Exercises for §5.8

2. Suppose that p, is a sequence of polynomials converging uniformly to f
on [0,1], and f is not a polynomial. Prove that the degree of the p,, are not
bounded. [Hint: An N-th degree polynomial p is uniquely determined by its

values at N + 1 points zg, - - - , xy via Lagrange’s interpolation formula

where m;(z) = (z — zo)(x — x1) - (v — 2n)/(z — ;) ]

Proof. Suppose that the degree of the polynomials p, (converging to f) is
bounded by N. Let A, = (ann, aN—1n," - ,00,) be the coefficients of the
polynomial p,,; that is,
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Since p,, converges to f uniformly, p, converges at points of the form N for

all =0,1,---,N. This implies that ag, is a Cauchy sequence, and
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By the Vandermonde determinant,
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Therefore, we also know that ay, forms a Cauchy sequence (in R) for all

k=1,---,N. By the completeness of R,

Ak — Ck as mn — oo



for some ¢, € R. This implies that for all z € [0, 1],

lim p(z) = exya™ +eyoz™ e+ o = pla).
n—oo

In other words, p,, converges pointwise to p. Since we assume that p, — f

uniformly, f must be equal to p which is a contradiction. U



