let (M, d) be a complete metric space,
and ® : M — M be a contraction mapping. Then ® has a unique fixed-point.

Proof. Let xy € M, and define x, 1 = ®(z,) for all n € N U {0}. Then
d(xps1, Ty) = d(q)(xn), q)(xn,l)) < kd(zp, xp_1) < k"d(xq,20) ;
thus if n > m,

d(l’n, xm) < d(l’m, zm—&—l) + d(xm—i—la xm—i—?) +--+ d(l’n_l, xn)

< (K™ + k™ 4+ BN d(2, o)
km

Since k € [0,1), lim Ld(xl,xo) = 0; thus

m—w 1 —k

Ve>0,3N >03d(zp,x,) <e Vn,m=N.

In other words, {z,}_; is a Cauchy sequence. Since (M, d) is complete, x, — = as n — o
for some x € M. Finally, since ®(z,,) = x,41 for all n € N, by the continuity of ® we obtain
that

O(x) = 7}1_1)1;10 O(x,) = 7}1_1){)10 Tpi1 =2

which guarantees the existence of a fixed-point.

Suppose that for some x,y € M, ®(z) = x and ®(y) = y. Then

d(z,y) = d(P(z), ®(y)) < kd(z,y)
which suggests that d(x,y) = 0 or x = y. Therefore, the fixed-point of ® is unique. o

Remark 5.78. The proof of the contraction mapping principle also suggests an iterative
way, Txr1 = P(z), of finding the fixed-point of a contraction mapping ®. Using (5.6.1), the

convergence rate of {z,,}%_; to the fixed-point = is measured by

d(zp, ) = lim d(x,,, r,) < k—d(xl,xo).
n—o0 1—k

Therefore, the smaller the contraction constant k, the faster the convergence.

Remark 5.79. Theorem 5.77 sometimes is also called the Banach fixed-point theorem.
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Example 5.80. The condition £ < 1 in Theorem 5.77 is necessary. For example, let M = R,
d(z,y) = |z — y|, and ® : R — R be given by ®(z) =  + 1. Then |®(z) — (y)| = |z — y|.
Suppose z, is a fixed-point of ®. Then z, = ®(x,) = =, + 1 which leads to a contradiction
that 0 = 1.

Example 5.81. Let ® : [1,00) — [1,0) be given by ®(z) = = + L Then if 2 # Y,
T

B(x) — D(y)| = |z —y + - 1\:\<x—y><1—$)\<|x—y|.

Ty
However, there is no fixed-point of ®.

Example 5.82 (The secant method). Suppose that f is continuously differentiable, f'(z) >
0 for all z € [a,b] and f(a)f(b) < 0. By the intermediate value theorem there must be a
(unique) zero of f. How do we find this zero?

Assume that sup f'(z) < oo. Let

z€(a,b]

M = max{ sup f'(z), — f(a) J() }—I— 1

xe[a,b} b—CL?b—CL

f(z)

be a positive constant, and consider ®(x) = x — N Then by the mean value theorem,

_ mingefe) J'(§)

r'e)y ot

[@(z) = @(y)| = |(z —y)(1 - = ) < (1 N —y| < klz —yl,

/
f]\(;) > (; thus ® is strictly
increasing. Since the choice of M implies that a < ®(a) < ®(b) < b; thus @ : [a, b] — [a, b].

where k € [0,1) is a fixed constant. Moreover, ®'(z) = 1 —

Therefore, the contraction mapping principle suggests that one can find the fixed-point of ®
(which is the zero of f) using the iterative scheme xp.; = ®(xy) (by picking any arbitrary

initial guess zg € [a, b]).

5.6.1 The existence and uniqueness of the solution to ODEs

In this sub-section we are concerned with if there is a solution to the initial value problem
of ordinary differential equation:
2(t) = f(z(t),t)  Vite[to,to+ A, (5.6.2a)
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where x : [tg,tg + At] — R™ and f : R"™ x [ty,to + At] — R are vector-valued functions,
and zp € R" is a vector. Another question we would like to answer is “if (5.6.2) indeed has

a solution, is the solution unique?”

Theorem 5.83 (Fundamental Theorem of ODE). Suppose that for some r > 0, f :

D(zg,7) % [to, T] = R"™ is continuous and is Lipschitz in the spatial variable; that is,
3K >0 3 |f(z,t) = f(y,t)], < K|z =yl Va,ye€ D(xg,r) and t € [to, T].
Then there exists 0 < At < T — to such that there exists a unique solution to (5.6.2).

Proof. For any x € € ([to, T]; R"™), define

O(z)(t) = xo + f f(z(s),s)ds.

to
We note that if z(¢) is a solution to (5.6.2), then z is a fixed point of ® (for ¢ € [to, to + At]).
Therefore, the problem of finding a solution to (5.6.2) transforms to a problem of finding a
fixed-point of .
To guarantee the existence of a unique fixed-point, we appeal to the contraction mapping
principle. To be able to apply the contraction mapping principle, we need to specify the
metric space (M, d). Let

r 1
At = min {T—t , —} 5.6.3
O Kr+2|f(zo, )] 2K (5.6.3)

and define
M = {QT € C(oﬂ([to,to + At],Rn>

,
o = @0l < 5}
with the metric induced by the sup-norm | - || of € ([to, to + At];R™). Then

1. We first show that ® : M — M. To see this, we observe that

ﬁ: [f(x(s),s) - f(a:o,s)}ds + L: f(a:o,s)dsHOO

H<I>($) - ZIIOHOOZ H L: f(x(s),s)dsHOO: )

to+At to+At
<] I G.9) ~ S s+ | )]s

0

to+At

< Kf |x(s) — xoll2ds + AtHf(xo, )HOO
to

< At[Kz = w0l + | £ (20|

thus if x € M, (5.6.3) implies that ||®(x) — z¢]e < g
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2. Next we show that ® is a contraction mapping. To see this, we compute H@(l‘)—@(y) H
for x,y € M and find that

Jt [f(m(s),s) — f(y(s),s)]dsHoo

to

0

|2(x) - @ ()], <

to+At 1

< J Klz(s) = y(s)l2ds < KAtz = ylo < Sz = ylloo
¢

thus ® : M — M is a contraction mapping.

3. Finally we show that (M, d) is complete. It suffices to show that M is a closed subset
of € ([to, to + At];R"). Let {z;}{, be a uniformly convergent sequence with limit .
Since [|zk(t) — xoll2 < g for all t € [ty,to + At], passing k to the limit we find that

|x(t) — xol2 < % for all t € [to, to + At] which implies that |z — z¢ s < g; thus z € M.

Therefore, by the contraction mapping principle, there exists a unique fixed point x € M

which suggests that there exists a unique solution to (5.6.2). =

Example 5.84. Let
0 if0<t<c,

wc(t)Z{l )
Z(t—c) ift>c.

Then for all ¢ > 0, z,(t) is a solution to /(t) = z(t)2 for all ¢ > 0 with initial value z(0) = 0.
The reason for not having unique solution is that if f(z,t) = v/z, f: D(0,7) x R — R is
not Lipschitz in the spatial variabvle for all » > 0. In other words, for all », K > 0, there
exists z,y € D(0,r) satisfying |f(z) — f(y)| = K|z —y|.

Example 5.85. Find a function x(t) satisfying 2/(t) = z(¢) with initial value z(0) = 1.
¢

Define ®(x)(t) =1+ fx(s)ds, zo(t) = 1 and x441(t) = ®(zx)(¢). Then
0

t t t2
:L‘l(t)zl—l—f zo(s)ds =14+t = x5(t) :1+f xl(s)dszl—l—t—i-E
0 0
t 2 t3
R
t? tF
= By induction, we have zy(t) = 1+t + 3 + -+ o
0 tk
which converges to z(t) = >, — =e.

i=o k!
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Example 5.86. Find a function z(t) satisfying 2'(¢) = tz(¢) with initial value z(0) = 3.
¢

Define ®(x)(t) = 3 + J sz(s)ds, xo(t) = 3 and xp41(t) = ®(zx)(t). Then
0

‘ 3¢ ' 3t 3t!
x1(%) :3—I—J 38d8=3+7=>$2(t):3+f sri(s)ds =3+ — + —

. . 2 2.4
! 32 3t! 36
t)=3 ds =3+ — .
= x3(t) +Lsm2(s)s +2+2.4+2-4-6
We can conjecture and prove that
() =3+ 3t N 3t P 3t
x‘ —_— —_— —_— .. S
2 2.4 2.4 (2k)’
©¢] t2k
thus xx(t) — 2(t) =3+ 3 >, ————— . To see what z(t) is, we observe that
24 (2k)
© t2/€ © t2k 0 (t2/2)k t2
+Z :Z k :2 =exp ()
Aog 2k A2k Ak 2

2
thus the solution is x(t) = 3 exp (%) :

Remark 5.87. In the iterative process above of solving ODE, the iterative relation

t

Try1(t) =z0 + | f(zi(s), s)ds

to

is called the Picard iteration.

Example 5.88. Is there a solution to the Fredholm equation

—)\f K(t,s)x(s)ds + ¢(t)? (5.6.4)

Define @ : €([a,b]; R) — €([a,b]; R)

—)\JKts $)ds + o(t).

Then if K : [a,b] x [a,b] — R is continuous, and ¢ : [a,b] — R is continuous, ®(z) €
% (|la,b];R) as long as x € €([a, b]; R). Moreover,

©(2)(0) ~ ©w)0)] < [\ | K(t.5)(2(5) ~ 9(6))ds] < INIK el =l = o

thus if |A||K|x|b —a| < 1, ® is a contraction mapping. As a consequence, if
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1. K :la,b] x [a,b] — R is continuous;
2. ¢ :[a,b] - R is continuous;
3. MK elb —al <1,

there exists a unique function x(t) satisfying (5.6.4).

5.7 The Stone-Weierstrass Theorem

Theorem 5.89 (Weierstrass). Let f : [0,1] — R be continuous and let € > 0 be given. Then
there is a polynomial p : [0,1] — R such that | f —p|o < . In other words, the collection of
all polynomials is dense in the space (€([0,1;R), | - [)-

Proof. Let ry(x) = CPa*(1 — )" *. By looking at the partial derivatives with respect to =
of the identity (z +y)" = Z Crakyn=* we find that

1. léork(x) =1, 2. ]EO kri(z) = nz; 3. é}ok(k‘ — D)rp(z) = n(n — 1)z?
As a consequence,
Z(k‘ —nx)*r(z) = Z [k(k —1) + (1 — 2nz)k + n’2*|re(z) = na(l — z).

Since f : [0, 1] — R is continuous on a compact [0, 1], f is uniformly continuous on [0, 1] (by
Theorem 4.52); thus
36> 05| f(z) - f(y)] <§ if [ —y| < 6, 2,y e[0,1].
& k

Consider the Bernstein polynomial p,(z) = Y, f(ﬁ)rk(x). Note that
k=0

) =] = | 3 (10) — 1(5))rto)] < [0 = ()t

k=0

Mo+ 3 )@ -G

|k—nz|<dn  |k—nz|=dn

5 (k — nx)?
< - +2|f ——r(x
5 lekg;M%_n@2A>
e, e e 2 Sl L
n26? Z na ) rid )<2+ no? 2(l-2) 2n(52
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Choose N large enough such that y\l; < % Then for all n > N,

|f = Palleo = up |f(x) — pa(x)| < c. .

Remark 5.90. A polynomial of the form p,(x) = > Bxri(z) is called a Bernstein poly-
k=0

nomial of degree n, and the coefficients g are called Bernstein coefficients.

Figure 5.3: Using a Bernstein polynomial of degree 350 (the red curve) to approximate a
“saw-tooth” function (the blue curve)

Corollary 5.91. The collection of polynomials on [a,b] is dense in (€([a,b];R), | - ).

Proof. We note that g € €([a, b]; R) if and only if f(z) = g(z(b—a)+a) € €([0,1]; R); thus
|f(z) —p(z)| <eVze[0,1] = |g(z) —p(z:Z)’ <eVzelab. o

Example 5.92.

Question: Let f € €([0,1],R) be such that |p, — f|w — 0 as n — oo; that is, {p,}; 2,

converges uniformly to f on [0, 1], where p, € 22([0,1]). Is f differentiable?

Answer: No! Take any continuous but not differentiable function f (for example, let

flz) = ‘x — %D By Theorem 5.89, 3 p,: polynomial 3 |p, — f| — 0 as n — 0.

Definition 5.93. Let (M, d) be a metric space, and E € M be a subset. A family A of

functions defined on F is called an algebra if
1. f+ge Aforall f,ge A,
2. f-ge Aforall f ge A,

3. afe Aforall fe Aand a e R.
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In other words, A is an algebra if A is closed under addition, multiplication, and scalar

multiplication.

Example 5.94. A function g : [a,b] — R is called simple if we can divide up [a,b] into
sub-intervals on which ¢ is constant except perhaps at the end-points. In other words, g is
called simple if there is a partition P = {zg, 1, -+ ,xn} of [a,b] such that
Ti—1 + x; .
g(x) = g(%) if e (xiq,2;).

Then the collection of all simple functions is an algebra.

Proposition 5.95. Let (M,d) be a metric space, and A < M be a subset. If A < €,(A;R)

is an algebra, then cl(A) is also an algebra.

Proof. Let f,g € cl(A). Then 3{fi}ry, {gr}i2; < A such that {f}}2, converges uniformly
to fon A, and {gx};2, converges uniformly to g on A. Since A is an algebra, fi. + gk, fx - g«
and af; belong to A for all £k € N. As a consequence, the uniform limit of f + gi, fx - g
and afy belong to cl(A) which suggests that f + g, f - ¢ and af belong to cl(A). As a

consequence, cl(A) is an algebra. o

Definition 5.96. Let (M,d) be a metric space, and A € M be a subset. A family .% of

functions defined on A is said to

1. separate points on A if for all z,y € A and = # y, there exists f € .% such that
f@) # fy).

2. vanish at no point of A if for each x € A there is f € % such that f(x) # 0.

Example 5.97. Let Z([a,b]) denote the collection of polynomials defined on [a,b] is an
algebra. Moreover, Z([a,b]) separates points on [a, b] since p(z) = x does the separation,

and Z([a,b]) vanishes at no point of [a, b].

Example 5.98. Let Peven([a, b]) denote the collection of all polynomials p(z) of the form

n
2%k 2 2m—2
p(m):Zaka: ="+ ap_ 12"+ Fag.
k=0

Then Peven([a, b)) is an algebra. Moreover, Peyen(|a, b]) vanishes at no point of [a, b] since the
constant functions are polynomials (since constant functions belongs to #([a, b]). However,
if ab < 0, Peven([a, b]) does not separate points on [a, b]. On the other hand, if ab = 0, then

Peven([a, b]) separates points on [a, b] since p(z) = 2* does the job.
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Lemma 5.99. Let (M, d) be a metric space, and A < M be a subset. Suppose that A is an
algebra of functions defined on A, A separates points on A, and A vanishes at no point of

A. Then for all x1,x9 € A, 11 # 3, and ¢1,c3 € R (c1,co could be the same), there exists
f e A such that f(x1) = ¢1 and f(z2) = co.

Proof. Since A separates points on A, 3¢ € A such that g(z1) # g(z2), and since A vanishes
at no point of A, 3h,k € A such that h(z;) # 0 and k(x2) # 0. Then

[9(z) — g(x2) | h(2) , [9(x) — g(a1)] k(x)
9(x1) = g(x2)| h(21) [9(x2) — g(21)] k(2)

has the desired property. =

+ c

f(x):cl[

Theorem 5.100 (Stone). Let (M,d) be a metric space, K < M be a compact set, and
A < € (K;R) satisfying

1. A is an algebra. 2. A vanishes at no point of K. 3. A separates points on K.
Then A is dense in € (K;R).

Example 5.101. Let K = [-1,1] x [-1,1] < R?. Consider the set Z(K) of all polynomials
p(x,y) in two variables (x,y) € K. Then Z(K) is dense in € (K; R).
Reason: Since K is compact, and #(K) is definitely an algebra and the constant function
p(z,y) = 1 € Z(K) vanishes at no point of K, it suffices to show that &?(K) separates
points. Let (aq,b;) and (ag, by) be two different points in K. Then the polynomial
pla,y) = (z —a1)* + (y — br)?
has the property that p(aj,b1) # p(ag, by). Therefore, 2 (K) separates points in K,
Proof of Theorem 5.100. We divide the proof into the following four steps:
Step 1: We claim that if f € A, then |f| € A.
Proof of claim: Let M = sup|f(z)|, and € > 0 be given. By Corollary 5.91, for every
zeK

e > 0 there is a polynomial p(y) such that [p(y) — |y|| < e for all y € [-M, M]. Since
A is an algebra, by Proposition 5.95 cl(.A) is also an algebra; thus g = p(f) € cl(A) if
f e cl(A). Nevertheless,

lg(z) = |f(x)l| <e VzeK

which suggests that |f| € A.
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Step 2: Let the functions max{f, g} and min{f, g} be defined by

max{f, g}(v) = max {f (), g(z)}, min{f, g}(z) = min{f (), g(x)}.

Since max{f, g} = f;_g + \f;g| and min{f, g} = f—2|—g — \f;9|’ we find that if

f,g € A, then max{f, g} € A and min{f, g} € A. As a consequence, if f, -+, f, € A,

max{fi, -+, fo} €A and min{fy, -, f,}eA.

Step 3: We claim that for any given f € € (K;R), a € K and € > 0, there exists a function
gq € A such that

ga(a) = f(a) and g.(x) > f(x) —¢ Vee K. (5.7.1)

Proof of claim: Since A separates points on K and A vanishes at no point of K, so
does A. Therefore, Lemma 5.99 suggests that for every b € K with b # a, there
exists hy € A such that hy(a) = f(a) and hy(b) = f(b). Note that every function in
A is continuous (by Theorem 5.7); thus the continuity of A, implies that there exists
0 = 0, > 0 such that

hy(z) > f(x) —e Vae [D(b,6) v D(a,b)] nK.

Let U, = D(b, 5b) U D(a, 55). Then U, is open. Since K < |J U, and K is com-
be K
b#a

pact, there exists a finite set {b1,---,b,} < K such that K < |JU,,. Define
j=1

9o = max {hy,,---hy, }. Then g, € A, and g,(a) = f(a). Moreover, if v € K, v € Uy,
for some j; thus

Ga() = hy,(x) > f(x) — €
which implies that g satisfies (5.7.1).

Step 4: Let f € ¥(K;R) and € > 0 be given. For any a € K, let g, € A be a function
provided in Step 3 satisfying

ga(a) = f(a) and gu(x) > f(x) — g Vee K. (5.7.2)
By the continuity of g,, there exists 6 = J, > 0 such that

galw) < fl@)+ 5 VaweD(ad,)nK. (5.7.3)
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Similar to Step 3, 3{ay, - ,a,} € K such that
K< | JD(a;,6,) - (5.7.4)
j=1

Define h = min {gal, e ,gam}. Then h e A, and (5.7.2) suggests that
h(x)>f(x)—% Vee K.

Moreover, similar to Step 3 (5.7.3) and (5.7.4) imply that
h(x)<f(a:)—|—% VzeK.

On the other hand, since h € A, there exists p € A such that

p(x) — h(z)| < g VeeK:

thus
[p(@) — F(@)| < |p(x) — h@)| + h(a) — ()| <= VYaeK
which concludes the theorem. o

Example 5.102. Consider Peven([0,1]) = {p(x) = i apw* ‘ a € R} (see Example 5.98).
Then A = Peven([0, 1]) satisfies all the conditions ink?)he Stone theorem, $0 Peven([0,1]) is
dense in € ([0, 1]; R).

On the other hand, if K = [—1,1], then Peyen(|—1, 1]) does not separate points on K
since if p € Poven([—1,1]), p(z) = p(—z); thus the Stone theorem cannot be applied to
conclude the denseness of Peven([—1,1]) in €([—, 1];R). In fact, Peyen([—1,1]) is not dense
in €([—1,1];R) since polynomials in Peyen([—1,1]) are all even functions and f(z) = =

cannot be approximated by even functions.

Corollary 5.103. Let € (T) be the collection of all 2mw-periodic continuous functions, and

2P, (T) be the collection of all trigonometric polynomials of degree n; that is,

Z,(T) = {%0 + Z cp cos kx + spsinka | {cx}r_os {Sk}rey S R} :
k=1

Let 2(T) = | Z,.(T). Then P(T) is dense in € (T). In other words, if f € €(T) and
n=0
e > 0 is given, there exists p e P (T) such that

‘f(x)—p(x)‘<g VexelR.
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Proof. We note that € (T) can be viewed as the collection of all continuous functions defined
on the unit circle S' in the sense that every f € €(T) corresponds to a unique F' € € (S*; R)
such that f(z) = F(cosz,sinz), and vice versa. Since S' < [—1,1] x [—1,1] is compact,
Example 5.101 suggests that Z2(S'), the collection of all polynomials defined on S'; is an
algebra that separates points of S! and vanishes at no point on S'. The Stone-Weierstrass
Theorem then suggests that there exists P € Z(S') such that

|F(a:,y) - P(x,y)\ <e Y (x,y) e S' (that is, 2?4yt = 1).

Let p(x) = P(cosx,sinz). Note that

T —iT\ n n 1 ' ' n 1 '
COSn 7= (e ‘i‘2€ ) _ 2_nc¢]?ezkx€—z(n—k)x — ﬁcgel@k_n)z
k=0 k=0
o 1 . "
= 3 L0 (cos(2k — m)a -+ isink — n)a) = 3] G cos(2k — m)a € 2(T),
k=0 k=0

and similarly, sin™ z € £,,(T). Therefore, if P(x,y) = > ags2*y’, then P(cosz,sinz) €
=0

P9, (T) because of the identities

1 -

cos @ cosp = 5 cos(0 — ¢) + cos(6 + go)] :
1 -

sinf cos ¢ = 3 sin(f + ¢) + sin(0 — gp)] :
1 _

sin @ sin p = 5 cos(f — ) — cos(6 + 90)] :

As a consequence, we conclude that

|f(z) — p(z)| = |F(cos z,sinz) — P(cosz,sinz)| < e VzeR. o



Chapter 6

Differentiable Maps

6.1 Bounded Linear Maps

Definition 6.1. A map L from a vector space X into a vector space Y is said to be linear
if L(cxy + x9) = cL(x1) + L(x2) for all 21,25 € X and ¢ € R. We often write Lz instead of
L(x), and the collection of all linear maps from X to Y is denoted by Z(X,Y).

Suppose further that X and Y are normed spaces equipped with norms || - | x and | - |y,

respectively. A linear map L : X — Y is said to be bounded if

sup ||Lx|y < .
)l x =1
The collection of all bounded linear maps from X to Y is denoted by #(X,Y), and the

number sup |Lxz|y is often denoted by |L|zx,y)-
|zl x=1

Example 6.2. Let L : R® — R™ be given by Lz = Az, where A is an m x n matrix. Then
Example 1.133 suggests that | L[ g®n gm) is the square root of the largest eigenvalue of AT A
which is certainly a finite number. Therefore, any linear transformation from R" to R™ is

bounded.

Proposition 6.3. Let (X, | - |x) and (Y,| - |y) be normed spaces, and L € B(X,Y). Then

Lx .
Iy = sup 22— ine 01 > 0] | Laly < Malx}.

220 |z x

In particular, the first equality implies that
ILz|y < |L|sxy)|z|x VeeX.

163
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Proposition 6.4. Let (X, |- |x) and (Y,|-|ly) be normed spaces, and L € £(X,Y). Then
L is continuous on X if and only if L€ B(X,Y).

Proof. “=" Since L is continuous at 0 € X, there exists 6 > 0 such that
|Lx|ly = ||Lx — LO|ly <1 if |z|x <.

Then HL( )HY 1if Hga:HX < ¢; thus by the properties of norm,

|Lx|ly < if |lz]|x < 2.

)
SN

Therefore, sup ||Lz|y < = which suggests that L € Z(X,Y).

] x=1

“<"If Le B(X,Y), then M = |L|zx,y) < o, and

[«

|Lxy — Laslly = |L(z1 — 22) |y < M1 — 22| x
which suggests that L is uniformly continuous on X. =

Proposition 6.5. Let (X, ||-|x) and (Y, |-|ly) be normed spaces. Then (B(X.Y),| | #xy))
is a normed space. Moreover, if (Y, | - |y) is a Banach space, so is (B(X,Y),| - |#x.y))-

Proof. That (%(X Y- X,y)) is a normed space is left as an exercise. Now suppose
that (Y, |- [ly) is a Banach space. Let {L;};2, = %(X,Y) be a Cauchy sequence. Then by

Proposition 6.3, for each x € X we have
|Lkx — Lez|y = [[(Lr — Lo)z|ly < [Li — Le[ pxyzlx =0 as k£ —o0.

Therefore, {Lyz}2; is a Cauchy sequence in Y'; thus convergent. Suppose that hm Lix =vy.
We then establish a map x — y which we denoted by Lj; that is, Lz = y. Then L is linear

since if x1,25 € X and ce R,
L(cxy + x9) = lim Li(cxy + x9) = lim (chxl + Lk!L‘Q) =cLxy + Lxs.
k—0o0 k—o0

Moreover, since {Lj};~, is a Cauchy sequence, 3 M > 0 such that |Lj|zxy) < M for all
ke N. If e > 0 is given, for each x € X there exists N = N, > 0 such that

|Lyxr — Lz|y < e Vk>=N,.
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Therefore,

|Lzly < |Lrzly +& < [Liloxn|olx +e < Mz|x +¢
which suggests that sup |Lz|y < M +¢; thus L € B(X,Y).
|zl x=1

Finally, we show that klim ILk — L|#x,yy = 0. Let x € X and € > 0 be given. Since
—0

{L}i, is a Cauchy sequence, there exists N > 0 such that |Lj, — L] »x,y) < % if k,{ > N.
Then if £ = N,

. . g
|Lyx — Laly = lim |Lyz — Lez|y <limsup |Ly — Le| zxlzlx < Slz]x
£—0 {—0o0 2

which suggests that L, — L||zxy) <eif k = N. o
Proposition 6.6. Let (X, |- |x), (Y| |y), (Z,]|z) be normed spaces, and L € B(X,Y),
KeRB(Y,Z). Then KoLe B(X,Z), and
| K o Llsx.z) < |K|av.z)lLlzcxy) -
We often write K o L as KL if K and L are linear.
Proof. By the properties of the norm of a bounded linear map,
|K o L(z)|z = [K(L2)|z < | K202 |Laly < [K|ay.z)| Loy lz]x- :

From now on, when the domain X and the target Y of a linear map L is clear, we use

|L| instead of |L|z(x,yy to simplify the notation.

Theorem 6.7. Let (X, |- |x) and (Y, |- |y) be normed spaces, and X be finite dimensional.
Then every linear map from X to'Y is bounded; that is, Z(X,Y) = B(X,Y).

Proof. Suppose that dim(X) = n. Let {e;}}_; € X be a linearly independent set of vectors.
From Example 4.24, every two norms on X are equivalent; thus we only focus on the norm

|- |2 on X induced by the inner product
(ei,ej)Xzéij Vz:l,n

Since {ex}}_; is a linear independent set of vectors, every x € X can be expressed as a
unique linear combination of e;’s; that is, for all x € X, 3¢; = ¢1(x), -+ ,¢, = cu(z) € R
such that

xr=ce]+---cpey, .



166 CHAPTER 6. Differential Maps

These coefficients ¢’s in fact are determined by ¢, = (z,ex)x, and, by Example 4.24 and

the Schwartz inequality, satisfy
[ee(@)] < [zl2llex]2 < Cllz)x .
As a consequence, if L is a linear map from X to Y, then

IZally = |Ler(@)er + - cal@)en)|y < ler(@)[|Zetly + - [ea(a)] | Lealy

< nCllzlx max {| Lesll, - |Leally} < Mz]x
for some constant M > 0; thus |L|zx,y) < M < oo which suggests that L € #(X,Y). o
Theorem 6.8. Let GL(n) be the set of all invertible linear maps on R™; that is,
GL(n) = {L € L(R",R")| L is one-to-one (and onto)} .
1. If L€ GL(n) and K € B(R",R") satisfying |K — L||L™| < 1, then K € GL(n).
2. GL(n) is an open set of B(R™,R").
3. The mapping L — L~ is continuous on GL(n).
Proof. 1. Let |[L7!| = é and |K — L| = 8. Then 8 < a; thus for every = € R",

Rn — O{HLile

< Bllalen + 1Ko en

ge < of|L7Y|| Lo

OZH.:C Rn = ”LxHRn < H(L - K)SEHR" + HKIHRTL

As a consequence, (o — f)|z||gn < ||[Kz|ge and this implies that K : R" — R" is
one-to-one hence invertible.

1

2. By 1, we find that if [ K — L] < |L1_1| then K & GL(n). Then D(L, =) € GL(n)
if L € GL(n). Therefore, GL(n) is open.
. . 1 €
3. Let L € GL(n) and € > 0 be given. Choose § = m1n{2|L_1|, VA } If|K-L| <6,

then K € GL(n). Since L™! — K~!' = K~Y(K — L)L™!, we find that if |K — L| < 4,
_ _ _ _ _ _ [
K =L < 1K = L7 < IEHIK = L2 < 1K
which implies that |K | < 2|L~!|. Therefore, if |[K — L| < 4,

|27 =K7Y < KM = LIILT < 21 271%0 < e 8
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6.1.1 The matrix representation of linear maps between finite di-
mensional normed spaces

Let (X,| - |x) and (Y, - |y) be two finite dimensional normed spaces. Suppose that B =
{ex}i_, and B = {&}7, are basis of X and Y, respectively. Then every z € X, and y € Y,

there exists unique vectors (¢, -+ ,¢,) € R" and (dy,- -+, d,,) € R™ such that

$20161+"‘+Cn€n and y:dlgl—l——l—dmém

We write [z]p for the column vector [c1, - - -, ¢,]T and [y]z for the column vector [dy, - - -, d;]T.

Then for each L € Z(X,Y), the matrix representation of L with respect to basis B and
B, denoted by [L]g 5, is the matrix |[Lei]g: [Lesglg: -+ : [Len]g]. The matrix [L], 5 has the
property that

[Lx]g = [L]g gl]s -

6.2 Definition of Derivatives and the Matrix Represen-
tation of Derivatives

Definition 6.9. Let (X, |- ||x) and (Y, - |y) be two normed spaces. A map f: A< X —
Y is said to be differentiable at xq € A if there is a bounded linear map, denoted by
(Df)(zo) : X — Y and called the derivative of f at xy, such that

i | /() = f(x0) = (Df) (o) (x — x0)],

ek |z — wo|x

=0,

where (D f)(zo)(x — x) denotes the value of the linear map (D f)(zo) applied to the vector
x—1x9€ X (s0 (Df)(xo)(x —x9) € Y). In other words, f is differentiable at zq € A if there
exists L € B(X,Y) such that

Ve>0,30 >0 3| f(x) — f(zo) — L(x — zo)|y < €|z — zo|x whenever x € D(zg,) n A.
If f is differentiable at each point of A, we say that f is differentiable on A.

Example 6.10. Let (X, | |x) and (Y, - |y) be two normed spaces. Then every bounded
linear map L : X — Y is differentiable. In fact, (DL)(xz¢) = L for all zy € X since

Y |Lx — Lxg — L(x — x0)||y
im
) |z — 20l x

=0.
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Remark 6.11. Let f : (a,b) — R be “differentiable” at z € (a, b) in the sense of Definition
4.55. The “derivative” f’(x¢) and the derivative (Df)(x¢) is related by (Df)(x)(h) =
f/(xo)h since

lim ’f(f) — f(wo) — f'(xo) (@ — 950)‘

=0.
z—10 |z — xo]

Example 6.12. Let f: (0,00) — R be given by f(z) = é Then f is differentiable at any

xg € (0,00) and f'(zg) = _95102 and (Df)(xg) : R — R is the linear map given by

1
D =—— .
(DH(o)(x) = =5 -
Then
1_ 1 _71 _ zOQ—xx0+x27xxo‘
lim - 970 702(:76 360)| — lim | 1702  im 1‘02—213560—1—1:2
x>0 |z — xo] z—0 |z — xo] z—z0  TTo?|T — T
= lim |x—a;0] =0.
r—xr9 ITX(

Example 6.13. Let f : GL(n) — GL(n) be given by f(L) = L™, where GL(n) is defined in
Theorem 6.8. Then f is differentiable at any “point” L € GL(n) with derivative (D f)(K) e
PB(GL(n),GL(n)) given by (Df)(L)(K) = —L *KL™! for all K € GL(n). The proof is left

as an exercise.

Theorem 6.14. Let (X, | -|x), (Y,| - |y) be normed vector spaces, U < X be an open set,
and f:U — Y be differentiable at xo € U. Then (D f)(xq) is uniquely determined by f.

Proof. Suppose Ly, Ly € #B(X,Y) are derivatives of f at xy. Let € > 0 be given and e € X be
a unit vector; that is, |z|x = 1. Since U is open, there exists r > 0 such that D(xg,7) S U.
By Definition 6.9, there exists 0 < § < r such that

|f(z) = f(zo) — La(x — xo)lly |f(z) — f(zo) — Lo(x — xo)ly

< £ and < c
|7 — 2ol x 2 |7 — ol x 2

if 0 < ||l — x0|x <. Letting x = x¢ + Ae with 0 < |A\| < §, we have

1
|L1e — Loely = WHLl(ﬂf — o) — La(x — x0) |y
< ﬁ(”f(l") — f(wo) — Li(z — Z’O)HY + Hf(m) — f(xo) = La(z — $2)Hy)
_ | f(z) = f(wo) = Li(z — m0)|,, n | f(x) = f(x0) — La(z — x0)]
|z — x| x |z — o] x
< g + 5 =€
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Since ¢ > 0 is arbitrary, we conclude that Lie = Lse for all unit vectors e € X which
{E ) = LQIL‘) O

=] x

guarantees that Ly = Lo (since if x # 0, Lix = quXLl(ﬁ) = |z x Lo
X

Example 6.15. (Df)(xy) may not be unique if the domain of f is not open. For example,
let A= {(z,y) }0 <z <1,y =0} be asubset of R? and f : A — R be given by f(z,y) = 0.
Fix zg = (h,0) € A, then both of the linear map

Li(z,y) =0 and Lo(z,y) = hy Y (z,7y) € R?

satisfy Definition 6.9 since

|f($70)_f(hao)_Ll(x_haOH _ . |f($,0)—f(h,0)—L2(:L’—h,0)|

] = i =0.
(2.0)5(h.0) |(2,0) = (h,0) e (2,0)—(h,0) |(2,0) = (h, 0) e

Remark 6.16. Let &/ < R" be an open set and suppose that f : U — R™ is differentiable
on U. Then Df : U — B(R™,R™). Treating Df as a map from U to the normed space
(BR™", R™), | - | #@rzrm)), and suppose that Df is also differentiable on U. Then the
derivative of D f, denoted by D?f, is a map from U to Z(R", B(R",R™)). In other words,
for each a e U, (D?*f)(a) € B(R", B(R",R™)) satisfying

(D)) — (DF)(a@) = (D) @) = )] g g

hm = Oa
2—>a |z — afrn

here (D?f)(a) is bounded linear map from R" to Z(R",R™); thus (D?f)(a)(x — a) €
B(R",R™).

Definition 6.17. Let {ex}}_; be the standard basis of R", &/ < R™ be an open set, a € U
and f : U — R be a function. The partial derivative of f at a in the direction e;, denoted

by of (a), is the limit

ox;
: ot hey) ~ f()
h—0 h
if it exists. In other words, if a = (a1, - ,a,), then
o (a) = lim flag, - a0+ hoajin, - an) — flag, -+ an)
&xj h—0 h ’

Theorem 6.18. Suppose U = R™ is an open set and f : U — R™ is differentiable at a € U.

Then the partial derivatives a—i(a) exists for alli=1,---m and j = 1,---n, and the matrix
Tj
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representation of the linear map D f(a) with respect to the standard basis of R™ and R™ is

given by
[ df af ]
2, @ ﬁ(a) 3
Df@l=| ¢ | o (@), = L),
@ G2

Proof. Since U is open and a € U, there exists r > 0 such that D(a,r) < U. By the
differentiability of f at a, there is L € Z(R", R™) such that for any given € > 0, there exists
0 < 0 < r such that

|f(xz) — f(a) — L(z — a)|gm < €|z — allgn whenever z € D(a,0).

In particular, for each i =1,--- ,m,

fila + he;) — fila)
h

g )f(a+hej)—f(a) _LGJHR <ec YO<|h| <3 heR,

— (Lej)i Y

where (Le;); denotes the i-th component of Le; in the standard basis. As a consequence,

foreachi=1,---,m,
lim fz(a -+ hej) — fl(CL)
h—0 h

= (Le;); exists

and by definition, we must have (Le;); = jfi(a). Therefore, L;; = gfi(a). o
Lj Lj

Definition 6.19. Let &/ < R" be an open set, and f : U/ — R™. The matrix

[ df1 ofr ] [ 0f1 of1 T
(J)(x)=1| = o (@)= : : :
Ofm Ofm Ofm Ofm

_Txl E- _TM(I) amn(q;)_

is called the Jacobian matriz of f at x (if each entry exists).

Remark 6.20. A function f might not be differential even if the Jacobian matrix J f exists;
however, if f is differentiable at o, then (Df)(x) can be represented by (Jf)(x); that is,

[(Df)(@)] = (Jf)(@).
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Example 6.21. Let f: R? —» R3 be given by f(x1,22) = (2%, 2325, z123). Suppose that f

is differentiable at z = (xy, z3), then

21’1 0
[(Df)(@)] = | Bafwy o

4x3x3 2xiws
Remark 6.22. For each z € A, D f(z) is a linear map, but D f in general is not linear in z.

Example 6.23. Let f : R? —» R be given by

fla y>={ T @y 0.0,

Then %(0,0) = Z‘;(0,0) = 0; thus if f is differentiable at (0,0), then (D f)(0,0) = [0 0].

However,

f(z,y) — f(0,0) — [0 0] {x]’_ lzyl  _ zyl %m;

Y 2+ 92 (22 4 42)

|[zy|

thus f is not differentiable at (0, 0) since .
(22 +y?)2

cannot be arbitrarily small even if 2% 41>

is small.

Example 6.24. Let f : R? - R be given by

x ify=0,

fley) =1y ifz=0,

1 otherwise.
of _ o f(R0) = £(0,0) o h i of L g
Then 8m(0’0) = ’1112% - = }lLl_If(l)h = 1. Similarly, o (0,0) = 1; thus if f is

differentiable at (0,0), then (D f)(0,0) = [1 1]. However,

I

‘f(x,y) — £(0,0) = [1 1] m ‘ = |f(z,y) = (x +v)

thus if xy # 0,
Therefore, f is not differentiable at (0,0).

Definition 6.25. Let &/ < R” be an open set. The derivative of a scalar function f : i/ — R
is called the gradient of f and is denoted by gradf or Vf.
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6.3 Continuity of Differentiable Maps

Theorem 6.26. Let (X,| - |x) and (Y| - |y) be normed spaces, U < X be open, and
f:U —>Y be differentiable at xqg € U. Then [ is continuous at xg.

Proof. Since f is differentiable at xg, there exists L € (X,Y) such that
36, >053 Hf(x) — f(xo) — L(x — x¢ HY |x —zo|x Ve D(xg,d).

As a consequence,

| f(z) — HY (L] + 1) |z — zol|lx Va € D(xo,61). (6.3.1)
For a given € > 0, let 6 = min {51, 2(|LE+1)} Then 6 > 0, and if = € D(xy,9),
£@) = o), <5 <. :

Remark 6.27. In fact, if f is differentiable at xg, then f satisfies the “local Lipschitz
property”; that is,

IM = M(xp) > 0 and 6 = d(xg) > 03if |[x—zo|x < 0, then |f(z)—f(xo)lly < M|lx—z0|x
since we can choose M = |L| + 1 and 6 = &; (see (6.3.1)).

Example 6.28. Let f : R? — R be given in Example 6.23. We have shown that f is not
differentiable at (0,0). In fact, f is not even continuous at (0,0) since when approaching

the origin along the straight line zo = max,

2

ma: m
lim — lim 1 _ " .
(x17m$11)—>(0,0) f($l’ mml) ‘7311H0 (m2 1) m2 1 # f(O, 0) iftm#0

Example 6.29. Let f : R? — R be given in Example 6.24. Then f is not continuous at
(0,0); thus not differentiable at (0,0).

Example 6.30. Let f : R? — R be given by

3
Flay) =4 22+12 if (z,y) # (0,0),

0 if (z,y) = (0,0).
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Then f,(0,0) =1 and f,(0,0) = 0. However,

|f@.y) ~ 0,00~ [1 0] M 2 _ 0w (eg) — (0.0).

VR +y? (a2 +y2)2

Therefore, f is not differentiable at (0,0). On the other hand, f is continuous at (0, 0) since

|f(z,y) — f(0,0)] = | f(z,9)] < |z| = 0as (z,y) — (0,0).

6.4 Conditions for Differentiability

Proposition 6.31. Let U < R™ be open, a € U, and f = (f1,-+, fm) : U — R™. Then
f is differentiable at a if and only if f; is differentiable at a for all i =1,--- ,m. In other

words, for vector-valued functions defined on an open subset of R™,
Componentwise differentiable < Differentiable.
Proof. “=7" Let (Df)(a) be the Jacobian matrix of f at a. Then
Ve>0,36>03|f(z)— f(a)— (Df)(@)(x—@)HRm <elz—allgn if |z —a|gn < 0.

Let {e;}7L, be the standard basis of R™, and L; € Z(R",R) be given by L;(h) =
el [(Df)(a )]h Then L; € Z(R",R) by Theorem 6.7, and if ||z — a|g» < 0,

|fi(x) = fila) = Li(x — a)| = |e; - (f(z) = f(a) = (Df)(a)(z — a))|
< | f(z) = fla) = (Df)(a)(z — a)| g <]z — afan;
thus f; is differentiable at a with derivatives L;.

<" Suppose that f; : U4 — R is differentiable at a for each i = 1,--- ;m. Then there exists
L; € B(R™ R) such that

Ve> 0,36 > 053 |fi(z) - fila) — Li(z — a)| < %HI’—(IHRn if |z — allgn < 6;.

Let L € Z(R™,R™) be given by Lz = (Lyx, Lex, -, Ly,x) € R™ if x € R®. Then
L e B(R",R™) by Theorem 6.7, and

Hf(:r) — f(a) = L(x —a HRm < Z |f2 fila) = Li(z — a)| <elr —a|gn

if |z —algr <& =min{by,---, 8.} o
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Theorem 6.32. Let U < R™ be open, a €U, and f: U — R. If each entry of the Jacobian

matric [é’f . axn] of f

8:51
1. exists in a neighborhood of a, and
2. s continuous at a except perhaps one entry.

Then f is differentiable at a.

Proof. W.L.O.G. we may assume that the entry j—f is not continuous at a. Let {e;}7_; be
Tn

the standard basis of R, and € > 0 be given. Since is continuous at a fori =1,--- ;n—1,

T

°_ whenever |z — algn < 0;.

vn

On the other hand, by the definition of the partial derivatives,

of of
>[5~ @) <

—_ whenever 0 < |h| < 6.

35n>09‘f(a+hen)_f(a) af<a>’<

h Oy, NG
Let k=2 —a and § = min {&,---,d,}. Then
f@) = f@ = [ @@ - a) + -+ L@ - )]
~|fa+ 0 = s@) - L@k = Lo,
= [Flar b g ) = fan e an) = Sk == Pk,
< |\flag + ki, yan + k) — flar, a0 + ko, an + k) — ;j( )lﬁ)
+ ’f(al,a2+k2,--- @y + k) — flay, ag, a3 + ks, an + k) — ;;2(@)@‘

+‘f(a17"'7an717an+kn)_f(a17"'7an) af()kn

By the mean value theorem,

flar, - aj_1,a; + ki, an+ky) — flar, - aj, 0501 + kjpr, -+ an + ky)
0

s S(ar, a1, a5+ 05k;, a0 + ki, an + ky)
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for some 0 < 0; < 1; thusfor j=1,--- ,n—1,if |z — a|gr = |k|r» <0,

0
‘f(ala"' 7aj—17aj+kj7"' 7an+kn)_f(ala"' 7aj;aj+1+k3j+1,"' 7an+kn)_%(a)k‘j
J
o

0z

of €
- (ala"' y Aj—1, Aj +9jkjvaj+1 +kj+1>"' 7an+kn) - ax](@)"k]’ < \/_ﬁ’kjy

Moreover, if |z — a|gn < 6, then |k,| < |k|rr = |z — a|rr < § < Jy; thus

s san o an+ k) = fan, - a0) = =)k <

As a consequence, if |z — a|g» < §, by Cauchy’s inequality,

1) = 7o) = [ (@) s = ) + -+ (@)~ )|

ox1 0xy,

n
9
S \/ﬁ; |kj| < elklrr = ellz — al|gn

which implies that f is differentiable at a. =
of of } of a

Remark 6.33. When two or more components of the Jacobian matrix [6— e
z1 T,

scalar function f are discontinuous at a point zy € U, in general f is not differentiable at x.
For example, both components of the Jacobian matrix of the functions given in Example
6.23, 6.24, 6.30 are discontinuous at (0,0), and these functions are not differentiable at
(0,0).

Example 6.34. Let & = R*\{(z,0) € R? |z > 0}, and f : U — R be given by

cosTl 2 if y >0,
Va2 + y?
f(z,y) = arg(z +iy) = T ify=0,
o —cos ! ——2 ify<0.
Va2 +y? Y
Then
y Y iy £0
of e Hy#0, of 2y TYT
L) = v and L) =1 ")
t 0 if y=0, Y - ify=0.
. of of . - .
Since =~ and = are both continuous on U, f is differentiable on .

ox oy
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Definition 6.35. Let &4 < R” be open, and f : Y — R™ be differentiable on Y. f is
said to be continuously differentiable on U if Df : U — B(R",R™) is continuous on
U. The collection of all continuously differentiable mappings from U to R™ is denoted
by €'(U;R™). The collection of all bounded differentiable functions from U to R™ whose

derivative is continuous and bounded is denoted by ¢! (U;R™). In other words,
¢'(U;R™) = {f : U — R™ is differentiable on U« | Df : U — Z(R",R™) is continuous}
and
CUR™) = {f € €'UR™) | sup|f(2)] + sup | Df (@) |acen em) < 0}

Corollary 6.36. Let U < R™ be open, and f :U — R™. Then f € €'(U) if and only if the

ofi .
partial derivatives a—fl exist and are continuous onU forv=1,--- mandj=1,--- n.
Lj

Proof. Note that for any matrix A = [a;|mxn, [|Az@rrm) < Z lai;| < nm|A|; thus

|(Df)(@) = (Df)(wo H%‘R"Rm \ZZ‘ﬁfz 6fz 0)‘

Y
i=1j=1 J

< nm|(Df)(@) = (Df) (o) ygn gom -

Therefore, the continuity of Df i gfi
Ly
for all 7, 7. The corollary is then concluded by Proposition 6.31 and Theorem 6.32. O

Example 6.37. If f: R — R is differentiable at xq, must f’ be continuous at xq? In other
words, is it always true that lim f'(z) = f'(z0)?
T—x0
Answer: No! For example, take
:102Sinl if z # 0,
flx) = z
0 if v =0.
1° Show f(x) is differentiable at = = 0:

von o JO+h)—f(O) hsm I
fO = = — i —limheing =0

2° We compute the derivative of f and find that

. 23csinl—cosl ifx #0,
f(m): T T
0 if v =0.

However, liH(l) f'(x) does not exist.
€T —>
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Proposition 6.38. Let U < R" be open. Given f € € (U;R™), define

1(y:Rm) = SU [ x)| + T ] .
ez = s 1701+ 1 2 5 )
Then (%1(U;Rm), [ - cgl(u;Rm)) is a Banach space.
Proof. Left as an exercise. O

Definition 6.39. Let f be real-valued and defined on a neighborhood of x5 € R”, and let

v € R” be a unit vector. Then

fxo +tv) — f(x0)

(Duf) (o) = 5 :

dt lt=0

flxo +tv) = Pr%
is called the (= = ¥#c) of f at x( in the direction v.

Remark 6.40. Let {e;}}_, be the standard basis of R". Then the partial derivative g—f(xo)
Lj

(if it exists) is the directional derivative of f at z in the direction e;.

Theorem 6.41. Let U < R" be open, and f : U — R be differentiable at xo. Then the

directional derivative of f at xo in the direction v is (Df)(xo)(v).
Proof. Since f is differentiable at g, Ve > 0, 2 9 > 0 such that

|f(z) = fzo) — (Df)(wo)(z — 0)| < %Hx — zg|re whenever |z — zg|grn < 9.
In particular, if x = zq + tv with v being a unit vector in R™ and 0 < |¢| < 4, then

f(xo +tv) — f(xo) | f(zo +tv) — f(m0) — (Df)(20)(tv)|

t — (Df)(@o)(v)] = :
_ @) = fa) = DH @)@ —a0)| = _
) i S22
thus (D, f)(w0) = (Df) (o) (v). 0

Remark 6.42. When v € R” but 0 < [jv|gn # 1, we let v = ﬁ Then the direction
Rn
derivatives of a function f :U < R™ — R at a € U in the direction v is

Do) — 1 FO ) = Fa)

t—0 t
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Making a change of variable s = ||7|5 Then
V|Rn

. fla+tv)— f(a
(DF)(a0)(v) = [l (DF) 0)(¥) = e iy @ HE =@
We sometimes also call the value (D f)(x¢)(v) the “directional derivative” of f in the “direc-

tion” v.

Example 6.43. The existence of directional derivatives of a function f at xq in all directions
does not guarantee the differentiability of f at z,. For example, let f : R?> — R be given as
in Example 6.30, and v = (v1,vy) € R? be a unit vector. Then
tvy,tve) — f(0,0
(Duf)(0) = i L0 ZJOD)

t—0

However, f is not differentiable at (0,0). We also note that in this example, (D, f)(0) #

(Jf)(0)v, where (Jf)(0) = %(0, 0) ZZJ:(O, 0)| is the Jacobian matrix of f at (0,0).

Example 6.44. The existence of directional derivatives of a function f at x in all directions
does not even guarantee the continuity of f at 5. For example, let f : R? — R be given by
2

fog)={ Fagi @ # 0.0,

and v = (v1,vs) € R? be a unit vector. Then if v; # 0,

(DoY) =t L) = FO.0) o Bd

=lm-——F—— = —
t—0 t t—0 t(12v2 + t4v3) vy

while if vi = 0,

=0.

(Do f)(0) = Tim LV v2) = F(0,0)

t—0 t
However, f is not continuous at (0, 0) since if (x, y) approaches (0, 0) along the curve z = my?
with m # 0, we have
4

. 2 . my*  om
Z]Ql_I)r(l)f(my 7y)_il_1)n0m2y4+y4 _m2+1

which depends on m. Therefore, f is not continuous at (0, 0).
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Example 6.45. Here comes another example showing that a function having directional

derivative in all directions might not be continuous. Let f : R? — R be given by

xy )
f(x y): m+y2 1f1’+y2?&0a
0 ifx+y*=0,

and v = (v1,vs) € R? be a unit vector. Then if v; # 0,

:V2

(Dyf)(0) = lim f(tva, tve) = £(0,0) . 21 vy

(=0 t ~ 50 H(tvy + £2v2)

while if v; = 0,

f(tVl, tVQ) — f(O, 0)
t

(Do f)(0) = lim ~0.

t—0

However, f is not continuous at (0, 0) since if (z,y) approaches (0, 0) along the polar curve

O(r) = g + sin ' (r — mr?) 0<r«l,
we have
r? cos O(r) sin O(r) r(—r +mr?)sin0(r)
li =1 = li
(o000 J(@.y) rs0t 125’ O(r) + rcosf(r) ro0+ 7 sin? O(r) —r +mr?

z=r cos 0(r),y=rsin 0(r)
- ?)sin 6 -1
_ lim ('7’2+m7‘ )sin O(r) _ -1
r—0t+ sin“(r) — 1 +mr m

which depends on m. Therefore, f is not continuous at (0, 0).

6.5 The Product Rules and Gradients

Proposition 6.46. Let A R", and f : A —> R™ and g : A — R be differentiable at o € A.
Then gf : A — R™ is differentiable at xy, and

D(gf)(zo)(v) = g(x0)(D[)(x0)(v) + (Dg)(xo)(v) f (o) - (6.5.1)
Moreover, if g(xg) # 0, then f; : A — R™ is also differentiable at xq, and D(;)(xg) R" —

R™ is given by

DLy ey (e) = LENPNEIW) = (D)) o)

p 2(20) (6.5.2)
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Proof. We only prove (6.5.1), and (6.5.2) is left as an exercise.
Let A be the Jacobian matrix of ¢gf at z; that is, the (4, 7)-th entry of A is

a(gfz) («770) _ g(xo) 0 fi (IO) + 2 5 09 (J?())fz(iUO)

ox;j ox;j x;
Then Av = g(z0)(Df)(x0)(v) + (Dg) () () f (x0); thus
(9f)(@) = (9f)(w0) — Az — 20) = glw0) (f(x) — f(z0) — (Df)(wo)(2 — 0))

+ (9(z) — g(x0) — (Dg)(z0)(x — x0)) f(2)
+ ((Dg)(zo)(z — x0)) (f(2) — f(x0)) -

Since (Dg)(xo) € BR™,R), [(Dg)(z0)| z@nr) < o0; thus using the inequality

|(Dg)(w0)(2 = z0)| < [[(Dg)(x0)|| yign g 12 — w0 e
and the continuity of f at xy (due to Theorem 6.26), we find that

|(Dg)(ac0 T — Tg |
|lz — zorn

lim

T—To

|£@) = (2| < lim | (Dg)(ao)], 2) = f(20)] . = 0

As a consequernce,

o [(9/) (@) = (9f)(x0) — Al — 20) | gm

:cll»xo Hx - xOHR"
< |g(zo)| lim | f(z) = f(@o) = (Df)(@o)(x — x0) gom
z—x0 lz — zo|rn
i [0 =5000) = PO =) ]
T—T( ”1' xOHR”
 T(Dg)(wo)(x — x0)] _
+ Jim [EEEE ST ) — £ (o0) | = 0

which implies that ¢f is differentiable at z with derivative D(gf)(zo) given by (6.5.1). o

Proposition 6.47. LetU < R™ be open and f € €' (U;R); thatis, f : U — R is continuously

differentiable. Then if (V f)(xo) # 0, the vector V(o) is the unit normal to the level
|(V£) (o) |

set {z eU| f(z) = f(z0)} at zo.

Proof. Let v : (—=d,d) — R"™ be a curve such that

L y(t)e{zel|f(z) = f(zo)}; that is, f(y(t)) = f(wo) for all t € (—6,6);
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2. 7(0) = zo; 3. +/(t) # 0.
Then by the chain rule (or Example 6.55),
(VA () -7 (@) = (DA ((B) =0,

In particular, (V f)(zo) - 7/(0) = 0; thus (V f)(zo) is normal to the level set {z € U | f(x)
f(a:o)} at xg.

Example 6.48. Find the normal to S = {(z,y,2) |2? + y* + 2 =3} at (1,1,1) € S.

(]

Solution: Take f(x,y,z) = x* + y* + 2> — 3. Then (Vf)(z,y,2) = (2x,2y,22); thus

(Vf)(1,1,1) =(2,2,2) is normal to S at (1,1, 1).
Example 6.49. Consider the surface
S = {(x,y,z) GRS‘IQ — 1y’ +ayz = 1}.
Find the tangent plane of S at (1,0, 1).
Solution: Let f(x,y,2) = 2% — y*> + zyz. Then

S ={(x,y.2) e R?| f(x,y,2) = f(1,0,1)};

that is, S is a level set of f. Since (Vf)(1,0,1) = (2,1,0) # (0,0,0), (2,1,0) is normal to

S at (1,0, 1); thus the tangent plane of S at (1,0,1) is 2(x — 1) +y = 0.

Proposition 6.50. Let f : R" — R be differentiable. Then iw?( is the direction
R?’L

which the function f increases/decreases most rapidly (B + = /T3 5 ) |

Proof. Let xy € R™ be given. Suppose that f increases most rapidly in the direction
then (Dyf)(zo) = sup (Dyf)(zo). Since f is differentiable, (D, f)(x¢) = (Df)(z0)(w)
w|rn=1
" (VF)(a0)
[(Vf)(@o)llrn
Example 6.51. Let f : R® — R be given by f(z,y,2) = z*ysinz. Find the direction
the greatest rate of change at (3,2,0).

(Vf)(xo) - w which is maximized in the direction

Solution: We compute the gradient of f at (3,2,0) as follows:
_ (9 of of
(V)3,2,0) = (5;(3:2,0), 5-(3,2:0), 52(3,2,0))

= (2zysin z, 2” sin 2, 2%y cos z)‘ = (0,0, 18).

(x»yrz):(?’v:QvO)

Therefore, the greatest rate of change of f at (3,2,0) is (0,0, 1).

(]

m

of
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6.6 The Chain Rule

Theorem 6.52. Suppose thatU < R™ is open, f : U — R™ and [ is differentiable at xo € U,
g: f(U) - R and g is differentiable at f(xo). Then the map F = go f defined by

F(z) = g(f(x)) Veel

is differentiable at xy, and

(DF)(@o)(k) = (Dg) (@) (DA ) (1)) or ((DF)(w), = D) 52 (£ () 52 o).

Proof. To simplify the notation, let yo = f(zg), A = (Df)(xo) € Z[R",R™), and B =
(Dg)(yo) € B(R™ RY). Let € > 0 be given. By the differentiability of f and g at x¢ and yq,
there exists d1,dy > 0 such that if |z — zg|ge < 01 and |y — yo|rm < J2, we have

1) = f(z0) = Alw = o) e < min {1, 5 Hlo = ol

E
lg(y) = g(yo) — By — yo) [re < WHZJ — Yorm -
Define
u(h) = f(zo+h) — f(zo) — Ah Y |h|gs < 61,
v(k) = g(yo + k) — g(yo) — Bk Y |k|gm < 6.
Then lf Hh”Rn < 51 a]_’ld Hk”Rm < 627

[u(h) e < WH’%HR” and [[o(k)[re < [|F]gm -

Let k = f(xo+ h) — f(zo) = Ah+u(h). Then }lLlir(lJ k = 0; thus there exists d3 > 0 such that
|k||gm < 09  whenever |h|gn < d3.
Since
F(wo +h) — F(z0) = g(yo + k) — g(yo) = Bk +v(k) = B(Ah +u(h)) + v(k)
= BAh + Bu(h) +v(k),
we conclude that if |h|gr < 0 = min{d;, I3},

| F'(zo + ) — F(w0) — BAhHR‘ < [Bu(h)[ze + (k) |ze < [ Bu(h)]rm + [l

(HAH +1)

9 9
Al + (1AMl + [ur) e ) < 5 IRlRe + 5 1hllen = €] hlen

(HAH +1)
which implies that F' is differentiable at xy and (DF')(zo) = BA. o
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Example 6.53. Consider the polar coordinate x = rcos 6, y = rsinf. Then every function

[ : R? - R is associated with a function F : [0,00) x [0,27) — R satisfying
F(r,0) = f(rcos,rsin@).

Suppose that f is differentiable. Then F'is differentiable, and the chain rule implies that

or Oz .
[aj @} _ {af [;{f] or 0| _ {&’f é’f] cosf) —rsinf
or 06 dz dy| |dy dy o dy] |sin@ rcosf |
or 00
Example 6.54. Let f: R — R and F : R? — R be differentiable, and F'(z, f(z)) = 0 and
oF ion . Fa (z, f(2)) __OF _OF
aiy #O Thenf(l‘) — W7Where Fx—% and Fy—aiy

Example 6.55. Let v: (0,1) - R" and f: R” — R be differentiable. Let F(t) = f(v(t)).
Then F'(1) = (DF)(+(6))7 (0.
Example 6.56. Let f(u,v,w) = u?v + wv? and g(x,y) = (zy,sinz,e®). Let h = fog:

R? - R. Find a—h
ox

Way I: Compute ? directly: Since
x

h(z,y) = f(9(x,y)) = f(zy,sinz,e”) = 2*y*sinz + " sin’ z,

we have

oh
or
Way II: Use the chain rule:
oh _0f 91 0f 092  OFf Ogs
or Oudr Ovidr Jw dx
= 2zy’ sinw + (229 + 2" sinx) cos x + €” sin” z.

= 22y*sinx + 2%y? cos x + e”sin’ x + 2e” cos x .

T

=2uv -y + (u® + 2wv) - cosx +v* - e

Example 6.57. Let F(z,y) = f(2*+3?), f: R —> R, F': R? > R. Show that :ch = y(ZF
Yy X
Proof: Let g(z,y) = 2*> + y?, g : R* > R, then F(z,y) = (f o g)(z,y). By the chain rule,

{Z (Zj} = f'(g(z,y)) - [Si Zz] = f'(g(z.y)) [22 2y]

which implies that 2 5
F . / E . /
= =2f'(g(z,y)), oy — 2t (9(z,y)) -

oF _OF
Soy—=— = f'(g(,y))2ry = x oy
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6.7 The Mean Value Theorem

Theorem 6.58. LetU < R" be open, and f : U — R™ with f = (f1,---, fm). Suppose that
f is differentiable on U and the line segment joining x and y lies in U. Then there exist

points ¢y, -+ , ¢y on that segment such that

fity) = filz) = (Dfi)(ei)(y —x)  Vi=1,--- m.

Proof. Let 7 : [0,1] — R™ be given by 7(t) = (1 —t)z + ty. Then by Theorem 6.52, for each
i=1,---,m, (fiovy) :[0,1] — R is differentiable on (0,1). By the mean value theorem
(Corollary 4.65), there exists t; € (0, 1) such that

fily) = filx) = (fi o)1) = (fi 0 7)(0) = (fi o) (t:) = (Dfi)(er) (v (1))
where ¢; = 7(¢;). On the other hand, v'(¢;) =y — «. o

Corollary 6.59. Let U < R"™ be open and convex, and f : U — R™ be differentiable. Then

for all x,y € U, there exists cy,--- , ¢, on Ty such that

fily) = filz) = (Dfi)(e)(y — @),

Example 6.60. Let f : [0,1] — R? be given by f(t) = (¢*,¢*). Then there is no s € (0, 1)
such that

(1,1) = f(1) = f(0) = f'(s)(1 = 0) = f(s)
since f'(s) = (2s,3s%) # (1,1) for all s € (0,1).

Example 6.61. Let f : R — R? be given by f(x) = (cosx,sinx). Then f(27) — f(0) =

(0,0); however, f'(z) = (—sinz,cosx) which cannot be a zero vector.

Example 6.62. Let f be given in Example 6.34, and &/ be a small neighborhood of the
curve
C={(z,y)|2* +y*=1Lr <0} u{(z.£1)|0 <z <1}.

Then

-1 - fy =2

On the other hand,

090,29 = [ ][] - s
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2
which can never be 3T since }733‘ < 3if (x,y) € U while 3T > 3. Therefore, no point
2 z2 + y? 2

(x,y) in U validates

(D) y)((1,=1) = (1, 1)) = f(1,-1) = f(L,1).

Example 6.63. Suppose that A < R" is an open convex set, and f : A — R™ is differen-
tiable and D f(z) = 0 for all z € A. Then f is a constant; that is, 3o € R™ 3 f(z) = « for
all x € A.

Reason: Since A is convex, then the Mean Value Theorem can be applied to any x,y € A
such that fi(z)— fi(y) = Dfilc)(x—y) =0 (- Dfs = 0) fori = 1,2, -~ ,m; thus f(z) = f(y)
for any z,y € A. Let a = f(x) € R™, then we reach the conclusion.

Example 6.64. Let f : [0,00) — R be continuous and be differentiable on (0, ). Suppose
that f(0) =0 and f’(z) is non-decreasing (that is, if <y, then f'(z) < f'(y)). Show that
f(x)

g:(0,0) > R, g(z) = - is also non-decreasing.
Proof: 1t suffices to prove ¢’(x) = 0. Since f is differentiable on (0, «0), then g is differentiable
_ af'(@) — f(a)

on (0,00), and ¢'(z) " . Hence
g(2) =2 0saf(z) = f(z).
Let x > 0 be fixed. Applying the Mean Value Theorem to f we find that

Jee (0,2) 3 f(z) = f(z) = f(0) = fi(c)(x — 0) < zf'(x).

Theorem 6.65. Let U < R™ be open, K < U be compact, and f : U — R be of class €*.
Then for each € > 0, there exists 6 > 0 such that

f(y) = fa) = (Df)()(y —2)| <elly — 2|z if |y —2len <0 andz,ye K.
Proof. Define g : U x U — R by

[f(y) = f(@) = (Df)(@)(y — )]
g(z,y) = ly = zle-
0 ify==x.

ity #x,

Since f is of class €, g is continuous on U x Y. In fact, it is clear that g is continuous at
(x,y) if x # y, while the mean value theorem implies that f(w) — f(z) = (Df)(§)(w — 2)
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for some £ on the line segment joining w and z; thus

[f(w) = f(2) — (Df)(2)(w — 2)|

lim sup
() > (@) |w — z]&n
= sy (DO ORI 2 sy (10110 - (0D sy =0,

(z,w)—(z,x) Hw - zHRn (z,w)—(z,z)
Z#W zF#FW

Now by the compactness of K x K, for each given € > 0, there exists o > 0 such that
lg(z,w) — g(z,y)| < e it [(z,w) — (x,y)|gzn <6 and z,y,z,w e K .

In particular, with (z,w) = (z,z) we find that |g(z,y)| < ¢ if |z — y|gn < J; thus

[f(y) — (@) = (Df)(2)(y — 2)|

ly — ]en

<e¢ if 0<|z—ylgn <d,z,ye K. o

Corollary 6.66. Let U < R™ be open, K € U be compact, and f : U — R™ be of class €.
Then for each € > 0, there exists 6 > 0 such that

|f(y) = fx) = (DA @)y = 2) g <ely —alre i |y —2|e <0 and 2,y e K.

6.8 Higher Derivatives and Taylor’s Theorem

6.8.1 Higher derivatives of functions

Let U < R™ be open, and f : U — R™ is differentiable. By Proposition 6.5, the space
(BR™,R™), ||| 2 zm)) is a normed space (in fact, it is a Banach space), so it is legitimate
to ask if Df : U — Z(R",R™) is differentiable or not. If Df is differentiable at xy, we
call f twice differentiable at xo, and denote the twice derivative of f at zy as (D*f)(xg). If
Df is differentiable on U, then D?f : U — ,@(R”, B(R", Rm)) Similar, we can talk about
three times differentiability of a function if it is twice differentiable. In general, we have the

following

Definition 6.67. Let (X, | - |x) and (Y, ] - |y) be normed spaces, and & < X be open. A

function f : U — Y is said to be twice differentiable at a € U it

1. f is (once) differentiable in a neighborhood of «;
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2. there exists Ly € #(X, #(X,Y)), usually denoted by (D?f)(a) and called the second

derivative of f at a, such that

. |(Df) (@) — (Df)(a) — La(z — a)

z—a |z —alx

BXY)

0.

For any two vectors u,v € X, (D*f)(a)(v) € B(X,Y) and (D?f)(a)(v)(u) € Y. The vector
(D?f)(a)(v)(u) is usually denoted by (D?f)(a)(u,v).

In general, a function f is said to be k-times differentiable at a € U if

1. fis (k — 1)-times differentiable in a neighborhood of a;

2. there exists L, € B(X,B(X,--- ,B(X,Y)---)) , usually denoted by (D*f)(a) and

~
k copies of “X” k copies of “)”

called the k-th derivative of f at a, such that

lim H(Dk_lf)(l‘) — (D* f)(a) — Ly(z — a) PXAK AXY) )
7—a |z — alx

For any k vectors ut),---u® e X the vector (D¥f)(a)(u, .- ,u®) is defined as the
vector

(D" f)(@) (™) (@® 1) - ().

Example 6.68. Let (X, - |x) and (Y,] - |y) be two normed spaces, and f(z) = Lz for
some L € #(X,Y). From Example 6.10, (D f)(z¢) = L for all zg € X; thus (D?f)(x) = 0

since Df : U € B(X,Y) is a “constant” map. In fact, one can also conclude from

PN =~ (D))~ 06 =) sy,

T—T0 Hm — .%'()HX

=0

that (D?f)(zg) = 0 for all g € X.

Remark 6.69. We focus on what (D*f)(a)(ug)(---)(u;) means in this remark. We first
look at the case that f is twice differentiable at a. With x = a + tv for v € X with |v|x =1
in the definition, we find that

(D) (a+tv) = (Df)(a) = t(D?f)(a)(v)
lim

t—0 |t|

AXY) _
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Since (Df)(a + tv) — (Df)(a) — tD*f)(a)(v) € B(X,Y), for all u € X with |u|x = 1 we

have

[(Df)(a+tv)(u) — (Df)(a)(u) = t(D*f)(a)(v)(u)],

& g
~ Iim [[(Df)(a+tv) - <Df>$|> — H(D%f) (@) (v)] (w)],
a+tv) — a) — 26 (a) (v
< lim [(Df)(a+tv) (Df)(|t)| AN @O gy _

On the other hand, by the definition of the direction derivative,

(Df)(a+ tv)(u) — (Df)(a)(u) = lim [f (a+tv+su)— fla+to)  flatsu)—f(a)

)
s—0

S S

thus the limit above suggests that

(D2f)(a)(v)(u) = lim lim L@+ 50 = flattv) = fla+t su) + f(a)

t—0 s—0 st
lim fla+tv+su) — fla+tv) lim fla+su)— f(a)
— hm s—0 S s—0 S
t—0 t
= Dv(Duf)<a> .

Therefore, (D?f)(a)(v)(u) is obtained by first differentiating f near a in the u-direction,
then differentiating (D f) at a in the v-direction.

In general, (D*f)(a)(uy)---(u;y) is obtained by first differentiating f near a in the u;-
direction, then differentiating (D f) near a in the us-direction, and so on, and finally differ-

entiating (D*1f) at a in the uy-direction.

Remark 6.70. Since (D?f)(a) € B(X,%B(X,Y)), if vj,v5 € X and ¢ € R, we have
(D%f)(a)(cvy +v2) = c(D%f)(a)(v1) + (D*f)(a)(vs) (treated as “vectors” in B(X,Y)); thus

(D*f)(a)(cvr + va2)(u) = e(D*f)(a)(v1)(u) + (D*f)(a)(v2)(u)  Yu,v1,02€ X
On the other hand, since (D?f)(a)(v) € Z(X,Y),
(D*f)(a)(v)(cur +uz) = e(D*f)(a)(v)(ur) + (D*f)(a)(v)(u2)  Vur,up,veX.

Therefore, (D?f)(a)(v)(u) is linear in both u and v variables. A map with such kind of
property is called a bilinear map (meaning 2-linear). In particular, (D*f)(a) : X x X - Y

is a bilinear map.
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In general, the vector (D*f)(a)(u™, - ,u®) is linear in u™®, ---, u®; that is,

(Dkf)<a)(u(1)’ oY a4 Buw, wY ’u(k))
= a(Dkf)(a)(u(l), N R TIC R ’u(k)>
+6(Dkf)(a)(u(1)7... ,u(i—l),w,u(”l),... 7u(k))

for all v,w € X, o, € R, and ¢ = 1,--- ;n. Such kind of map which is linear in each
component when the other £ — 1 components are fixed is called k-linear.

Consider the case that X is finite dimensional with dim(X) = n, {el, €9, ... ,en} is a basis
of X, and Y = R. Then (D?*f)(a) : X x X — Y is a bilinear form (here the term “form”

means that Y = R). A bilinear form B : X x X — R can be represented as follows: Let
a;; = B(e;,ej) e Rfori,j=1,2,--- ,n. Given z,y € R", write u = >, u;e; and v = ) vje;.

=1 7=1
Then by the bilinearity of B,

@11 - Qin U1

B(u,v) = B(Zuiei, Zvjej) = Z wvja; = [ur oo g
i=1 j=1 ij=1
ap1 -+ Qpp Un

Therefore, if f: U4 < R" — R is twice differentiable at a, then the bilinear form (D?f)(a)
can be represented as

(D*f)(er,er) -+ (D*f)(a)(er,en)] Ty,
(D*f)(a)(u,v) = [ur ] : : :
(D*f)(en,e1) -+ (D*f)(a)(en,en)) LT

The following proposition is an analogy of Proposition 6.31. The proof is similar to the

one of Proposition 6.31, and is left as an exercise.

Proposition 6.71. Let U < R™ be open, xg € U, and f = (f1, -+, fm) : U — R™. Then
f s k-times differentiable at xo if and only if f; is k-times differentiable at xo for all
=1, ,m.

Due to the proposition above, when talking about the higher-order differentiability of

f:U < R" - R™ and a point zy € U, from now on we only focus on the case m = 1.

Example 6.72. In this example, we focus on what the second derivative (D?f)(a) of a
function f is, or in particular, what (D?f)(a)(e;, e;) (which appears in the Remark 6.70) is,
if X =R2
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Let f:R? — R be differentiable, then

(DN )] = L) few)] =L@y Lay)|.

Suppose that f is twice differentiable at (a,b), and let Ly = (D?f)(a,b). Then

[(Df) (. y) = (Df)(a,b) = La((z — a,y — b))

B(R2,R)

li _
(x,y)lil%a,b) V(= a)? + (y —b)? 0
or equivalently,
ey Syl )] = [fola,d) fy(ab)] = [La((@ = ay = 0)]| ygo g
lim ®2R) _ ¢
aie N(CEn e ’

where [Lg ((:c —a,y— b))] denotes the matrix representation of the linear map Lo ((1: —a,y—
b)) € Z(R? R). In particular, we must have

lim

r—a

|:f$($7b)_f9&(a7b) fy($vb)_fy(a7b):| _ [Lgel} H =0

Tr—a T—a %(R2 R)

and

lim
y—b

)[n@@:?@w @m@:?mw}_@ﬁﬂ

Using the notation of second partial derivatives, we find that

[Laer] = [fuw(a,b) fya(a,b)] and  [Loes] = [fuy(a,b)  fyy(a,b)] ,

0 (0 0 (0
where fu, = (f2)y = % (%ﬁ) and fy, = (fy)z = = <5£> Therefore, if v = vie1 + v9e9,

[Lov] = [La(vier + vaea)] = [v1fon(a, b) + vafay(a,b) v1fye(a,b) + vafy,(a,b)] .  (6.8.1)
Symbolically, we can write
[LQ} = “fxx(avb) fye(a, b)] [fxy(avb) fyy(avb)”

so that

@meWﬁﬂ—uﬂrﬂ—ﬂmm@,mm@}me@ mmwﬂﬁﬂ

V2 V2

=0 [fww(av b) fyw(aa b)] + Vo [flfy(a7 b) fyy(a7 b)] .
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For two vectors u and v, what does (D?f)(a,b)(v)(u) or (D?f)(a,b)(w, v) mean? To see

this, let w = uie; + usey and v = vie; + v9ey. Then
(%) B)()(w)] = [(D*)(a,D)(0)] [1] = [Ea(wrer + )] {Zj

=U [facac(aa b) fya; a7b |:

_ Fual@8) fyula,b)

a [U UQ] [ Jay(a;0)  fyyla b)} [ }
Therefore, (D*f)(a,b)(e1, 1) = fuu(a,b), (D*f)(a,b)(e1, e2) = fuy(a,b), (D*f)(a,b)(ez, e1) =
Fyela,b) and (D2F)(a, )(e2,€2) = fun(a,b).

On the other hand, we can identify Z(R?*; R) as R? (every 1 x 2 matrix is a “row” vector),
and treat g = [Df]T : R? — R? as a vector-valued function. By Theorem 6.18 (Dg)(a, b)
can be represented as a 2 x 2 matrix given by

fra(@,b)  fuy(a,b
wnen] =703 i)
We note that the representation above means

H [fx €T,y :| |:fx(aa b):| . |:foc:c(a7b) fa:y(aa b):| |:x _a:|
lim fy(z,y) fy(a,b) fya(a,b)  fyy(a,0)] |y —b] Ir2 —0
(@:y)—(a,b) V(x—a)?+(y - b)?
The equality above is equivalent to that
fl’x(aﬂ b) fyfﬁ(% b)
. [0 @] - [(DH@0) - =0 y-1] [f2l0) Il

(m,y)ﬂ(a,b) \/(117 — a)2 + (y - b)2
According to the equality above, Ly, = (D?f)(a,b) should be defined by

ot o] = o [ffer) o] = ([fter) o] 2]

which agrees with what (6.8.1) provides.

Proposition 6.73. Let U = R™ be open, and f : U — R. Suppose that f is k-times
differentiable at a. Then for k vectors uV, .- u) e R",

(Dkf)<a)(u(1)7 o ,u(k)) _ Zn: a’ff (a)u(-l)u(.2) N 'u(k)

ax]k ﬁx]k 100 ale

I ge=1

Ny (e (0 YY) @l
N Z] é’x]k (&CMl ( 61}]2 (ale <a)u]l u]2 u]k )
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where u® = ( gi),ug),--- ,qu)) foralli=1,-- k. (2} R4E5L7 i F fporb Th bk B

B i SRR TGS - BARSEAESBAE)

Proof. We prove the proposition by induction. Let {e; 1 be the standard basis of R". By
Remark 6.70 (on multi-linearity), it suffices to show that

oF f

= ja
axjk axjk—l C 05

(Dkf)(a)(ejk)(ejk—1) T (ejz)(eﬁ) = (Dkf)(axeju e 7ejk)

(a) (6.8.2)
since if so, we must have
(Dkf)(a)(u(l), o ,u(k)) _ (Dkf)(a)( Z uﬁ)ejﬂ e 2 u;’:)ejk)

n n 1 2 k

|
—~
N
S
S
<

Jiy k=1

Note that the case k = 1 is true because of Theorem 6.18. Next we assume that (6.8.2)
holds true for k = ¢ if f is (¢ — 1)-times differentiable in a neighborhood of a and f is
(-times differentiable at a. Now we show that (6.8.2) also holds true for k = ¢ + 1 if f is
(-times differentiable in a neighborhood of a, and f is (¢ + 1)-times differentiable at a. By
the definition of (¢ + 1)-times differentiability at a,

[(D'£)() — (D' ) (@) — (D £)(@)(x — @) | g pcgo s a0

A o alfr =0
Since
1D 1)(@) — (D)) — (D (@) — @) ) -+ ez e5)
< [P )@) = (D" la) = (D @) = ) o)+ (en)| el
< (D)) = (D)) = (D)@ = @) g sy e+ L e
= (D)) = (D')(@) — (D f)(a)w — a)

BR",BR", B(R"R)-))
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using (6.8.2) (for the case k = {) we conclude that

‘ azf (l’) - alf (a) — (Dé"'lf)(a)(e' T a)‘
lim 0%, 0%, -~ 0%y 0r;,0xj,_, -+ 0xj, g1 5 €l
o J+ — allwr
— lim (DF)(@)(ejys - yes,) — (DEF)(a)(ejy, - yes,) — (D) (a)(z — a)(ejy, -+ e,
o o = allzr
o [PD@) = D) = (0@ =) o)
o |z — afrn
In particular, if x = a+te;,,, for some jo1 =1,--- ,n, by the definition of partial derivatives

we conclude that

o'f o'f
(z) — (a)
0L 0Tr v 0xa 0L 0Zs - ---0Ls
(DeJrlf) (a)(ejm Ty €4y, ejl+1) = PI% D o t D o
a€+1f

(a)

a 0y, 05,0y, - - - Ojy
which is (6.8.2) for the case k = ¢ + 1. o

Example 6.74. Let f : R? — R be given by f(z1,25) = x?coszs, and u = (2,0),
u® = (1,1), u® = (0,—1). Suppose that f is three-times differentiable at a = (0,0) (in
fact it is, but we have not talked about this yet). Then

3 (1) 2,3 _ e
(D°f)(a)(u 2 ka(%:]@xl )u YUk Zaxgﬁx](?azl 2 Yy (=1)

(93f

3f

(9$%5£C1

I 0,0)-2-1- (1) + (0,0)-2-1-(=1)=0.

Corollary 6.75. Let U < R™ be open, and f : U — R be (k + 1)-times differentiable at a.

Then for uM, .. u®) y*+) e R,

n

k+1 ... k+1) (k+1) Dk O N D)
(D@, U NGRS
In other words, (using the terminology in Remark 6.42) (D1 f)(a)(u™, - u® u*+D) js
the “directional derivative” of the function (D*f)(-)(u™, - u®) at a in the “direction”

u(kH).



194 CHAPTER 6. Differential Maps

Proof. By Proposition 6.73,

Zn oy W) ), (kD)
(Dk+1f a)(u(l)a e 7u(k)a u(k+1) == G)U- e U T
: ) T Jksdkr1=1 0y, 0Ty -~ Oy ( 7 Tk Ik
" n k41
= Y oy o f (@u® ... y®
= u- aluy’ U
. o . J
Jrer1=1 e Tt e 0Ty 0 - *
Z” (k1) 0 Z” ok f O
Jr+1=1 . a$jk“ T =1 0jy, -+ 0y ! "
R (D) () (u®, -+ u®)Y. i
. Jk+1 ax]’k+1 Tr=a
Jk+1=1

Example 6.76. Let f : R? —» R be twice differentiable at a = (a;,as) € R?. Then the

proposition above suggests that for u = (uy, uz),v = (vy,v9) € R?,

2 2 .
(D*f)(a)(v)(w) = (D*f 2 ax]&m ayuiv,
_ 52f *f > f
= a—x%(a)ulvl + 5332(91'1 (a)ulvg + axlax2 (G)UQU1 + T.%%(G)UQUQ
% f 0% f
_ | prol R e ) [m]
= (U1 U2 an (a) 627]0(&) vy .
0x10x2 81‘%
In general, if f : R" — R be twice differentiable at a = (ai, -+ ,a,) € R". Then for
U = (ula"' 7un)7U: ('Ulv"' 7Un) €R2
2f 2f i
é’x% (a) 07,071 a) v
(D? f)(a)(v)(u) = [u Un) : : : :
aZf a2f Un,
| Forom, @ gz

The bilinear form B : R” x R” — R given by

B(u,v) = (D*f)(a)(v)(u) Vu,veR"
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is called the Hessian of f, and is represented (in the matrix form) as an n x n matrix by

2f 2f i
6’756%@) 07,071 (a)
0% f 0% f

| 0z102, a @(a) i

2

&fgx (a) of f at a exists for all 4,5 = 1,--- ,n (here the
joLi

twice differentiability of f at a is ignored), the matrix (on the right-hand side of equality)

If the second partial derivatives

above is also called the Hessian matrix of f at a.

Even though there is no reason to believe that (D*f)(a)(u,v) = (D?*f)(a)(v,u) (since
the left-hand side means first differentiating f in w-direction and then differentiating D f
in v-direction, while the right-hand side means first differentiating f in v-direction then
differentiating D f in u-direction), it is still reasonable to ask whether (D?f)(a) is symmetric
or not; that is, could it be true that (D?f)(a)(u,v) = (D?f)(a)(v,u) for all u,v € R*? When
f is twice differentiable at a, this is equivalent of asking (by plugging in u = e; and v = ¢;)

that whether or not
0% f (a) = 0% f
&L’jal’i o al'lal']

The following example provides a function f : R* — R such that (6.8.3) does not hold at

(a). (6.8.3)

a = (0,0). We remark that the function in the following example is not twice differentiable

at a even though the Hessian matrix of f at a can still be computed.

Example 6.77. Let f : R? - R be defined by

Gt (z,y) # (0,0),

flzy) =< @ +y?
0 if (z,y) = (0,0).
Then . ) .
xry +4dxcy® —y° .
if (x,y) # (0,0),
Fay=q e 000
0 if (z,y) = (0,0),
and

x® — 43y — zy?
fy(z,y) = (22 +y?)?

if (x,y) # (0,0),
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It is clear that f, and f, are continuous on R?; thus f is differentiable on R?%. However,

fx(ov k) — fz(0,0) —

ey(0.0) = lim =0 =
while .
,0) — £,(0,0

thus the Hessian matrix of f at the origin is not symmetric.

Definition 6.78. A function is said to be of class € if the first r derivatives exist and
are continuous. A function is said to be smooth or of class €~ if it is of class € for all

positive integer r.

The following theorem is an analogy of Corollary 6.36.
Theorem 6.79. Let U — R"™ and f : U — R. Suppose that the partial derivative
oFf

exists in a neighborhood of a € U and is continuous at a for all j1,- -+, Jp =
axjkﬁxjk—l T 536]'1

é’kf
amjk axjk—l T a:Ujl

1,---,n. Then f is k-times differentiable at a. Moreover, if s continuous

on U, then f is of class €*.

Theorem 6.80. Let U = R™ be open, and f : U — R. Suppose that the mized partial
of of &f >f

, =, , exist in a neighborhood of a, and are continuous at a.
6l‘i a{L‘j a$ja$l 6%6:@

02 02
ﬁxjéfxi (a) = &xié’fmj (@) (6:84)
Proof. Let S(a,h,k) = f(a+ he; + ke;) — f(a+ he;) — f(a+ke;) + f(a), and define p(x) =
f(z + he;) — f(z) as well as ¢(z) = f(z + ke;) — f(z) for x in a neighborhood of a. Then
S(a, h, k) = p(a+ke;) —p(a) = (a+he;) —1(a); thus the mean value theorem implies that
there exists ¢ on the line segment joining a and a + ke; and d on the line segment joining a

and a + he; such that

derivatives

Then

S(a, b k) = pla+ ke;) — p(a) = K22 (¢) = k(2L (e + hey) — L (0)) |

0x; ox; 0x;

S(a, h, k) = ¥(a + he;) — w(a) = b2 (d) = h(ZL(d + ke;) — 2L () .

6961 ox; ox;
As a consequence, if h # 0 # k,
1,0f N of _ S(a,h,k) 1,0f of
E(é’xi (d + k:e]) ox; (d)) - hk - (63:] ( +he ) ox; ( ))
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By the mean value theorem again, there exists ¢; and d; on the line segment joining c,
¢+ he; and d, d + ke, respectively, such that

% f O f
dy) = ——— :
&Iz'j&xi ( 1) aﬁfzaiﬂj (Cl)
: o 0 f 0% f
The theorem is then concluded by the continuity of and at a, and ¢; — a
al'i(al'j 6x]6x,
and d; — a as (h, k) — (0,0). o

Corollary 6.81. Let U < R™ be open, and f is of class €*. Then
(D*f)(a)(u,v) = (D*f)(a)(v, u) Vaeld and u,v e R".

Remark 6.82. In view of Remark 6.69, (6.8.4) is the same as the following identity

lim lim fla+ he; + kej) — f(a+ he;) — fla+ kej) + f(a)
h—0 k—0 hk
i fim L@ e he) = flathe) = fla+ bey) + f(a)
k—0 h—0 hk

which implies that the order of the two limits lim and lim can be interchanged without

—0 k—0

changing the value of the limit (under certain conditions).

Example 6.83. Let f(x,y) = yz?cosy?. Then

foy(7,y) = 22y cosy?), = 2z cosy® — 2xy(2y) siny® = 2x cosy* — 4ay®siny?,
fyz(2,y) = (2% cosy? — ya?(2y) siny?), = (2% cos y® — 22%y” siny?),
= 2z cosy® — dxy’siny® = fo,(7,y).

6.8.2 Taylor’s Theorem

Theorem 6.84. Let f : (a,b) — R be of class €*** for some k € N, and c € (a,b). Then

for all x € (a,b), there exists d in between ¢ and x such that

ko) (e , (k+1)

where f9)(c) denotes the j-th derivative of f at c.
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Proof. Let g(x) = f(z) — zkj / ‘, (r —¢)’, and h(z) = (x — ¢)*L. Then for 1 < j <k,

99(e) = 9 (e) = 0;

thus by the Cauchy mean value theorem (Theorem 4.64), there exists & in between x and

¢, & in between &; and ¢, - - -, &1 in between & and c such that

glx) g(x)—glc)  g(&) g —g'(c)  g¢"(&) _

h(z) — h(z) —hlc)  W(&)  W(&)—NW() M)

g(’“ (&) _ 9™(&) — 9™ () _ g™ (&) _ fMV(Gr1)
®)(€

|

W OG) —hW(e)  AEU(g) (R + 1)

Letting d = &1 we conclude the theorem. O

Theorem 6.85 (Taylor). Let U < R™ be open, and f : U — R be of class €*. Letxz,ael
and suppose that the line segment joining x and a lies in U. Then there exists a point c on

the line segment joining x and a such that

k
Z]l JI—(I,"' ,J]—(l)—f— (ki1)|(Dk+1f)(C)(£U—avv 71}—6})
- J copies of x — a (k+1) copies of x — a
Proof. Let g(t) = f((1—t)a+tz). Then g: (—=d,1+0) — R is of class €***; thus Theorem
6.84 implies that for some ¢ € (0,1),

gU)( g® D (¢4)

Z N (6.8.5)

]:

By the chain rule,

g )= (Df)((1 = t)a+tz)(z — a) Zn: 1—ta+tm)( —a;);

thus

Z]%ﬁ% (1~ t)a+ tz) (2 — a;) (2, — a;) = (D*F)((1 ~ t)a + tz) (x — @,z — a).
By induction, we conclude that

gV(t) = (D) (1 - tha+tz)(z —a,-- 2 —a);

-
Y
j copies of x — a
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thus with ¢ = (1 — t)a + toz, (6.8.5) implies that

1
J— _a’...7$_a)+

(Dk+lf)(c)(x — QT CL). O

\\Mw

k:

(k+1)!

Definition 6.86. Let &/ < R™ be open, and f : i/ — R be of class €*. The k-th degree

Taylor polynomial for f centered at a is the polynomial

"1
Z— —a,---,x—@).

v~
J copies x — a

b

Corollary 6.87. LetU < R" be open, f : U — R be of class €**', and define the remainder

k
1
Ri(a,h) = f(a+h) — Z— (h,--- . h).

K\

Then lim Ri(a, h)
h—0  |h[%,

=0, or in notation, Ry(a,h) = o(|h|%.) as h — 0.

Example 6.88. Let f(x,y) = e”cosy. Compute the fourth degree Taylor polynomial for
f centered at (0,0).
Solution: We compute the zeroth, the first, the second, the third and the fourth mixed

derivatives of f at (0,0) as follows:

f(0,0)=1, f-(0,0) =1, f,(0,0) =0,
f22(0,0) =1, fey(0,0) = £,.(0,0) =0, fu,(0,0) = —1,
fr22(0,0) =1, Joay(0,0) = f1y2(0,0) = fy22(0,0) =0,
fyyy(0,0) =0, Syye(0,0) = fyay(0,0) = f2y,(0,0) = —1,
and
fwxmm(oao) =1, fyyyy(oao) 1
fray(0,0) = fauye(0,0) = fayau(0,0) = fyaza(0,0) =0,
Sayyy(0,0) = fyayy(0,0) = fiyay(0,0) = fyyye(0,0) =0,
Joayy(0,0) = fryey(0,0) = fryye(0,0) = fy204(0,0)
= fyayz(0,0) = fiy02(0,0) = —1
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Then the fourth degree Taylor polynomial for f centered at (0,0) is

1
£0,0) + £(0,0)2 + £,(0,0)y + 5 [ £ua(0,0)2% + 21y (0,0)y + £y (0, 0)y?]
1
[ Fra (0,007 4 810, (0,0)2%y + 31y (0,0)y” + (0,0
1 4 3 2 2
g [Frrr (0, 0)7 4 oy (0,0)° + 6y (0,0)2%y
+ 4 fayyy (0, 0)zy® + Sy (0, 0)y4]
1 1 1
=1l+x+ §(x2 — y2) + g(x?’ — 3xy2) + ﬂ(az,“1 — 62%y* + y4) .
Observing that using the Taylor expansions

1 1 1 1 1
ex:1+x+§x2+6x3+ﬂ:c4+--~ and cosy:1—§y2+ﬂy4+---,

we can “formally” compute e” cos y by multiplying the two “polynomials” above and obtain
that

.y 1 1 1 1 1 1
e“cosy “="1+x+ §(x2 — y2) + (Ezv?’ — §a:y2) + (ﬂx‘l — 1x2y2 + ﬂyQ) + h.o.t.;

where h.o.t. stands for the higher order terms which are terms with fifth or higher degree.

Definition 6.89. Let &/ < R"™ be open. A function f : U — R is said to be real analytic
. © o1, . .
at aeU if f(x) = ] H<D f)a)(x —a,--- ,x —a) in a neighborhood of a.

Example 6.90. Let f : R — R be defined by
1 .
exp (_W) ifx >0,

flz) =
0 ifx<0.

Then f is of class €%, and f*)(0) = 0 for all k € N. Therefore, f is not real analytic at 0.

6.9 Maxima and Minima

Definition 6.91. Let &/ < R"™ be open, and f : U — R.

1. If there is a neighborhood of zq € U such that f(z¢) is a maximum in this neighbor-

hood, then xg is called a local maximum point of f.
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2. If there is a neighborhood of xg € U such that f(x() is a minimum in this neighborhood,

then x is called a local minimum point of f.

3. A point is called an extreme point of f if it is either a local maximum point or a

local minimum point of f.

4. A point z is a eritical point of f if f is differentiable at xg and (D f)(xg) = 0; that
is, (Df)(zo) € Z(R",R) is the trivial map.

5. A point xg is a saddle point of f if xy is a critical point of f but not an extreme

point of f.

Theorem 6.92. LetU < R"™ be open, f : U — R be differentiable, and xo € U is an extreme
point of f. Then xq is a critical point of f.

Proof. Suppose the contrary that the linear map (Df)(zg) : R® — R is not the zero map;
that is, Ju € R", u # 0 3 Df(xo)(u) = ¢ # 0 for some constant ¢ € R. W.L.O.G, we can
assume that ¢ > 0 (for otherwise change u to —u). By the differentiability of f,

36> 053 |f(zo+h) — fzo) — Df(xo)(h)| < ﬁ”hh}gn whenever ||hljgn < 6.
RTL

Take Ao > 0 such that Agllu

gn < 0. Then for any 0 < A < Ao, [|[Au|grr < 0; thus

c A
: )\HUHRn = ? .

Therefore, —% < f(zo £ Au) — f(xg) F Ae < % which further implies that

f(zo) < fzo + Au) — %C < f(zo+ Au) and f(zo) = f(xo— u) + %C > f(zg — A\u)

for all A > 0 small enough. As a consequence, xy cannot be a local extreme point of f, a

contradiction. o

Definition 6.93. If f : i/ — R is of class €2, the Hessian of f at xg is the bilinear
function H,,(f) : R" x R™ — R given by

H,, (f)(u,v) = (D*f)(x0)(u,v) Vu,veR".
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The matrix representation of H,,(g)(+,) is given by

02 02 i
aajgw L (a0)
[Hﬂco (f)} = : :
02 02
&xléfxn (:UO) o (97{@0)

in the sense that Hy,(f)(u,v) = [u]"[Hy, (f)][v] = [0]T [Hao (f)] [u).

d positive definite .

Definition 6.94. A bilinear form B : R® x R® — R is calle . ., 1
negative definite

e . . -
B(u,u) zO for all u # 0, and is called positive semi-definite if B(u,u) ; 0 for all u € R™.

. . o, 1
negative semi-definite

Theorem 6.95. Let U < R™ be open, and f : U — R be a function of class €.

1. If g is a critical point of f such that the Hessian H,,(f) is ZZ“Z?;;;); definite, then f
has a local | CTTHUT point at xg.
minimum
mazrimum . . negative . .
2. If f has a local T point at xo, then H,,(f) is positive semi-definite.
Proof. 1. Suppose that H,,(f) is negative definite.
Claim: There exists —o0 < A < 0 such that
H, (f)(u,v) < Mul3. VueR". 6.9.1
0 R
Proof of claim: Let A\ = max  H, (f)(u,u). Then —c0 < A < 0, and for all

ueR™|ugn =1

u e R™ with u # 0,

_u v
[

H, (F)( J<A  VueRu=#0.

The inequality (6.9.1) follows from that the Hessian H,,(f) is bilinear.

Since f € €2, there exists § > 0 such that D(zy,d) € U and

HHx(f) - on(f)

BEn BEAR) S A Va € D(xg,0).
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Note that the inequality above suggests that

| Ho(f)(usu) = Heo () (u,u)| = |(Ho(f) = Hao(f)) (0, )| < =Aluze. (6.9.2)

Now since x is a critical point of f, (Df)(xz¢) = 0. As a consequence, by Taylor’s

theorem (Theorem 6.85), for any = € D(x,d), we can find ¢ = c(z) € 725 such that
£(&) = Flao) + (D o)(w — 7o) + 3 (D*F)(e)(w — 0,7 — 70)
= Ja)+ (D))o = o, = 20) + 5 [(D1)(€) = (D) )] (& — 0,2 o)
< Fa) + Mz — ol -+ 5 [(D2)E) ~ (D7) w0)) (7 0,7 o)

%("E —x0)" [He(f) = Hao(f)] (2 = 0).

Note that ¢ = ¢(x) € D(x0,9) if © € D(x0,9); thus (6.9.2) implies that

(2 —20)" [He(f) — Hao (/)] (x — 20) < =Ml — 2o

As a consequence, for all x € D(xg,6), f(x) < f(zo) which validates that x, is a local

r—nw»—n

1
2
(D

1
= f(zo) + §>\HIE — o[z +

maximum point of f.

2. Suppose the contrary that f has a local maximum point at xo but for some u € R,
Hao(f)(u,u) > 0.

By Theorem 6.92, (D f)(x¢) = 0; thus Taylor’s Theorem suggests that

£() = (o) + 5 (DO — 0,2~ 70) = Flao) + 5 — 20) " [HL )] ( — )

Since ¢ is a local maximum point of f, there exists § > 0 such that f(z) < f(zo) for

all x € D(x,d). As a consequence,

(z — zo) " [He(f)] (z — :1;0) =2[f(z) — f(z0)] <0 Va e D(xg,0).

Let 0 <t <dand x = x9g+t———. Then x € D(x,0); thus

lu HR”
H(f)(u,u) <0 Yte(0,5).

We note that ¢ depends on ¢, and ¢ — xg as t — 0. Therefore, by the continuity of
H,(f), passing t — 0 in the inequality above we find that

Hay (f)(u,u) <0

which is a contradiction. o
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Remark 6.96. Inequality (6.9.1) can also be obtained by studying the largest eigenvalue of
H,,(f). Note that since f € €%, H,,(f) is symmetric by Theorem 6.80. As a consequence,

there exists an orthonormal matrix O € GL(n) whose columns are (real) eigenvectors of

Ha, (f)
H,,(f) = OAO",

where A is a diagonal matrix whose diagonal entries are eigenvalues of H,,(f). Note that

by the orthonormality of O, every vector u € R satisfies Q% u|gn = |ul|gs. Therefore,
Hyo (f)(u,u) = u"OAQ u = (07 w) " A0 u) < MO ullgn = Aufzn
where A is the largest eigenvalue of A.

Remark 6.97 (Sylvester’s criterion). To justify if a matrix [H,,(f)] is positive/negative
definite, let

I
5$% 0xL0x1
Ay = : : (@) -
cf .
_axl(al’k 03:% |

det(Ak) >0
1)% det(Ag) > 0

Then H,,(f) is POsItIVe g nite if and only if (-

. forallk=1,--- ,n.
negative



Chapter 7

The Inverse and Implicit Function
Theorems

7.1 The Inverse Function Theorem ( ¥ & #c¥ 32 )

Foonfe@ 2 8% RIF3d- B SoficenF i 33 P A e B & - B Sl B - H-
- ﬂ}:j\FLFKZ BT EEF Sl Bldez & Sfc? o 3R AR E I &.ﬁlt‘}g&{’% ) I
B AT R SR e REAPL drg g A 0k = & Sdiesin! (& aresin) |,
cos™t (& arctan) % tan~!' (& arctan): ‘:E%L‘ﬂ LA R A SEihE AR R

BATOT ZE P E - - (FtF ez ) e P > R34 - BRAaix- B (2 FRH
) T B S BhE Sl F F A lfaﬁs; Pl Skl AR - ] HTFEH 5 Ao
e e - B Edch- P RRR L E GG A APE RGN L ARER T - A

(& 24 8 R¥ad) chifFm T2 C AT 2d - ek S I2 (Theorem 4.71) # i 4r

R AR RTOEE LN EA R R R B o e LA RSB T MK

A ARPERZERATR ) SES - BRI A F A PER (46.1) 0 BV UFD A

P RBOR ARG AT HRTIER > TE_(Df)(r) &% bounded linear map ¥ i o
¥ BE fe® > 78 d Theorem 6.8 2 P arig - BB xy 4ok (Df)(xg) ¥ i

o RR b BB (Df)(x) $8F e TLT G iR SETILSER Y R (Df) &

- BEVHEREE D FILAPE D RLE ) R OF SBOFF T A

Theorem 7.1 (Inverse Function Theorem). Let D < R™ be open, xo € D, f: D — R" be
of class €, and (D f)(xo) be invertible. Then there exist an open neighborhood U of xy and
an open neighborhood V of f(xg) such that

1. f:U — YV is one-to-one and onto;

205
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2. The inverse function f~1:V — U is of class €*;

1

3. Ifx = [!y), then (Df")(y) = (Df)(x))
4. If f is of class € for some r > 1, so is f1.

Proof. Assume that A = (Df)(z¢). Then |A™!|g@nrn # 0. Choose A > 0 such that
2A| A 5@n rny = 1. Since f € €, there exists § > 0 such that

[(DF)@) = Al g gy = (D)) — (D) (a0)

By choosing § even smaller if necessary, we can assume that D(zg,0) € D. Let U = D(xg,9).

BRn ) < A whenever x € D(z9,0) nD.

Claim: f:U — R™ is one-to-one (hence f : U — f(U) is one-to-one and onto).
Proof of claim: For each y € R", define ¢,(z) =+ A7 (y — f(x)) (and we note that every
fixed-point of ¢, corresponds to a solution to f(z) = y). Then

(D) (z) =1d = AH(Df)(z) = A~ (A - (Df)()) ,

where Id is the identity map on R™. Therefore,

- 1
H(Dgoy)(x)H%(Rn?Rn) <A™ %(Rn,Rn)HA —(Df)(x) @R < 3 Ve D(xg,0).
By the mean value theorem (Theorem 6.58), (see Remark 7.2)
1
H@y<$1) — @y<x2)HRn < 5“1’1 — xQHRn Vxl, To € D(.’L'(), 5), €Ty # T2 (711)

thus at most one x satisfies ¢,(z) = z; that is, ¢, has at most one fixed-point. As a
consequence, f : D(xg,d) — R" is one-to-one.

Claim: The set V = f(U) is open.

Proof of claim: Let b € V. Then there is a € V with f(a) = b. Choose r > 0 such that
D(a,r) < U. We observe that if y € D(b, Ar), then

I

N 3

ley(a) = alrn <A™ (y = f(a)) |zn < A7 e ly — blrn < AJA™H | pen oyr =
thus if y € D(b, A\r) and z € D(a,r),
1 r
[py(x) = allan < [y(2) = y(@) g + lipy(@) — allen < Sl = alen + 5 <7

Therefore, if y € D(b, Ar), then ¢, : D(a,r) — D(a,r). By the continuity of ¢,,

@, : D(a,r) — D(a,r).
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On the other hand, (7.1.1) implies that ¢, is a contraction mapping if y € D(b, Ar); thus by
the contraction mapping principle 5.77 ¢, has a unique fixed-point z € D(a,r). As a result,
every y € D(b, Ar) corresponds to a unique = € D(a,r) such that ¢, (x) = z or equivalently,
f(z) = y. Therefore,

D(b,xr) < f(D(a,r)) < f(U)=V.

Next we show that f~!:V — U is differentiable. We note that if z € D(z,d),

_ _ 1
[(Df)(@o) = (D) (@) |s@n ) | A s mn oy < AA™ |y = 55
thus Theorem 6.8 implies that (D f)(z) is invertible if z € D(xo, ).

Let b € V and k € R" such that b + k € V. Then there exists a unique a € U and
h = h(k) € R™ such that a + h € U, b = f(a) and b+ k = f(a + h). By the mean value
theorem and (7.1.1),

1
ngy(a +h) — ‘Py(CL)HRn < §Hh”R" )

thus the fact that f(a + h) — f(a) = k implies that
1
|h = A klen < S [P ]en
which further suggests that
1 _ _ 1
sIAlen < JA™ klen < [A7 | a@n ) [klrn < 55 F]Rn (7.1.2)

As a consequence, if k is such that b+ ke V),

[fH o+ k) = 1) — (Df)(a) kHR" la+h—a—((Df)(a))” kHRn
e [Tk
- k= (D)) (") g,
< D@y o if;x )

o | f(a+h) = fla) = (Df)(a)(h)|gn |h]gn
< H ((Df)(a)) %(Rn R 2 1%

< H((Df ) H%’R”R” ”f a+h)— f(a)_(Df)(a)(h)HRn
N A [ 2l '

Using (7.1.2), h — 0 as k — 0; thus passing £ — 0 on the left-hand side of the inequality
above, by the differentiability of f we conclude that

e+ R = 1710 = (DH@) kg

=0.
kHO |1 k||gn
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This proves 3.
To see 4, we note that the map g : GL(n) — GL(n) given by g(L) = L~! is infinitely

many time differentiable; thus using the identity

(DFY(y) = (D)) = (go(Df)o fH)(y),

by the chain rule we find that if f € €", then Df~! € €"! which is the same as saying that

f_l €EL". mi
Remark 7.2. The norm of R™ used in the proof of the inverse function theorem is given
by | |ge = | - ||oo; that is, if x = (21, -+, z,), then

|2)eo = max {|z1], -, |zal}-

Note that the concept of differentiability of a function f : i/ < R™ — R™ remains unchanged
since the infinity-norm | - |« is equivalent to the two-norm | - [2. Write ¢, = (¢1,- -, ¢n)
(ignore the subscript y for a moment). Then Example 1.133 implies that for each i €
{1,-- .n},

n

(D) (@) < mas |(Degy) (@) o < mmax Y |

1<i<

i
é’xj

()] = 1Dy (@) |aan 2

Therefore, the mean value theorem implies that if 1, 25 € D(xg,0) and x1 # o,
ey (1) = py(wa) [ = max [pi(1) — @i(s) | = max [Depy(ei) (21 — 22)|

< max | Doy ()| z@n k|21 — 2afrn

Remark 7.3. Since f~' : V — U is continuous, for any open subset W of U f(W) =
(f~H71(W) is open relative to V, or f(W) = O nV for some open set O < R". In other
words, if U is an open neighborhood of zy given by the inverse function theorem, then
f(W) is also open for all open subsets W of U. We call this property as f is a local open

mapping at x.

Remark 7.4. Since (Df)(zo) € Z(R",R"), the condition that (Df)(x) is invertible can

be replaced by that the determinant of the Jacobian matrix of f at x( is not zero; that is,

det ([(Df)(x0)]) # 0.

The determinant of the Jacobian matrix of f at x( is called the Jacobian of f at xy. The

a(fla"' afn)

Jacobian of f at z sometimes is denoted by J;(z) or .
3(5617 e ,fL'n)
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Example 7.5. Let f: R — R be given by

fz) =

x+2x2sin% ifx#0,
0 ifx=0.

Let 0 € (a,b) for some (small) open interval (a,b). Since f'(x) =1 — 2cos l +4x sml for
x # 0, f has infinitely many critical points in (a, b), and (for whatever reasons) these crltlcal
points are local maximum points or local minimum points of f which implies that f is not
locally invertible even though we have f’(0) = 1 # 0. One cannot apply the inverse function

theorem in this case since f is not .

Corollary 7.6. Let U < R" be open, f: U — R™ be of class €*, and (D f)(z) be invertible
for all x eU. Then f(W) is open for every open set W < U.

AP T % (local) & S #ic¥IL (Theorem 7.1) 2. 18 » R T k& g 2>

#eh (global) F S e HAIEE 2T ¢ ,__mlr o dek BB- MPF SHCERID 0 AP
e 'zEJﬂ:J LR & (Df)(z) & ffrﬁf FBRAT S B P A B E GBI G he T BB
FolwBE e BiFERa ™ Sdkd - 2 EF - - hpbf o

Example 7.7. Let f : R? — R? be given by

f(z,y) = (e" cosy, e’ siny).
Then
[(Df)(z,y)] = [

e*cosy —e¥siny
e*siny e¥cosy ] '

It is easy to see that the Jacobian of f at any point is not zero (thus (D f)(z) is invertible for
all z € R?), and f is not globally one-to-one (thus the inverse of f does not exist globally)
since for example, f(x,y) = f(z,y + 27).

BERS AR EEERAS NEDE Q&Eiﬁ%’“ﬁi{iﬁl’@'%ﬁﬁﬁ%\\o b el
T HEcH sign deﬁmteﬁ} L S 2B L ERE A A AR R TR
(Df)(x) BIASRT 35 > (924G (5 BT a4 (40t b)) T 5 B BRI (2ENE &
ﬁiI?L—U‘i’)WVrﬁifiiﬁmw»; F R ehde ) BAEE AR OF Sk e B A

SR AT R R R R R ST - M- e BB Ao R T A &S
Zenl Fl Aok - H S fcd BionE B dsign definite > PRA S BB R P % 2 E - H- o
(F] % Bt H 34 Bl 02 ) o
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Theorem 7.8 (Global Existence of Inverse Function). Let D < R"™ be open, f: D — R" be
of class €', and (D f)(z) be invertible for all x € K. Suppose that K is a connected compact

subset of D, and f : 0K — R" is one-to-one. Then f: K — R" is one-to-one.

Proof. Define E = {z € K ‘ Jye K,y # x5 f(z) = f(y)}. Our goal is to show that £ = (.
Claim 1: F is closed.

Proof of claim 1: Suppose the contrary that £ is not closed. Then there exists {zx}7"; S F,
xp — x as k — oo but z € K\E. Since zy € E, by the definition of F there exists y, € F
such that y, # z and f(xx) = f(yx). By the compactness of K, there exists a convergent
subsequence {y, }30:1 of {yx}{Z, with limit y € K. Since x ¢ E and f(xx,) = f(yx;,) — [(y)
as j — o0, we must have x = y; thus yx, — r as j — .

Since (D f)(x) is invertible, by the inverse function theorem there exists § > 0 such that
o0

f: D(x,6) — R™ is one-to-one. By the convergence of sequences {:pk‘j};ozl and {yk]. }j:p

there exists N > 0 such that
:L‘kjvyk]‘ED(xaé) VJ>N

This implies that f : D(z,d) — R" cannot be one-to-one (since Ty, # Yr; but f (xk]) =
f (ykj)), a contradiction. Therefore, F is closed.

Claim 2: E is open relative to K; that is, for every x € E, there exists an open set U such
that reld and U " K € E.

Proof of claim 2: Let x; € E. Then there is x5 € E, o # x1, such that f(z1) = f(z2).
Since (Df)(z1) and (Df)(x2) are invertible, by the inverse function theorem there exist
open neighborhoods U; of x; and Us of x4, as well as open neighborhoods Vi, Vs of f(x1),
such that f : U; — Vi and f : Uy — Vs, are both one-to-one and onto. Since x; # o,
W.L.O.G. we can assume that U; n Uy = . Since Vi n Vs is open, the continuity of f
implies that f~1(V; n V,) = O n D for some open set O; thus

fUnOn K->V nVyn f(K) is one-to-one and onto,
f:Usn O K—VnVyn f(K) is one-to-one and onto .

Let Y =U; n O. Then every x € U n K corresponds to a unique T € Uy N O n K such that
f(z) = f(Z). Since Uy N Uy = &, we must have z # Z. Therefore, x € E, or equivalently,
UNnKCE.

Now we show that F = . Since K is connected, F is open relative to K and FE is
closed, Remark 3.46 implies that £ = K or F = (J. Suppose the case that £ = K. Let
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x € 0K < E. Then there exists y € E such that y # x and f(z) = f(y). Since f: 0K — R"”
is one-to-one, y ¢ dK. Therefore, we have shown that if F = K, then f(0K) < f(int(K)).

By Theorem 4.21, the compactness of K implies that f(K) is compact; thus there is
b e R" such that b ¢ f(K). Consider the function ¢ : K — R defined by

st

Then ¢ is a continuous function on K; thus ¢ attains its maximum at xq € K. Since
f(OK) < f(int(K)), we can assume that zo € int(K); thus Theorem 6.92 implies that
(Dy)(xo) = 0. As a consequence,

l\'.)lr—t

pl) = () — bl =

[(Df)(0)] " [F (o) —b] =0.

By the choice of b, f(z9) —b # 0; thus we must have that (Df)(x¢) is not invertible, a

contradiction. o

Example 7.9. Let f : R? — R? be given as in Example 7.7, and D = {(z,y) |z € R,0 <
y < 27r}. Then f : D — R? is one-to-one. If K is a compact subset of D, then f : K — R?

is also one-to-one (thus f : 0K — R? must be one-to-one as well).

Corollary 7.10. Let D < R" be a bounded open convex set, and f : D — R™ be of class €+
such that

1. f and Df are continuous on D;
2. the Jacobian det ([(Df)(x)]) # 0 for all x € D;
3. f:0D — R" is one-to-one.

Then f : D — R™ is one-to-one. Moreover, f~* : f(D) — R" is continuous, and f~' :
f(D) — D is of class €.

Proof. We first claim that there exists a small ¢ > 0 such that f : D, — R" is one-to-one,
where

D. ={zeD|d(z,0D) <¢e}.
Assume the contrary that for every k > 0, there exists x, yx € D such that

() @ # g (b) dlap, 09) < ¢ and d(y,02) < 15 () flaw) = ().
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Since {zx}72, and {yx}72, are bounded (due to the boundedness of D), by the Bolzano-
Weierstrass Theorem (or Corollary 3.29) there exist {xkj}j,o:l and {yk‘j}jozl such that zy, —

z €D and y,, —> y e D. By (b), z,y € 0D; thus the fact that f : D — R" is one-to-one

implies that x = y. Therefore, 3, — = and yx;, — = as j — 0.

Let u; = % Since {u;}72, is bounded in R”, by the Bolzano-Weierstrass

Theorem again there is a convergent subsequence {UJZ}Z; with limit u # 0. Moreover, by
the convexity of D, the mean value theorem implies that for each i = 1,--- ,n, there exists

cie on the line segment joining xy;, and y,, such that

0= filr;,) — fily,,) = (Dfi)(cio) (xr;, — yr;,) = |2n;, = yn, [rn (D fi) (cie) (uy, )

which by (a) further suggests that (D f;)(ci¢)(uj,) =0 forall i =1,--- ,n and ¢ € N. Since
ciy — x as { — oo, passing ¢ — o we conclude that (D f;)(z)(u) = 0. This holds for each
i=1, -+ ,n; thus (Df)(z)(u) = 0. Therefore, det ([(Df)(z)]) = 0, a contradiction.

Now suppose that there exists z,y € D such that f(z) = f(y). Choose a compact set
K < D such that z,y € K and 0K < D, (this can be done, for example, by choosing that
K = D\Djs for some small § > 0). Since f : D. — R" is one-to-one, f : dK — R" is
one-to-one. By Theorem 7.8, f : K — R" is one-to-one. Then x = y; thus f: D — R" is
one-to-one.

Next, we show that f : D — R™ is one-to-one. Assume the contrary that there exists
x € D and y € 0D such that f(x) = f(y). By the inverse function theorem there exists open
neighborhood U of z and V of f(z) such that f : i/ — V is one-to-one and onto. By choosing
U even smaller if necessary, we can assume that there exists {yx}io, € D\U and y — y
as k — o0. By the continuity of f, f(yx) — f(y) as k — o. However, since f : D — R”
is one-to-one, {f(yk)}zo:l ¢ V; thus {f(yk)}zo:l cannot converge to f(y) as k — oo (since
f(y) € V), a contradiction.

Finally, the inverse function theorem implies that f=1 : f(D) — D is of class ¢, and
the continuity of f~' on f(D) follows from the fact that (f~')~'(F) = f(F) is closed in D
for all closed subset F' of R™. o

Remark 7.11. Suppose that D < R" in Corollary 7.10 is open, bounded, connected but
not convex. The Whitney extension theorem (which is not covered in this text) implies that
there exists a function F' : R® — R™ so that F = f and DF = Df on D. Then Theorem

7.8 can be applied to guarantee that F is one-to-one on D.
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7.2 The Implicit Function Theorem (*£ & #c % 32 )

Theorem 7.12 (Implicit Function Theorem). Let D < R™ x R™ be open, and F : D — R™
be a function of class €. Suppose that for some (xg,yo) € D, where g € R™ and yo € R™,
F(zo,90) =0 and

ayl aym
[(DyF)(x(J,yo)} = : : (%0, Yo)
L 11 OYm

is tnvertible. Then there exists an open neighborhood U < R™ of xy, an open neighborhood

V< R™ of yo, and f : U — V such that
1. F(z, f(z)) =0 forallz €U;

2. yo = f(x0);

3. (Df)(z) = = ((DyF)(z, f(x)))fl(DxF)(x, f(x)) for all x € U, where the matriz rep-
resentation of D, F(x, f(x)) € ZR",R") is given by

0x1 0%y,
[(DoF)(z,y)] =1 = . & |(zy).

0Fn  0Fn

| 0z 0%y, |

4. f is of class €.

Proof. Let z = (z,y) and w = (u,v), where z,u € R" and y,v € R™ Define G by
G(z,y) = (1‘, F(m,y)), and write w = G(z). Then G : D — R and

I, 0

DG)(x, =
(PO = b pye) (DF) )

where I, is the n x n identity matrix. We note that the Jacobian of G at (xg,yo) is
det ([(DyF)(zo,y0)]) which does not vanish since (D, F)(zo,yo) is invertible, so the inverse
function theorem implies that there exists open neighborhoods O of (zg,y0) and W of
(20, F (w0, 0)) = (20,0) such that
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(a) G : O — W is one-to-one and onto;
(b) the inverse function G=! : W — O is of class €";

(¢) (DGY)(z, F(z,y)) = (DG)(x,y)) "

By Remark 7.3, W.L.O.G. we can assume that O =U x )V, where Y < R" and V < R™ are
open, and xg € U, yo € V.
Write G~ (u,v) = (p(u, v),¥(u,v)), where ¢ : W — U and ¢ : W — V. Then

<u7v) = G(@(uﬂv>7¢<u>v)) - (¢(u7v)7F(u7¢(u7v)))

which implies that ¢(u,v) = u and v = F(u, ¥ (u,v)). Let f(z) = ¢(x,0). Then (u, f(u)) €
U x V is the unique point satisfying F(u, f(u)) =0 if u e U. Therefore, f : U — V, and

F(z, f(z)) =0 Veel.

Since G(zo,40) = (70,0) = G(Io,f(%))a (z0,%0), (anf(xO)) € O,and G : O - Wiis
one-to-one, we must have yo = f ().

By (b) and (c), we have G~ is of class ¢!, and
-1

(DG 1) (u,v) = ((DG) (x, y))

As a consequence, ¥ € €', and

(Dup)(u,v)  (Dyp)(u,v) _ I, 0
(Duth)(u,v)  (D)(w,v)| — |(DeF)(@,y) (DyF)(z,y)
B i I, 0
(D, F) ) T (DeF) @ y) ((DyF)(,y) "

Evaluating the equation above at v = 0, we conclude that
-1
(Df)(u) = (Dut))(u,0) = = ((Dy F)(u, f(u))) (Do F)(u, f(u))
which implies 3. We also note that 4 follows from (b). o

Alternative proof of Theorem 7.12 without applying the inverse function theorem. Let z =
(7,9), 20 = (w0, %0), A = (Do F')(20,%0) and B = (D, F)(zo, yo). Define

r(z,y) = F(z,y) — A(x — 20) — B(y — %o) -
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Our goal is to solve the equation
0= A(z —x0) + B(y — vo) +7(2,y)
for y. By the invertibility of B, this is equivalent of finding a fixed-point of the map
@, (y) = yo — B Al — @) +1(z,y)].

Since 7 is of class €' and (Dr)(zo,yo) = 0,

1 1
,— 1+ VzeD(zy0).
4m|| B g oy 2m} (20,9)

36 > 03 |[(Dr)(z,y)| s@n rm) < min {

Therefore, the mean value theorem (Theorem 6.58) implies that

H (.T y>—7’ Lo, Yo HR’" \Z‘rz € y -7 Io,yo Z .D?"Z Z—Zo)’
i=1 i=1

(=9

||Z - Z() HRner

T 4B @z 4B a@en me
0 0
for all z = (z,y) € D(y, 5) x D (yo, 5) < D(zp,0), and
1 1
[©2(51) = @2(v2) g < 1B | oy I (2, 90) = (@, 9) e < Zlgn = poflmm (7:2.1)
0 1) e
ifxe D(:CO, ) Y1,Y2 € D(yo, ) and y; # y2. As a consequence, for each (fixed) x satisfying

’ —1 ’é}a if |y — yollzm < 0 we have
1+ | Al pgn &) | B~ | m g 2 2

— n <=
|z — zo|r r m1n{4(

[0 (y) = yolre < [B™ @z |Alx = 20) +7(2,9) |

< |Bm ey [ ALs@n omy | — ol + I, y)lem] < 2. (7:22)

N

Let M = {y € R™||ly — yo|rm < g} Then for each z € U = D(xp,7), (7.2.1) and (7.2.2)
suggest that &, : M — M is a contraction mapping; thus there is a unique fixed-point
y € M. Denote this unique fixed-point as f(x). Then f:U — V = D(yo, \F(S)
of this V guarantees that U x V < D(z,0)) and

(the choice

F(z, f(x)) = A(z — z0) + B(f(2) — w) +r(z, f(x)) = 0.
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Moreover, since F(z,y) = 0 if and only if y is a fixed-point of ®,, and the contraction
mapping principle provides the uniqueness of the fixed-point if (z,y) € U x M. Since
(20, Y0), (zo, f(x0)) €U x M, we must have yo = f(xo).

To see the differentiability of f, we first claim that f : U — V is continuous. Since f(z)
is the fixed-point of ®,,

f(@) =yo— B ' (A(z — m9) + r(z, f(2))) .
If 21,29 €U, then (zq, f(x1)), (2, f(22)) € D(20,0); thus (7.2.1) implies that

|f(@1) = f@2) g = [ BT A1 = 22) g + (21, F (1)) = 72, f(@2)]

_ 1
< [B7 Al g@e zm 21 — w2l + 5\/\\3?1 — allfn + [ (1) = f(@2) [m

_ 1 1
< | B Al gwn gy |71 — @2||R + §H=T1 — To|rn + §||f($1) — f(z2)|rm .

Therefore,
[ f(21) = f(22)] g < (2] BT Al smn oy + 1) |21 — @2 gn (7.2.3)
which implies that f : U — V is (Lipschitz) continuous.
Now let a € U and € > 0 be given. Define b = (a, f(a)), and A = (D, F)(b), B =
(DyF)(b). We would like to show that there exists §; > 0 such that

| f(z) = fa) + B Az — a)|pm < elz — alrn Vae D(a,d).

Since F € ¢! and the map L — L™ is continuous, there exists d; > 0 such that

3

|(DyF) ()" (D2 F)(2) = (DyF)(20) ™ (D2 F) (20) | gz omy < 3

Vze D(Zo, 52) .

Moreover, since r € €, there exists 63 > 0 such that

19
zZ — b m <
)(z =), 2| B~ z@m rem)

|r(z) = r(b) = (Dr)(b |2 — blgnim ¥ 2 D(b,ds)

and
3
D — (Dr)(b < — bl|gn+m Yz € D(b,63).
Choose §; = min {@7 %’ - & } Then if |z — a|gn < 61, using (7.2.3)
2727 2(2| B~ Al mgnrm) + 1)
we find that

|z, f(2)) = (a. f(a)| gnim < |2 = allrn + [ f(2) = f(a)rn < min{dy, s} ;
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thus if |z — a|ge < 61,
|f(2) = fla) + B~ A(z = a)| .,

= |(B'A-B7'A)(x —a) + B~ (r(x, f(z)) — r(a, f(a)))
<|[B'A-B7'A|,

e

]RnJRm) H‘T - aHRn

r(x, f(2)) — r(a f(@) — (DP)O)(x — a, f(2) ~ (@) |
F 1B g | (DB (@ — a, £ (@) — (@) | < el — aler

Therefore, f is differentiable on U, and

+ | B! m@m zm)

-1

(D)) = —((D,F)(x. f(@) (DuF)(x, f(2)  VaeU.  (1.24)
Since F is of class ¢! and f is continuous on U, we find that D f is continuous; thus f is of
class €. Moreover, if F is of class ¢, (7.2.4) also implies that f is of class €. o

Example 7.13. Let F(z,y) = 2% +y*> — 1.

L. If (zo,y0) = (1,0), then F,(zo,y0) = 2 # 0; thus the implicit function theorem implies

that locally x can be expressed as a function of .

2. If (zo,y0) = (0,—1), then F,(x¢,y9) = —2 # 0; thus the implicit function theorem

implies that locally y can be expressed as a function of x.

3. If (zo,90) = ( — %, \f), then F,(zo,y0) = —1 # 0 and F,(xo,90) = V3 # 0; thus the

implicit function theorem implies that locally x can be expressed as a function of y

and locally y can be expressed as a function of x.

Example 7.14. Suppose that (z,y,u,v) satisfies the equation
zu+yv? =0
203 + y?ub =0

and (xg, Yo, Uo,v0) = (1,—1,1,-1). Let F(z,y,u,v) = (zu + yv? zv* + y*ub). Then
F(z0, Y0, uo, vo) = 0.

oF, oI
Or ou 1 1

1. Since (D, F)(xo, Yo, uo, vo) = 86}5762 ;;,12 (70, Yo, Uo, Vo) = {_1 _2} is invertible,
or Oy

locally (z,y) can be expressed in terms of u,v; that is, locally z = x(u,v) and y =

y(u,v).
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oF, O0F;
1 1
2. Since (Dy.F)(zo, yo, uo, vo) = ;Fy? aal% (20, Yo, o, Vo) = [_2 6} is invertible,
oy  Ou

locally (y,u) can be expressed in terms of z,v.

Example 7.15. Let f : R3 — R? be given by
f(x,y,2) = (ve! + ye*, ze” + ze¥) .
Then f is of class €, f(—1,1,1) = (0,0) and

Y we¥ e ye®
[(Df)(a:,y,z)] - |:€z »eY mez_’_ey :

Since (D, . f)(—1,1,1) = [(e) 8] is invertible, the implicit function theorem implies that the
system

xe¥ +ye* =0

xe® + ze¥ =0
can be solved for y and z as continuously differentiable function of z for z near —1 and (y, 2)
near (1,1). Furthermore, if we write (y, z) = g(z) for  near —1, then

-1
rooN |xeY +ef ye* ye? ey
g (‘1.) - [ Zey {L‘GZ +6y 1 |: z:| .



Chapter 8

Integration

In this chapter, we focus on the integration of bounded functions on bounded subsets of R".

8.1 Integrable Functions

We start with a simpler case n = 2.
Definition 8.1. Let A < R? be a bounded set. Define

a; = inf{z € R|(z,y) € A for some y € R},
by = sup {z € R|(z,y) € A for some y € R},
as = inf{y € R| (z,y) € A for some z € R},
by = sup {y € R|(z,y) € A for some z € R}.

A collection of rectangles P is called a partition of A if there exists a partition P, of [ay, b1 ]

and a partition P, of [as, bs],

Px:{a1:x0<x1<---<xn:bl} and Py:{a2:y0<y1<---<ym:bQ},
such that

P = {0 | Ay = [z, i) ¥ [yj,yj41] fori=0,1,--- ,n—Tand j=0,1,--- ,m—1}.

The mesh size of the partition P, denoted by |P|, is defined by

HPH:max{\/(xi+1—xi)2+(yj+1—yj)2 iZO,l,"' ,n—l,j=0,1,--~ ,m—l}.

The number /(2,41 — ;)? + (yj+1 — y;)? is often denoted by diam(A;;), and is called the

diameter of A,;.

219
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Similar to the integrability of f on a bounded subset of R, we have the following

Definition 8.2. Let A € R? be a bounded set, and f : A — R be a bounded function. For
any partition P = {Aij ‘ ANyj= 2, Tie1) X Y, Yj41),0=0,--- ,n—1,7=0,--- ,m — 1}, the
upper sum and the lower sum of f with respect to the partition P, denoted by U(f, P)
and L(f,P) respectively, are numbers defined by

U<f7 P) = Z sup 7A($’ y)A(Az]) )

o<isn—1 (T,Y)€A;
o<jsm—1

L(f,P) = inf
<f ) 0<z<2n1 (z,y)EA;
0<j<m—1

—A

(@, y)A(Ay),

where A(A;;) = (zi41 — ;) (yj41 —y;) is the area of the rectangle A;;, and 7" is an extension

of f, called the extension of f by zero outside A, given by

A(x):{ flz) zeA,

/ 0 z¢A.

The two numbers
J f(z,y)dA = inf {U(f,P)| P is a partition of A}
A

and

f f(z,y)dA = sup {L(f,P) | P is a partition of A}
Ja

are called the upper integral and lower integral of [ over A, respectively. The function

f is said to be Riemann (Darboux) integrable (over A) if J f(z,y)dA = f f(z,y)dA,
A Ja

and in this case, we express the upper and lower integral as J f(x,y)dA, called the integral
A
of f over A.

In general, we can consider the integrability of a bounded function f defined on a

bounded set A < R" as follows

Definition 8.3. Let A < R” be a bounded set. Define the numbers ay,as, - ,a, and
b17b27'” 7bn by

ak:inf{xkeR‘x:(xl,--- ,x,) € A for some 1, Tp_1, Tpy1, - ,xneR},

bk:sup{xkeR‘x:(xl,--~ ,x,) € A for some 1, Tp_1, Tpy1, - ,:cneR}.
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A collection of rectangles P is called a partition of A if there exists partitions P*) of

lak, by], k=1,--- ,n, P®) {ak = x(()k) < xgk) - < xN = bk} such that
1 1 2 2 n n+1
73 = {AiliQ“'in Aili?“in = [x§1)7 x§1)+1] X [x§2)7 $§2)+]_] X - X [l‘l(n), Sn_t,_l )]7

ik:O,l,---,Nk—l,k:L---,n}.

The mesh size of the partition P, denoted by |P|, is defined by

n

PmaX{JZ 20— 2Py2 ik:O,l,---,Nk—l,kzl,---,n}.

n

The number , [ >’ (:L'l(fll - xg:))Q is often denoted by diam(A;;,..;,), and is called the di-
k=1

ameter of the rectangle A, ;,...;, .
Definition 8.4. Let A € R" be a bounded set, and f : A — R be a bounded function. For
any partition

1 1 2 2 n n+1
AiliQ"'in - [x§1)7xz(12§—1] X [xEQ),xEQZ'_]_] X [ ’En)7x’fn+1 )]7

ik:Oa17”'aNk_lvkzlv'”7n}a

P ={ A,

the upper sum and the lower sum of f with respect to the partition P, denoted by
U(f,P) and L(f,P) respectively, are numbers defined by

U(f,P)= > sup [ (z,y)v(A),
Aep (@y)EA

L(f,P)= Z inf F'(z,y)v(A),

Aep (z,y)eA

where v(A) is the volume of the rectangle A given by

V() = (@i = )@ = o) (@ = i)

i1+1 i1 i2+1 12 in+1 in
if A = [365 - :cl(lll] X [:US) — xgll] X e X [azgf) - ngll], and f" is the extension of f by
zero outside A given by
—a flz) xzeA,
f(z) =
0 x¢A.
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The two numbers
J f(z)dz = inf{U(f,P) | P is a partition of A},
A

and

f f(z)dz = sup {L(f,P)| P is a partition of A}
Ja

are called the upper integral and lower integral of f over A, respective. The function

f is said to be Riemann (Darbouz) integrable (over A) if f flz)dz = J f(z)dz, and
A Ja

in this case, we express the upper and lower integral as J f(z)dz, called the integral of f
A

over A.

Definition 8.5. A partition P’ of a bounded set A < R" is said to be a refinement of
another partition P of A if for any A’ € P’, there is A € P such that A’ € A. A partition
P of a bounded set A < R" is said to be the common refinement of another partitions
P1,Pay -+ Py of Aif

1. P is a refinement of P; for all 1 < j < k.
2. If P’ is a refinement of P; for all 1 < j < k, then P’ is also a refinement of P.

In other words, P is a common refinement of Py, Py, - - -, Py if it is the coarsest refinement.

114 7
_l’_

Figure 8.1: The common refinement of two partitions

Quantitatively speaking, P is a common refinement of Py, Py, -- Py if for each 7 =
L,---n, the j-th component ¢; of the vertex (cq,--- ,c,) of each rectangle A € P belongs to
Pi(j) for somei=1,--- k.

Similar to Proposition 4.77, we have

Proposition 8.6. Let A < R" be a bounded subset, and f: A — R be a bounded function.
If P and P’ be partitions of A and P’ is a refinement of P, then

L(f,P) < L(f,P) <U(f,P) <U(f,P).
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The proof of the following proposition is identical to the proof of Proposition 4.79.

Proposition 8.7 (Riemann’s condition). Let A < R" be a bounded set, and f : A — R be

a bounded function. Then f is Riemann integrable over A if and only if
Ve > 0,3 a partition P of AsU(f,P)—L(f,P) <e.

Theorem 8.8 (Darboux). Let A < R" be a bounded set, and f : A — R be a bounded
function with extension ?A given by (4.7.1). Then f is Riemann integrable if and only if
31 € R such that Ve > 0,36 > 03 if P = {Ay,--- ,AN} is a partition of A satisfying

|P| <0 and a set of sample points & € Ay, & € Ao, -+, En € Ay, we have
al —A
‘ D (G)v(Ag) - I‘ <e. (8.1.1)
k=1

N _
The sum > [ (1) (Ag) is called o Reimann sum of f over A.
k=1

In Section 5.1, we show that if a sequence of Riemann integrable functions {fi}r;
converges to a function f uniformly on [a, b], then f is also Riemann integrable over [a, b] and
the integral of the limit function is the same as the limit of the integrals (of the sequences).
This theorem can also be established if the domain A under consideration is a bounded
subset of R™. In fact, the same proof used to establish Theorem 5.17 can be applied to

conclude the following

Theorem 8.9. Let A < R" be a bounded set, and fr : A — R be a sequence of Riemann
integrable functions over A such that {fi}i_, converges uniformly to f on A. Then f is
Riemann integrable over A, and

lim L Ffuolz)dz = L f(a)dz. (8.1.2)

k—o0

From now on, we will simply use f to denote the zero extension of f when the

domain outside which the zero extension is made is clear.

8.2 Volume and Sets of Measure Zero

Definition 8.10. Let A < R™ be a bounded set, and 14 (or x4) be the characteristic

function of A defined by
1 ifxeA,

0 otherwise.

La(z) = {
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A is said to have volume if 1, is Riemann integrable (over A), and the volume of A,

denoted by v(A), is the number J la(z)dz. A is said to have volume zero or content
A

zero if v(A) = 0.
Remark 8.11. Not all bounded set has volume.

Proposition 8.12. Let A < R" be bounded. Then A has volume zero if and only if for
every € > 0, there exists finite (open) rectangles Sy, - -+, Sy (whose sides are parallel to the

coordinate azxes) such that

N N
A;USk and ZVS
k=1 k=1

Proof. “=" Since A has volume zero, | 1a(x)dz = 0; thus for any given £ > 0, there exists
A

a partition P of A such that

U(La,P) < f La(a)de + £ = €.
N 27 2

1 fAnA+#d,
Since sup 14(z) = { 0 i)therr:;vise @ we must have AZ;D v(A) < % Now if A e P

TEA
AnA#£Z

and AnA # ¥, we can find an open rectangle [] such that Ac] and v(() < 2v(A).
Let Si,---, Sy be those open rectangles []. Then A < U Sy and Z v(Sk) < e.

<7 W.L.O.G. we can assume that the ratio of the maximum length and minimum length
of sides of Sy, is less than 2 forall k = 1, -+ | N (otherwise we can divide Sy into smaller
rectangles so that each smaller rectangle satisfies this requirement). Then each Sy can
be covered by a closed rectangle [, whose sides are parallel to the coordinate axes
with the property that v({Jy) < 2" 1y/n"v(Sk). Let P be a partition of A such that
for each A € P with An A # @&, A< Sy, for some k=1,--- ,N. Then

Mz

PI= 3 )< S0 <2 S <2

AeP k
ANA+Y

1

thus the upper integral f La(z)dz = 0. Since the lower integral cannot be negative,
A

we must have J 14

(x)dx = J 1a(x)dx = 0 which implies that A has volume zero. o
A Ja
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Example 8.13. Each point in R" has volume zero.

Example 8.14. The Cantor set (defined in Exercise Problem ?? in Chapter 2) has volume

Zero.

Definition 8.15. A set A < R" (not necessarily bounded) is said to have measure
zero (R1E % % ) or be a set of measure zero ( % Bl & & ) if for every € > 0, there exist

0
countable many rectangles Sy, Ss, - - - such that {S,};2, is a cover of A (that is, A = |J S)
k=1
o0
and > v(Sk) <e.
k=1

Example 8.16. The real line R x {0} on R? has measure zero: for any given ¢ > 0, let

—& g

” < C- 2e E € €
RX{O}QkLJSk and ;V(Sk):;Qk'%Hk:;QkH:§<5'
=1 =1 —1 1

Similarly, any hyperplane in R™ also has measure zero.

Proposition 8.17. Let A < R" be a set of measure zero. If B < A, then B also has

measure zZero.

Modifying the second part (or the “<” part) of the proof of Proposition 8.12, we can

also conclude the following

Proposition 8.18. A set A < R"™ has measure zero if and only if for every € > 0, there

exist countable many open rectangles Sy, Sz, --- whose sides are parallel to the coordinate
0 0

azes such that A < |J S and Y v(Si) <e.
k=1 k=1

Remark 8.19. If a set A has volume zero, then it has measure zero.

Proposition 8.20. Let K < R" be a compact set of measure zero. Then K has volume

ZEero.

Proof. Let € > 0 be given. Then there are countable open rectangles Sy, .55, --- such that

0

Sk and Z v(Sk) <e.

1 k=1

s

K<
k

Since {Sk}72; is an open cover of K, by the compactness of K there exists N > 0 such that
N N 0

K < |J Sk, while Y] v(Sk) < X v(Sk) < e. As a consequence, K has volume zero. o
k=1 k=1 k=1
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Since the boundary of a rectangle has measure zero, we also have the following

Corollary 8.21. Let S < R" be a bounded rectangle with positive volume. Then R is not a

set of measure zero.

0

Theorem 8.22. If Ay, Ay, --- are sets of measure zero in R™, then | J Ay has measure
k=1
zero.

Proof. Let ¢ > 0 be given. Since Ajs are sets of measure zero, there exist countable
rectangles {Sj(.k) };il, such that

o0}
(k) k;
c | s and 23 2H1 VkeN.
j=1

Consider the collection consisting of all S ](.k)’s. Since there are countable many rectangles in

this collection, we can label them as Si, S,, - -+, and we have

U= UUs = s

and
PIEICIEDIPILIC )<22k+1 =5 <¢&
k=1 k=1 j=1 k=1
[ee}
Therefore, | ) Ax has measure zero. =

k=1

Corollary 8.23. The set of rational numbers in R has measure zero.

8.3 The Lebesgue Theorem

frzow 3P 4R D) Jofic Riemann ¥ ff - B £ W i% % Riemann’s condition o fiz- &
¢ Vi s i S ficd Riemman ¥ A 0¥ - B E I% R o iR R Y R E A - Bk
f = A+ & Riemann ¥ ff chg ¥ riEg f it dp f (A3 HF HFADTHRY § TR ) D
PHFERAEADELHERRZTE R0 BB APAH- Bakad §RR

- BRIy iz BER I F U"‘f" L W ;L*%Eﬁ B S Bc e — f@;%%}\@@ii o

Definition 8.24. Let f : R®” — R be a function. For any x € R", the oscillation of f at
x is the quantity

ose(f.r)=inf sup |f(x1) — fl)].

6>0 z1,x2€D(x,8)
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AR P A A AP infimum Gz B E A(Sz) = sup [f(x1) — flaa)] A
1,226 D(x,0)

i Wl (o A2) @ osc(f,z) RIE_h(0;z) § § > 0 PFFerm*L o § #b » Ly
ii h(5 x) # FrLE S osup f(y)— inf f(y).
yeD(x,5) yeD(x,6)
M Lemma E M3 deimesh- Bofich - BRSO
Lemma 8.25. Let f : R" — R be a function, and xo € R™. Then f is continuous at xq if
and only if osc(f,xo) = 0.
Proof. “=" Let € > 0 be given. Since f is continuous at xg,

36> 053 |f(z) — flzo)| < g whenever x € D(zg,9).

In particular, for any x1, 25 € D(xy, ),
’f(ﬂh) - f(@)‘ < |f(951) - f(%)’ + ’f(ﬂfo) — f(z2)] < 3

thus sup ‘f(xl) — f(xQ)} < % which further suggests that

Zl,l’QGD(CEO,é)

2
0 < osc(f,zg) < ?6 < e.

Since ¢ is given arbitrarily, osc(f, zg) = 0.

<" Let € > 0 be given. By the definition of infimum, there exists § > 0 such that

sup }f(xl)—f(xg)’ <e.

T1,T2 GD(xo ,(5)

In particular, [f(z) — f(zo)| < sup  |f(z1) — f(22)| <€ for all x € D(zo,6). o

zl,xgeD(:co,é)

Lemma 8.26. Let f : R® — R be a function. Then for all ¢ > 0, the set D, = {:v €
R" | osc(f,z) = e} is closed.

Proof. Suppose that {yx}; € D. and yx — y. Then for any § > 0, there exists N > 0 such
that yx € D(y,0) for all kK > N. Since D(y,d) is open, for each k > N there exists d; > 0
such that D(yg,0x) € D(y,d); thus we find that

sup  |f(z1) = flzo)| < sup  |f(z1) — f(z2)] Vk>N.

x1,22€ D (yg,0k) x1,22€ D(y,6)

The inequality above implies that osc(f,y) = ¢; thus y € D, and D, is closed. o
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Theorem 8.27 (Lebesgue). Let A € R™ be bounded, f : A — R be a bounded function, and
f be the extension of f by zero outside A; that is,

: ):{ flz) freA,

flx
! 0 otherwise .

Then f is Riemann integrable if and only if the collection of discontinuity of f is a set of
measure zero.
Proof. Let D = {z € R"|osc(f,z) > 0} and D. = { € R" |osc(f,z) = ¢}. We remark here
a0
that D = | D:.
k=1 "

“=" We show that D% has measure zero for all k € N (if so, then Theorem 8.22 implies
that D has measure zero).
Let k € N be fixed, and € > 0 be given. By Riemann’s condition there exists a partition

P of A such that

| o™

> [sup f(e) — inf Fl)]m(a) <

Aep €A
Define

D(;) = {xeD%‘xeaA for some A € P},
k
DY = {z e D |z € int(A) for some A € P}.
k
Then D 1= D(;) U D(f). We note that D(f) has measure zero since it is contained in
k k
Uacp OA while each 0A has measure zero. Now we show that D(f) also has measure
k

zero. Let C = {A € P|int(A) n Dy # &}. Then D(f) < (J A. Moreover, we
k AeC

In fact, if A € C, there exists

Nl

also note that if A € C, supf( ) — mf flz) =
y € int(A) N D ; thus choosmg §>0 such that D(y, ) < int(A),

sup f(x) — inf f(x) = Sup ‘]F(iﬁ) - f(%)‘ = sup ‘J?(%) - JF(%)‘

2eA zeA @1,@2€A x1,22€D(y,6)

| =

>inf  sup |f(z1) — flaz)| = osc(f,y) =
6>0 x1,22€D(y,0)

As a consequence,

LY ua) < Y [sup Fe) - inf Fla)|w(A) = U(£,P) ~ L7, P) < £

AeC Aep €A
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which implies that >, v(A) < e. In other words, we establish that D(f) has measure
AeC k
zero. Therefore, D% has measure zero for all k¥ € N; thus D has measure zero.

“<" Let R be a closed rectangle with sides parallel to the coordinate axes and A < int(R),

and € > 0 be given. Define ¢’ = , where | fllo = suE |f(z)].
xe

<
2[flleo +v(R)

1. Since D,/ is a subset of D, Proposition 8.17 implies that D.. has measure zero;

thus Proposition 8.18 provides open rectangles S;, S, - - - whose sides are parallel
e} o0

to the coordinate axes such that Do < () Sk, and Y] v(Sk) < ¢’. In addition,
k=1 k=1

we can assume that S, < R for all k € N since D, < R.

2. Since D, < R is bounded, Lemma 8.26 suggests that D. is compact; thus
N
D. < |J Sk for some N € N.
k=1

Let [, = Sk, and P be a partition of R satisfying

(a) For each A € P with A n Do # &, A < [, for some k=1,--- ,N.
(b) For each k =1,---, N, [y is the union of rectangles in P.

(c) Some collection of A € P forms a partition P of A

Figure 8.2: Constructing partitions P and P from finite rectangles Sy, -+, Sy

Rectangles in P fall into two families: C} = {A eP | A c [ for some k=1,--- ,N},
and Cy = {A eP ’ Ad[Jforallk=1,--- ,N}. By the definition of the oscillation

function,
Ve¢ Do ,36,>03  sup |f(z) — f(z2)] <€
z1,22€D(2,04)
Since K = |J A is compact, there exists r > 0 (the Lebesgue number associated

AECQ
with K and open cover |, ., D(z,6,)) such that for each a € K, D(a,r) < D(y,d,)
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for some y € K. Let P’ be a refinement of P such that |P’| < r. Then if A" € P’ such
that A’ < A for some A € Cy, for some y € K we have A" < D(y, d,); thus

sup f(z) — inf f(x) < sup f(y)— inf fly)= sup |f(z1) = flao)] <

2N zeA! xeD(y,0y) €D (y,6y) z1,22€D(y,0y)

As a consequence, if P’ = {A’ epP ’ A’ < A for some A € 75}, then P’ is a partition

of A and
U(fajs/)_ ( Z + Z ) SUpf — inf J?(ZE))I/(A’)
Alep! Alep! e/ zeA/
AlcAeCy AlCAeCy
<2fle Y. w@A)+ Y p(A)
Alep! Alep!
A'SAeCy AlCAeC,
<2fle Do v(A)+EV(R)
AePnCy
N
< 2Hf||oo Z V(Sk;) + —l—E/V(R) < (2||f”oo =+ V(R))gl —c:
k=1
thus f is Riemann integrable over A by Riemann’s condition. 5

Example 8.28. Let A=Qn [0,1], and f: A — R be the constant function f = 1. Then

f(ac):{ 1 ifzeQn]0,1],

0 otherwise.

The collection of points of discontinuity of f is [0, 1] which, by Corollary 8.21, cannot be a
set of measure zero; thus f is not Riemann integrable.

Another way to see that f is not Riemann integrable is U(f,P) = 1 and L(f,P) = 0 for
all partitions P of A.

Corollary 8.29. A bounded set A < R"™ has volume if and only if the boundary of A has

measure zZero.

Proof. 1. If 2y ¢ 0A, then there exists § > 0 such that either D(z¢,5) € A or D(xg,0) < A%

thus 14 is continuous at zy ¢ 0A since 14(x) is constant for all z € D(xg, d).

2. On the other hand, if 5 € 0A, then there exists x;, € A, y; € A" such that z;, — z, and
yr — Tg as k — co. This implies that 14 cannot be continuous at zg since 14(z3) = 1
while 14(yx) = 0 for all k € N.
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As a consequence, the collection of discontinuity of 14 is exactly A, and the corollary

follows from Lebesgue’s theorem. =

Corollary 8.30. Let A < R" be bounded and have volume. A bounded function f: A — R

with a finite or countable number of points of discontinuity is Riemann integrable.
Proof. We note that {z € R" | osc(f,x) > 0}coAu{zeA ‘ f is discontinuous at z}. o

Remark 8.31. In addition to the set inclusion listed in the proof of Corollary 8.30, we also
have
{z e A|f is discontinuous at z} < {z € R" |osc(f,z) > 0}.

Therefore, if A < R” is bounded and has volume, then a bounded function f : A — R is
Riemann integrable if and only if the collection of points of discontinuity of f has measure

Zero.
Corollary 8.32. A bounded function is integrable over a compact set of measure zero.

Proof. 1f f : K — R is bounded, and K is a compact set of measure zero, then the collection

of discontinuities of f is a subset of K. O

Corollary 8.33. Suppose that A, B < R™ are bounded sets with volume, and f : A — R is

Riemann integrable over A. Then f is Riemann integrable over A n B.

Proof. By the inclusion

N

{reint(An B)| osc(F"" x) > 0} = {zeR"| osc(f",z) > 0},

we find that
{zeR"| osc(f'"",z) > 0} < 0(An B)u {zcint(An B) |osc(7AmB, z) > 0}
cdAuiBuU {z e]R”‘osc(?A,x) > 0}.

Since dA and 0B both have measure zero, the integrability of f over A n B then follows
from the integrability of f over A and the Lebesgue Theorem. =

Remark 8.34. Suppose that A < R" is a bounded set of measure zero. Even if f: A - R
is continuous, f might not be Riemann integrable. For example, the function f given in

Example 8.28 is not Riemann integrable even though f is continuous on A.

Remark 8.35. When f : A — R is Riemann integrable over A, it is not necessary that A
has volume. For example, the zero function is Riemann integrable over A = Q n [0, 1] even

though A does not has volume.
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8.4 Properties of the Integrals

The proof of the following theorem is essentially the same as the proof of Proposition 4.80,

and is left to the readers.

Theorem 8.36. Let A < R"™ be bounded, c € R, and f,g : A — R be Riemann integrable.
Then

1. f+ g is Riemann integrable, and f (f +g)(x)dr = J f(z)dx £+ J g(z)dz.
A A A
2. c¢f is Riemann integrable, and f (cf)(z)dx = cf f(z)dx.
A A
3. |f| is Riemann integrable, and ‘f f(m)dm‘ < f |f(x)|dz.
A A

4. If f < g, then f f(z)dz < fg(x)d:c.
A A

5. If A has volume and |f| < M, then ‘f f(x)d:z:‘ < Mv(A).
A
Theorem 8.37. Let A < R" be bounded, and f: A — R be a bounded integrable function.

1. If A has measure zero, then f f(z)dx = 0.
A

2. If f(x) = 0 for all x € A, and Jf(:c)d:n = 0, then the set {x € A’f(:v) # O} has
A

measure zZero.

Proof. 1. We show that L(f,P) < 0 < U(f,P) for all partitions P of A. Let P =
{Al, e ,AN} be a partition of A. By Corollary 8.21, A, n A" # @ fork=1,--- | N;

thus we must have inAf f(z) < 0 and sup f(z) = 0. As a consequence, if P is a
TEAL IEGAk

partition of A,

L(f,P)= Z inf f(z)v(Ay) <0 and U(f,P)= Z sup f(z)v(Ag) = 0;

TEA =1 reAS,

N

thus j flz)dz <0 f(z)dz. Since f is integrable over A, J f(z)dz = 0.
JA A

A



§8.4 Properties Of The Integrals 233

2. Let Ay ={ze Al f(z) > %} We claim that Aj has measure zero for all k£ e N.

Let € > 0 be given. Since f f(z)dz = 0, there exists a partition P of A such that
A

U(f,P) <% Let C = {AeP|An Ay # @} Then A, < |J A, and
AeC

LY O < Y sup Flaw(a) < Y sup flom(8) = U, P) < -

AeC AeC TEA Aep TEA

which implies that > v(A) < e. Therefore, Ay has measure zero; thus Theorem 8.22

AeC
0

implies that A = | J Ay also has measure zero. =
k=1

Remark 8.38. Combining Corollary 8.32 and Theorem 8.37, we conclude that the integral

of a bounded function over a compact set of measure zero is zero.

Remark 8.39. Let A=Qn[0,1] and f : A — R be the constant function f = 1. We have
shown in Example 8.28 that f is not Riemann integrable. We note that A has no volume
since 0A = [0, 1] which is not a set of measure zero. However, A has measure zero since it

consists of countable number of points.

1. Since f is continuous on A, the condition that A has volume in Corollary 8.30 cannot

be removed.

2. Since A has measure zero, the condition that f is Riemann integrable in Theorem 8.37

cannot be removed.

Theorem 8.40 (Mean Value Theorem for Integrals). Let A be a subset of R™ such that A
has volume and is compact and connected. Suppose that f : A — R is continuous, then there

exists xg € A such that

f f(z)dx = f(zo)r(A).
A

The quantity 1 f(z)dz is called the average of f over A.
v(4)
A

Proof. Because of Theorem 8.37, it suffices to show the case that v(A) # 0. Let m =

min f(x) and M = max f(x). Then
€A zeA

mla(z) < fz) < Mla(z);
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thus 2 and 4 of Theorem 8.36 imply that
mu(A) = J mla(x)dr < J f(z)dx < J M1(x)dz = Mv(A).
A A A

By the connectedness of A and continuity of f, Theorem 4.21 and Theorem 3.38 implies

that f(A) = [m, M]; thus by the fact that the quantity y(lA)J f(z)dz € [m, M], there must
A

be x5 € A such that

1
flaw) = oo | . :

Definition 8.41. Let A < R" be a set and f : A — R be a function. For B < A, the
restriction of f to B is the function f’B : A — R given by f|g = flp. In other words,

f(z) ifxeB,
f‘B(z):{ 0 ifzeAB.

The proof of the following lemma is not difficult, and is left as an exercise.

Lemma 8.42. Let A < R" be bounded, and f : A — R be a bounded function. Suppose that

B < A, and f’B is Riemann integrable over A. Then f is Riemann integrable over B, and

L f|,(@)dz = JB Fa)dz.

Theorem 8.43. Let A, B be bounded subsets of R™ be such that A n B has measure zero,
and f: Au B — R be such that f‘AmB, f‘A and f‘B are all Riemann integrable over A u B.
Then f is integrable over A u B, and

JAUB f(x)dx = JA f(x)dx + JB f(x)dx .
Proof. Since 1405 =14+ 1 — 14~pB, We have
f=flas=fl,+flps—flig:

thus Theorem 8.37, Theorem 8.36 and Lemma 8.42 imply that

LuB fa)de = LuB fa@)dz + LuB f](w)da = L f(x)de + L fa)de. o
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8.5 The Fubini Theorem

If f:[a,b] — R is continuous, the fundamental theorem of Calculus (Theorem 4.89) can be
applied to computed the integral of f over [a,b]. In the following two sections, we focus on
how the integral of f over A € R", where n > 2, can be computed if the integral exists. We

start with the special case n = 2.

Definition 8.44. Let S = [a,b] x [c,d] be a rectangle in R?, and f : S — R be bounded.
For each fixed x € [a, b], the lower integral of the function f(x,-) : [¢,d] — R is denoted by

d
J f(z,y)dy, and the upper integral of f(x,-) : [¢,d] — R is denoted by f f(x,y)dy. If for

each = € [a, b] the upper integral and the lower integral of f(z,-) : [¢,d] — R are the same,
d b
we simply write f f(z,y)dy for the integrals of f(x,-) over [¢, d]. The integrals J f(x,y)dx,

b b
f f(x,y)dx and J f(x,y)dx are defined in a similar way.

Lemma 8.45. Let A = [a,b] x [c,d] be a rectangle in R?, and f : A — R be bounded. Then

f Flz,y)d f (ij(x,y)dy)dw < f: <£df(x,y)dy>dx < L flz,y)dA  (85.1)
f f(@,9)d j K f ', y)de)dy < f (ff(oc,y)d:v)dy < L f(o,y)da.  (85.2)

Proof. 1t suffices to prove (8.5.1). Let € > 0 be given. Choose a partition
P = {Al]’Alj = [‘ri7$i+1] x [yj7y]+1] for ¢ = 0717“' o= 1 andj = 0717"' y T — 1}

of A such that L(f,P) > f f(z,y)dA —e. Using (4.7.3) and Remark 4.81, we find that
Ja

J f Fla.y)dy) da:—nZl f s f i7+1f(x,y)dy>dx

Y ( [ sy o

=
. v Jy;

~

>3 0 inf f(Ay) = LIEP) > | f@y)da—c.

i=0 j=o @V)ERi J

- O
S o
—_ O

3
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Since € > 0 is given arbitrary, we must have

Lb (f f(x,y)dy>dx > L Flz,y)dA.

b _
Similarly, J (J f(:v,y)dy) dr < j f(z,y)dA, so (8.5.1) is concluded. o
a c A

Theorem 8.46 (Fubini’s Theorem, the case n = 2). Let A = [a,b] x [c,d] be a rectangle in
R2, and f : A — R be Riemann integrable. Then

1. the functions J f(,y)dy and f f(,y)dy are Riemann integrable over [a,b];

2. the functions J f(z,-)dz and J f(z,-)dx are Riemann integrable over [c,d|, and

3. The integral of f over A is the same as the iterated integrals; that is,

| an - f ffxydydw—f ffxy
J ffwydxdy—J foy

d
Proof. It suffices to prove that f f(z,y)dy is Riemann integrable over [a, b] and

J: (Jd f(x,y)dy> dr = L flz,y)dA . (8.5.3)

b, d
Since J (J f(z, y)dy)d J f T,y dy) dz , Lemma 8.45 implies that

Jfacy J J <fb de(x,y)dy)dx
T A

d
The integrability of J f(z,y)dy and the validity of (8.5.3) are then concluded by the inte-
grability of f over A. O
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b rd
Remark 8.47. To simplify the notation, sometimes we use j f(x,y)dydz to denote
b d a &
the iterated integral the iterated integral J <f f (a:,y)dy) dx. Similar notation applies

b rd
to the upper and the lower integrals. For example, we also have J f f(z,y)dydx =

Lb< ff (2. y)dy ) da.

d 7d
Remark 8.48. For each x € [a,b], define p(x) = J f(z,y)dy and () = j f(z,y)dy.
Then o(z) < t(x) for all z € [a,b], and the Fubini Theorem implies that

b
J [¢(x) — go(m)]dx =0.

By Theorem 8.37, the set {z € [a,b] |1 (z) — ¢(z) # 0} has measure zero. In other words,
except on a set of measure zero, f(z,-) is Riemann integrable over [c,d] if f is Riemann
integrable over [a,b] x [¢,d]. This property can be rephrased as that “f(x,-) is Riemann
integrable over [c, d] for almost every x € [a, ] if f is Riemann integrable over the rectangle
[a,b] x [c,d]”. Similarly, f(-,y) is Riemann integrable for almost every y € [c,d] if f is

Riemann integrable over [a, b] x [, d].

Remark 8.49. The integrability of f does not guarantee that f(x,-) or f(-,y) is Riemann
integrable. In fact, there exists a function f : [0,1] x [0,1] — R such that f is Riemann
integrable, f(-,y) is Riemann integrable for each y € [0,1], but f(z,-) is not Riemann

integrable for infinitely many x € [0, 1]. For example, let

if x =0 or if x or y is irrational ,

fx,y) =

"= O

ifx,ye@andxzz%with (p,q) =1.
Then

1. For each y € [0, 1], f(-,y) is continuous at all irrational numbers. Therefore, f(-,y) is

1 1
Riemann integrable, and f flz,y)dx = f f(z,y)dx = 0.
0 Jo

1
2. Forx =0or x¢Q, f(z,-) is Riemann integrable, and f f(z,y)dy = 0.
0
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with (p,q) = 1, f(z,-) is nowhere continuous in [0,1]. In fact, for each

lim f(z,y) = 1 while lim f(z,y) =0;
yyeéo p yyaééo

thus the limit of f(z,y) as y — yo does not exist. Therefore, the Lebesgue theorem
implies that f(z,-) is not Riemann integrable if x € Q n (0, 1]. On the other hand, for
z =4 with (p,q) = 1 we have

p

1 1 1
x,y)dy = nd ., y)dy = —.
_jof<,y>y0a Lﬂ,y)yp

1 1
4. Define p(z) = J f(z,y)dy and ¢(x) = f f(z,y)dy. Then 2 and 3 imply that ¢ and
Jo 0
1 1
¢ are Riemann integrable over [0, 1], and J o(x)dx = j Y(z)dz = 0.
0 0

5. For each a ¢ Q n [0,1] and b € [0,1], f is continuous at (a,b). In fact, for any given
€ > 0, there exists a prime number p such that — < . Let
p

: 14
(5:m1n{|a—%“O<€<k<p,keN,€eNu{O}}.
Then 6 > 0, and if (z,y) € D((a,b),6) n ([0,1] x [0,1]), we have
1
[fl@y) = flab)] = [flzy)] < <e,

where we use the fact that if (z,y) € D((a,b),d) and z € Q, then z =

form) for some k > p.

(in reduced

T~

As a consequence, {(a, b) € R? ‘ f is discontinuous at (a,b)} < Q x [0,1]. Since
Q x [0,1] is a countable union of measure zero sets, it has measure zero; thus f is

Riemann integrable by the Lebesgue theorem. The Fubini theorem then implies that

1 1
f F(,y)dh = f f f(x,y)dedy = 0.
[0,1]%[0,1] o Jo

Remark 8.50. The integrability of f(z,-) and f(-,y) does not guarantee the integrability of
f. In fact, there exists a bounded function f : [0,1] x [0, 1] — R such that f(z,-) and f(-,y)
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are both Riemann integrable over [0, 1], but f is not Riemann integrable over [0, 1] x [0, 1].

For example, let

k /£
1 if (z,y) = (55,55), 0 <k, < 2" odd numbers, n € N,
flz,y) = (0 27)

0 otherwise.

Then for each x € [0,1], f(z,-) only has finite number of discontinuities; thus f(z,-) is

f gy =

Similarly, f(-,y) is Riemann integrable, and J f(x,y)dx = 0. As a consequence,

ijfvydyda:—fffxydxdy—o

However, note that f is nowhere continuous on [0, 1] x [0, 1]; thus the Lebesgue theorem
implies that f is not Riemann integrable. One can also see this by the fact that U(f,P) =1
and L(f,P) = 0 for all partition of [0, 1] x [0, 1].

Riemann integrable, and

Corollary 8.51. 1. Let 1,9 : [a,b] — R be continuous maps such that ¢1(x) < pa(x)
for all z € [a,b], A = {(z,y)]|a <z < bp1(z) <y < pa(2)}, and f : A > R be

continuous. Then f is Riemann integrable over A, and

[ swan=[ ([ @2((? (o )y de

a p1(x

2. Let Y1,1s : [¢,d] — R be continuous maps such that ¥1(y) < ¥o(y) for all y € e, d],
A= {(a:,y) ’ c<y<d,(y) <z < ¢2(y)}, and f: A — R be continuous. Then f is

Riemann integrable over A, and

[ san=[( w(()) (o) ) dy.

Proof. 1t suffices to prove 1. First we show that f is Riemann integrable over A. By
Lebesgue’s theorem, it suffices to show that the set { z,y) € R? } osc( (x,y ) > 0} has

measure zero, where f is the extension of f by zero outside A. Nevertheless, we note that

{(z,y) e R?*|osc(f, (z,y)) > 0} < {a} x [pi(a),pa(a)] U {b} x [1(D), p2(b)] L
u{(x,cplx)}xe [a, 0]} U {(z, pa(a )|xe [a,b]} .
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It is clear that {a} x [¢1(a), p2(a)] and {b} x [p1(b), ¢2(b)] have measure zero since they have
volume zero. Now we claim that the sets {( x, p1( ZL’)) ’x € [a,b] } and {( x, a(T ) ’x €la b]}
also have measure zero.

Let ¢ > 0 be given. Since ¢; is continuous on a compact set [a,b], ¢ is uniformly
continuous on [a, b]; thus there exists 6 > 0 such that

p1(z1) — i1 (22)| < bi whenever |z; — 23] <.
—a

Let P={a=x0 <z < <xy_1 <z, = b} bea partition of [a, b] such that |z, —z;| <9

foralli=0,---,n—1,and let A; = [z;,2;41] x [ min ¢i(z), max ¢(z)]. Then

z€[xi,Tit1) 2€[T4,Tit1]

{(,gpl )’xeab} UA

and ) , ,
n— c P
ZV(Ai)<;)b_a($i+1—x) b_a;)(l'i+1—l'i):€.

Therefore, {( x, p1(z ) ‘:c € [a,b] } has volume zero; thus {(3: o1(x ) ’x € [a,b] } has measure
zero. Similarly, {( x, pa(x ) ‘:z: € la b]} also has measure zero. By Theorem 8.22, { x,y)
R? ! 0sC (jT, (, y)) > 0} has measure zero; thus f is Riemann integrable over A.
Let m = xlgl[flz%] o1(x), M = gg};} wa(x), and S = [a,b] x [m, M]. Then A < S. By Lemma
8.42 and the Fubini Theorem,
b, M b, (ea(z)
J pwan= | fran= | (| )i | (" s )
a ~Jm a NJoi(a

which concludes 1. o

Example 8.52. Let A = {(x,y) G]R2|O <zr<l,x<y< 1}, and f: A — R be given by
f(z,y) = zy. Then Corollary 8.51 implies that
y=1 Yo a? 1 1 1
o[ G-Fhe-t-13
e L 2 2" T 17878

L Fla,y)dA = Ll (Jl a:ydy) dz = f %’2

On the other hand, since A = {(:c, y) € R? ‘ 0<y<1,0<z< y}, we can also evaluate the

integral of f over A by

1 Y 1132 z=y
)
xydA:f J xydx dy:f —
L 0(0 ) 0 2

1.3

Y 1
d: —d:—
xzoyfo2y8
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Example 8.53. Let A = {(a:,y) e R? | 0<z<1l,y/r<y< 1}, and f: A — R be given by
flz,y) = ¢¥’. Then Corollary 8.51 implies that

L f (@, y)dh = Ll (Jlf ey3dy)d:c.

Since we do not know how to compute the inner integral, we look for another way of finding
the integral. Observing that A = {(z,y) e R?|0 <y < 1,0 < = < y?}, we have

1
foydA J Jeydm dy—fyzey?’dy:%ey3

Similar to the proof of Lemma 8.45, 8.46 and Corollary 8.51, we can prove the following

y=1  e—1

y=0 3

Theorem 8.54 (Fubini’s Theorem). Let A < R" and B < R™ be rectangles, and f :
A x B — R be bounded. For x € R" and y € R™, write z = (x,y). Then

Do T PEES _L (JB [ (@, y)dy ) dz < L (L f(@,y)dy)dv < LXB f(z)dz

and

[ s [ (] sei)a< [ ([ seadas | e

In particular, if f : A x B — R is Riemann integrable, then

AXBf(z)dz—f foydydx_f foy
fffmydxdy—f ffxy

Corollary 8.55. Let S < R"™ be a bounded set with volume, p1,py : S — R be continuous
maps such that ¢ (z) < pa(z) forallz e S, A= {(z,y) e R" |z € 5, ¢1(z) <y < pa(2)},

and f: A — R be continuous. Then f is Riemann integrable over A, and

f f(z,y)d(z,y) f (Ll;))f(%y)d@dx-

The proof of Theorem 8.54 and Corollary 8.55 are left as exercises.
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Example 8.56. Let A < R? be the set {(xl,asg,xg) e R? ‘ 1 = 0,29 = 0,23 = 0,and x; +
Ty + 13 < 1}, and f : A — R be given by f(z1,72,23) = (x1 + 22 + x3)%. Let S =
[0,1] x [0,1] x [0,1], and f : R® — R be the extension of f by zero outside A. Then
Corollary 8.30 implies that f is Riemann integrable (since dA has measure zero). Write

71 = (x9,23), Ty = (21,23) and T3 = (21, z2). Lemma 8.42 implies that

J f(z)dz :J f(z)dx
A s
and Theorem 8.54 implies that

J f = J (J f(fg,ﬁg)d@g)dﬂfg.
[0,1] [0,1]%[0,1]

Let A,, = {($1,l’2) e R? ‘xl >0,20 20,01 +22 < 1— xd} Then for each z3 € [0, 1],

_ 1—x3 l—x3—x2
J f@& $3)d55\3 = J f(i’\:s, xs)di’\:s = J (J f(l’l, T2, $3)d951)d332 .
[0,1]x[0,1] Agg

0 0

Computing the iterated integral, we find that

pl - rl—xs l—z3—x9
J f(z)dx = ( (J (21 + 22 + x3)2d:c1>da;2} dxs
A Jo tJo 0
- M F—x?’ (w1 + 22 + x3)3 mime e $2] dxs
JO JO 3
rl - prl—z3 1
= - — (:EQ + $3 dIQ dl’g
3
JOo -JO
(o m_é)dx 111 15-10+1 1
" \e 3 127 T4 660 60 10

8.6 Change of Variables Formula

Fubini theorem can be used to find the integral of a (Riemann integrable) function over a
rectangular domain if the iterated integrals can be evaluated. However, like the integral of
a function of one variable, in many cases we need to make use of several change of variables
in order to transform the integral to another integral that can be easily evaluated. In this
section, we establish the change of variables formula for the integral of functions of several

variables.
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Theorem 8.57 (Change of Variables Formula). Let U < R™ be an open bounded set, and
g : U — R" be an one-to-one €' mapping with € inverse; that is, g=* : g{U) — U s
also continuously differentiable. Assume that the Jacobian of g, J, = det([Dyg]), does not
vanish in U, and EccU has volume. Then g(E) has volume. Moreover, if f : g(E) — R is
bounded and integrable, then (f o g)J, is integrable over E, and

(f 0 g)(a) [ o022 8n) g

(@1, an

| = | (reg@h el |
9(E) E E
The proof of the change of variable formula is separated into several steps, and we list
each step as a lemma.
First, we show that the map ¢ in Theorem 8.57 has the property that ¢~!(Z) has measure
zero (or volume zero) if Z itself has measure zero (or volume zero). This establishes that if
A and B are not overlapping; that is, v(A n B) = 0, then v(¢7'(A n B)) = 0.

Lemma 8.58. Let U < R"™ be an open set, and ¢ : U — R™ be Lipschitz continuous; that
is, there exists L > 0 such that |¢(x) — ¢(y)|re < L|z — y|ge for all x,y € U. Suppose
that Z < U is a set of measure zero (or a set of volume zero) and Z < U. Then ¢(A) has

measure zero (or volume zero).

Proof. We prove the case that Z has measure zero, and the proof for the case that Z has
volume zero is obtained by changing the countable sum/union to finite sum/union.

First we note that if S € U is a rectangle on which the ratio of the maximum length and
minimum length of sides is less than 2, then ¢(S) < R for some n-cube R with side of length
L+/nd, where § is the maximum length of sides of S. Therefore, v(¢(S)) < (24/nL)"v(S).
Let € > 0 be given. Since Z has measure zero, there exists countable rectangles Sy, Ss, - - -

such that
€

Moreover, as in the proof of Proposition 8.12 we can also assume that the ratio of the

maximum length and minimum length of sides of Sy is less than 2 for all k£ € N; thus
a0 o0
o(Z) | JRe and Y w(Ry) <e
k=1 k=1

for some rectangles Ry’s. O
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Next, we show that we only have to prove the change of variable formula for the case
that f is a constant and FE is the pre-image of closed rectangle under g in order to establish
the full result.

Lemma 8.59. Let U < R™ be an open bounded set, and g : U — R™ be an one-to-one €'
mapping that has a €' inverse; that is, g~ : g(U) — R™ is also continuously differentiable.
Assume that the Jacobian of g, J, = det([Dg]), does not vanish in U, and

v(R) = J . |Jg(x)|dx  for all closed rectangle R < g(U) . (8.6.1)
g YR

Then if EccU has volume and f : g(E) — R is bounded and integrable, then (f o g)|J,| is

Riemann integrable over E, and
| tay= [ rep@, @it
9(E) E

Proof. First we note that since the Jacobian of g does not vanish in &, Remark 7.3 implies
that ¢ is an open mapping; thus g(U/) is open. Moreover, since g~! € €' (g(U)), for any
open set Ve g(U), g € € (V); thus there exists Ly > 0 such that |g7 (y1) — g7 (42)] g <
Ly|y1 — ya| g for all yq,ys € V. Therefore, Lemma 8.58 and Remark 8.38 imply that (8.6.1)
holds for all rectangles R that are not necessary closed, as long as R < g(i).

Consider the extensions of f and (f o g)|J,| given by

ey, | flx) ifxeg(E),
/ (x>_{ 0 ifzeg(E),

and
(fog)@)dyl(z) ifzekE,

T @) = { VO T

By the integrability of f over g(E), the set {y e R ’?gm is discontinuous at y} has measure

zero. Since

{reR" ‘(]‘T)Ugﬁ is discontinuous at x}
< 0E u {z € int(E)| f is discontinuous at g(z)}
=0E U {y € g(int(E)) | f is discontinuous at y}
C 0F v {y e R" ’?gw) is discontinuous at y} ,
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we conclude that {yc e R” ‘ (fog)|Jd g|E is discontinuous at :L’} has measure zero. Therefore,
(f og)|J,| is Riemann integrable over E. On the other hand, by the fact that

(Fog)dyl = (Fog) |3, =(Fog)lI,] on U,

we also find that (?g(E)o 9)|J,| is Riemann integrable over U, and Corollary 8.33 further
suggests that (?gw)o 9)|J,| is Riemann integrable over for every subset of U that has volume.

Moreover,
[ @2 en@is@iis= [ (reg @l @i (562
u E
Fix an open set V with g(E) € Vccg(U). Since E is a compact set, by Theorem 4.21
g(E) is also compact; thus there exists > 0 such that d(z,y) > § for all # € g(E) and
y € V', Let P be a partition of g(F) such that diam(A) < § for all A € P. Then A € V if
AePand A ng(E) # . Since ini?gw) (y) = inf(A)(fg(E)o g)(x) if A U, we find that
ye reg—1

. . p9(E) . . —9(E) .
L(f,P) = AZ; inf f (y)v(A) = AZ;) ok A)(f o g)(x)r(A);
Ang(B)£ D Ang(E)£ D

thus (8.6.1) and (8.6.2) imply that

L(f,P)= inf (7“0 xf J,(x)|dx
()= 2l T ea@ | | W)
Ang(E)#J

< ) J )(79(E)09)($)|Jg($)|dxzj

AeP g HA 9 Unep,angm)2g D)
Ang(E)#J

- | ren@i@ldr.

(F"" 0 9)(@)|3y ()| da

Similarly, by the fact that sup f* (y) = sup (TQ(E)O g)(z) if A €U, we conclude that
yel reg-1(A)

vPI= Y s PUopw) | | s

AeP zeg—1(A)
Ang(E)#D

—g(E) —9(E)
> ) j F™ 0 g) (03, (x)|dz = f F"™ 0 g) ()|, (x)|dz
A 2P g71(A) 9 Unep.angm)2z D)

- | ren@i@ldr.

The integrability of f over g(E) implies that J fy)dy = f (fog)(z)|d,(x)|dx. o
9(E) E
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Since the differentiability of g implies that locally g is very closed to an affine map; that
is, g(z) ~ Lx+c for some L € Z(R™,R") and ¢ € R™ (in fact, g(x) ~ g(zo)+ (Dg)(xo)(x—x0)
in a neighborhood of zy), our next step is to establish (8.6.1) first for the case that g is an
affine map. Since the volume of a set remains unchanged under translation, W.L.O.G. we

can assume that ¢ is linear. The following lemma proves a generalized version of (8.6.1) for

the case that g € Z(R™,R"™).

Lemma 8.60. Let g € Z(R",R"), and A < R" be a set that has volume. Then g(A) has

volume, and

WMM):Lwl@:JJ%@WM' (8.6.3)

Remark 8.61. If ¢ € ZA(R",R"), then g(z) = Lz for some n x n matrix. In this case
Jy(z) = det(L) for all x € A; thus (8.6.3) is the same as that

Wumpﬁ@f@:memMZMMMMm. (8.6.4)

Therefore, in the following we prove (8.6.4) instead of (8.6.3).

Proof of Lemma 8.60. Since any n x n matrices can be expressed as the product of ele-
mentary matrices, it suffices to prove the validity of the lemma for the case that L is an
elementary matrix.

Suppose first that A = [a1,b1] x -+ X [ay, by,] is a rectangle.

1. If L is an elementary matrix of the type

1 0 0
0 1 0
0 1 0
L=|: 0 ¢ 0 | « the ko-th row
0 1 0
0 1 0
| 0 0 1|

then

L(A) = [alabl] X X [akO*]-?ka*l] X [Cakmeko] X [ako+1>bko+1] Koo X [anabn]
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ifc=0or
L(A) - [alvbl] Koo X [ako—hbko—l] x [Cbk‘mcak?o] X [ak0+17bko+1] X X [ambn]
if ¢ < 0. In either case, v(L(A)) = |c|v(A) = | det(L)|v(A).

2. If L is an elementary matrix of the type

I T 0 T PR
0O . 0 :
. 1
0O 0 0 1 : | < the ip-th row
1
L= 0 0
1
1 0O 0 0 i | < the jo-th row
0 1
0 0 . 0
[0 -0 e e e s s 0T
1 !

the 79-th column  the jp-th column
then

L(A) = [a1,b1] x -+ x [ai,-1, big—1] % [ajy,bj)] X [@ig41, bigg1] x -+ ¥
x [ajo—lybjo—l] X [aio’bio] X [a’jo-l-hbjo + 1] X X [ambn];

thus v(L(A)) = v(A) = |det(L)|v(A).

3. If L is an elementary matrix of the type

1 0 0
0 1 0 0
s ‘ c 0 | < the ip-th row
0
L= 0 1 0 :
0 1 0
0 0 1|
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1

the jo-th column

then L(A) is a parallelepiped

n ‘
L(A) = {(ml, C T, Tip + CTjy, Tigp1, . Tn) ER ‘xz € la;, bl V1 <i< n}
= (21, Tig—1y Yigs Tigt1, -+ 5 Tn) € R [, + cxjy < yiy < by, + cx;
1, ) zo—lanm i0+1» y4n ) 0 X Ju) = Y0 Y09

xT; € [ai>bi] Vi #* Zo},

T, axis T;, axis ' '

- EEEE 7 S A,

Zj, axis / : xj, axis

1 1
(1, A Tig—1, Tig4+1," -, Tn) hyper-space (1, A Tig—1, Tig+1, 1 , Tn) hyper-space

Figure 8.3: The image of a rectangle under a linear map induced by the elementary matrix
of the third type

thus the Fubini theorem (or Corollary 8.55) implies that

W(L(A)) = f e Ldy, )dis, = v(A).

J[al,bl} X X [aiofl,biofl] X [ai0+1,bi0+ﬂ X X [an,bn] @y +ij0

On the other hand, |det(L)| = 1, so v(L(A)) = | det(L)|v(A) is validated.

Therefore, (8.6.4) holds if A is a rectangle and L is an elementary matrix. An immediate
consequence of this observation is that if Z is a set of measure zero, so is L(Z).

Now suppose that A is an arbitrary set with volume, and L is an elementary matrix.

1. If det(L) = 0, L, must be an elementary matrix of the first type, and in this case,

L(A) = [_Ta T‘] Xoeee X [_Ta ’I"] x [—5’5] Xoewo X [_Tv T]
—
the ko-th slot
for some r > 0 sufficiently large and arbitrary ¢ > 0. Therefore, L.(A) has volume

zero; thus L(A) has volume and v(L(A)) = | det(L)[v(A).
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2. Suppose that det(L) # 0. Let ¢ > 0 be given. Since A has volume, by Riemann’s

condition there exists a partition of A such that

€
U(la,P)— L(14,P :
U P) = L4 P) = )]
Note that the inequality above also implies that
€ €

U(la,P)—v(A) <

and v(A) — L(14,P) <

| det(L)| | det(L)|

LetClz{AeP‘AmAaé@} anngz{AeP|A§A}, and define Ry = (J A
AECl

and Ry = J A. Then Ry, € A < R;. Moreover,
AGCQ

v(L(Ry) = Y v(L(A) = ) [det(L)[r(A) = | det(L)|U (14, P) < | det(L)[v(A) + ¢
AeCq AeCq

and

v(L(R2)) = > v(L(A) = > |det(L)[r(A) =] det(L)|L(14, P) > | det(L)[v(A) —¢.
AeCy AeCs

As a consequence, by the fact that L(Rs) < L(A) < L(R;) we conclude that

‘ f 1dx — J 1dx‘ < V(L(R1)) —I/(L(Rz)) = |det(L)|(U(1A,P) - L(lAaP)) <e€.
L(A) (4)

JL

Since € > 0 is arbitrary, we find that f
L

Riemann integrable, or equivalently, L(A) has volume.

ldz = f 1dz which implies that 1pa) is
@ Jua

On the other hand, observing that
|det(L)|v(A) — e < v(L(Rs)) < v(L(A)) < v(L(Ry)) < |det(L)|[v(A) +¢,

we conclude that v(L(A)) = | det(L)|v(A) again because ¢ is arbitrary. o

Lemma 8.62. Let U < R" be an open bounded set, and g : U — R™ be an one-to-one €*
mapping that has a € inverse; that is, g~ : g(U) — R™ is also continuously differentiable.
Assume that the Jacobian of g and J, = det([Dg]), does not vanish in U. Then

v(R) = J |Jy(x)|dx  for all closed rectangle R < g(U) . (8.6.1)
9~ (R)
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Proof. Since g : U — R™ is of class €' and g~'(R) < U is compact, there exist m > 0 and
A > 0 such that

|Jg(x)| =m and H(D )(x)

9 ll@(Rn.Rn) <A veeg (R).

Let ¢ > 0 be given. Since g '(R) is compact, Theorem 4.52 implies that J, is uniformly

continuous on g~'(R). Therefore, there exists d; > 0 such that

Jy(21) = Ty(z2)| < me if |lzg — zofpn < 6.

1

Since ¢! is of class €, the continuity of g~! and Corollary 6.66 guarantee the existence of

d > 0 such that if |y; — y2|re < and y1,y2 € R,

lg™ ) — 97 (2) e < O

and

lg (w2) — g7 (1) = (Dg™H)(w) (g2 — 1) g < Hy1 Yol -

Let P be a partition of R with mesh size |P|| < 6. Then if A € P,

Tyl ) = Jg(g 7 (w2))| <me Vyr,ypeA

and by the fact that (Dg™)(y1) = ((Dg) (gfl(yl)))f1 (which is due to the inverse function
theorem (Theorem 7.1)), for all y1,y2 € A we have
-1
lg™ (v2) — g7 (1) — ((Dg)( ') (12 = y1) . < Hy1 Y2l
H(Dg yl

((Dg y1 ) (91 — Y2 HRn-

BR", Rn)”( )(g_l(yl))> (yl — Y2 llR"

m >|m

The inequality above suggests that g—*

is approximately an affine map on A, and we must
have S; € g 1(A) < S, for some parallelepipeds S; and S, whose sides are parallel to the
sides of the parallelepiped S= (D g)(”))_lA in which 7 € g~!(A) is the image of the center
of A under g7, and v(S1) = (1 — &)"v(S), v(S3) = (1 4+ &)"v(S). By Lemma 8.60,

(1—e)™ (1+¢)"
[9o(3)

v(A);
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thus

J |Jg(x)|dx<J (13,3)] + me)da
g=1(a) g~ 1(A)

< (13,()] + me)(g () < & +5>”‘<;J?£fﬁl + me)

A similar argument provides a lower bounded of the left-hand side, and we conclude that

v(A) < (1+e)""w(A).

(1—5)”+1y(A)<J 3, (2)|de < (1+e)"'w(A)  YAeP.

g 1(A)

Summing over all A € P, we find that

(L= in(R) < 3 f D)ldz < (1+ &) (R).
AeP Y9

Identity (8.6.1) is then concluded since )] |Jy(x)|dx = f |Jg(x)|dx and € > 0 is
AeP Jgl(B) g~ '(R)
arbitrary. =

Example 8.63. Let A be the triangular region with vertices (0,0), (4,0), (4,2), and f :
A — R be given by

flz,y) =yv/o—2y.

Let (u,v) = (z,z — 2y). Then (z,y) = g(u,v) = (u, %), thus
1 0 1
Jylu,v) =11 1|=—2
2 2

Define E' as the triangle with vertices (0,0), (4,0), (4,4). Then A = g(E).

v Yy

A

u €T

Figure 8.4: The image of E under g
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Therefore,

J v = | s =5 | ov)de

2 2 v=u
JJ u—v)yvdvdu = ~ f [—uvg——vg} du
3 ) v=0
__J (___)u%du_ixgu%Uﬂ_@
4),'3 5 157 7 lu=o 105

Example 8.64. Suppose that f : [0, 1] — R is Riemann integrable and f (1—x)f(z)dx =5
0
(note that the function g(x) = (1 — z) f(x) is Riemann integrable over [0, 1] because of the

1 rx

Lebesgue theorem). We would like to evaluate the iterated integral f J flx —y)dydx.

0 Jo
It is nature to consider the change of variable (u,v) = (x — y,x) or (u,v) = (x — y,y).

Suppose the later case. Then (z,y) = g(u,v) = (u + v,u); thus

11
J,(u,v) = ‘1 0‘ =—1.

Moreover, the region of integration is the triangle A with vertices (0,0), (1,0), (1,1), and
three sides y = 0, x = 1, x = y correspond to u = 0, v +v = 1 and v = 0. Therefore, if
E denotes the triangle enclosed by u = 0, v = 0 and u + v = 1 on the (u,v)-plane, then
g(E) = A, and

f: | o y)dyds ~ |

[‘fx— d(z,y) J flz —y)d(z,y)

A

:L o g)(u,v)|J,(u,v)|d(u,v) = JJ f(u)dvdu
(1

1—u u:5.

J

Example 8.65. Let A be the region in the first quadrant of the plane bounded by the
curves zy —r+y=0and r —y =1, and f: A — R be given by
Flx,y) = 2y (x4 y)e 0

We would like to evaluate the integral J flx,y)d(x,y).

A
Let (u,v) = (zy —x+y, x—y). Unlike the previous two examples we do not want to solve

for (z,y) in terms of (u,v) but still assume that (z,y) = g(u,v). By the inverse function
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theorem,
- 1 1
oyt l-z—1 x4y’

J,y(u,v)

1 ly-1 z+1
1 —1

(w)=g~(zy) ‘8(937 y)

Moreover, the curve xy — x + y = 0 corresponds to u = 0, while the lines + —y = 1 and
y = 0 correspond to v = 1 and u + v = 0, respectively; thus if F is the region enclosed by
u=0,v=1and u+v =0, then A= g(F).

v Y

Figure 8.5: The image of F under g

Therefore,

Lf@wﬂxy f f(y)d(z,y) = onw@mewwww

E

1t
f J U+ v eV dudv = —J Ve dv
—v 3 0

w=1

1 1
:aL“””m— g+ e =
Example 8.66 (Polar coordinates). (Not yet finished!!!)
Example 8.67 (Cylindrical coordinates). (Not yet finished!!!)

Example 8.68 (Polar coordinates). (Not yet finished!!!)
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Isolated Point, 53

Jacobian, 208
Jacobian Matrix, 170

L’Hospital Rule, 106
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24
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Lebesgue Theorem, 226

Limit of Sequences, 14, 58
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Limit Superior, Limit Inferior, 34

Linear Map, 163

Lipschitz Continuity, 106

Lower Bound, Upper Bound, 24
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Matrix Representation of Linear Maps, 167
Mean Value Theorem, 106, 184

For Integrals, 233
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Metric, Metric Space, 44
Monotone Sequence, 17

Monotone Sequence Property, 17

Negative Definite, Negative Semi-Definite, 202
Nested Set Property, 79
Norm, Normed Vector Space, 40
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Open Cover, 68
Open Set, 47
Order Field, 4
Oscillation, 226

Partial Order, 3

Partition, 108, 219, 220

Path Connected Set, 94

Picard Iteration, 155
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Pointwise Convergence, 124

Polar Coordinates, 252
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Power Set, 3

Pre-Compact Set, 77

Radius of Convergence, 137
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Refinement of Partitions, 110, 222

Riemann Condition for Integrability, 111, 223
Riemann Integrable Function, 109, 220, 222
Riemann Sum, 123, 223

Rolle Theorem, 105

Sample Points of Partitions, 121
Sandwich Lemma, 15

Sequence, 14, 58

Sequentially Compact Set, 67

Series, 63

Simple Function, 158

Star-Shaped Set, 95
Stone-Weierstrass Theorem, 156, 159
Subsequence, 29

Subspace, 39

Sup-norm of Continuous Mappings, 140
Supremum, Infimum, 24

Surjection, Surjective function, iii

Taylor Theorem, 197, 198
Total Order, 3
Totally Bounded Set, 70

Uniform Continuity, 98

Uniform Convergence, 124

Upper Bound, Lower Bound, 24

Upper Integral, Lower Integral, 109, 220, 222
Upper Sum, Lower Sum, 108, 220, 221

Vector Space, 38
Volume Zero, 223

Weierstrass M-Test, 135
Well-Ordered Relation, 10
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