
小波理論與應用 MA5110
Homework Assignment 1

Due Oct. 08. 2024

Problem 1. Let tKλuλą0 be summability kernels on R, and f P Lp(R) for some p P [1,8). In class
we show that

lim
λÑ8

}f ˙ Kλ ´ f}Lp(R) = 0

for the case p = 1. In this exercise problem, show the validity of the identity above for 1 ă p ă 8.
Hint: You may need the Minkowski inequality:[ ż

R

( ż
R

ˇ

ˇg(x, y)
ˇ

ˇ dx
)p

dy
] 1

p
ď

ż

R
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R

ˇ
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ˇ

ˇ

p
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) 1
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as well as the following property: if f P Lp(R), then

lim
yÑ0

ż

R

ˇ

ˇf(x) ´ f(x ´ y)
ˇ

ˇ

p
dx = 0 .

Problem 2. Similar to the summability kernels that we introduce in class, for 2π-periodic functions
we have a similar concept called approximations of the identity. Let C (T) denote the collection of
all continuous 2π-periodic functions. A family of functions

␣

φn P C (T)
ˇ

ˇn P N
(

is an approximation
of the identity if

(a)
ż π

´π

φn(x) dx = 1 for every n P N ;

(b) φn(x) ě 0
(

or there exists M ą 0 such that
ż π

´π

ˇ

ˇφn(x)
ˇ

ˇ dx ď M for all n P N
)

;

(c) lim
nÑ8

ż

δď|x|ďπ

φn(x) dx = 0 for every δ ą 0.

Complete the following.

1. Show that if f P C (T), then the sequence of functions tf ‹φnu8
n=1 converges uniformly to f on

[´π, π], where f ‹ φn is the “convolution” of φn and f defined by

(f ‹ φn)(x) =

ż π

´π

f(y)φn(x ´ y) dy .

2. Show that if f P Lp(0, 2π) for some 1 ď p ă 8, then the sequence of functions tf ‹ φnu8
n=1

converges to f in Lp(0, 2π); that is,

lim
nÑ8

ż π

´π

ˇ

ˇ(f ‹ φn)(x) ´ f(x)
ˇ

ˇ

p
dx = 0 .

Hint:

1. Make a slight modification of the proof of “lim
λÑ0

f ˙ Kλ(c) = f(c) whenever f P L8(R) and f is
continuous at c” that we proved in class.

2. Mimic the proof of Problem 1.



Problem 3. In class we state without proving that if f P L2(0, 2π) and
ż 2π

0

f(x)e´inx dx = 0 @n P Z , (‹)

then f = 0. However, it is not clear that the validity of (‹) still implies that f = 0 if we only know
that f P L1(0, 2π). Show that

if f P L1(0, 2π) and
ż 2π

0
f(x)e´inx dx = 0 for all n P Z, then f = 0 (‹‹)

by complete the following.

1. For a given f P L1(R), define

σn(f, x) =
1

2n+ 1

n
ÿ

k=´n

k
ÿ

ℓ=´k

xf, eℓye
iℓx ;

that is, tσn(f, ¨)u8
n=1 is the Cesàro mean of the Fourier series of f . Show that tσn(f, ¨)u8

n=1

converges to f in L1(0, 2π).

2. Show that if f P L1(0, 2π) satisfies xf, eny = 0 for all n P Z, then σn(f, ¨) = 0 for all n P N.
Therefore, Part 1 shows that (‹‹) holds.

Hint: First note that
k
ÿ

ℓ=´k

xf, eℓye
iℓx =

k
ÿ

ℓ=´k

1

2π

ż π

´π

f(y)ei(x´y)ℓ dy =

ż π

´π

f(y)Dk(x ´ y) dy ,

where Dk(t) =
1

2π

k
ř

ℓ=´k

eiℓt. Then

σn(f, x) =
1

2n+ 1

n
ÿ

k=´n

ż π

´π

f(y)Dk(x ´ y) dy =

ż π

´π

f(y)Fn(x ´ y) dy = (f ‹ Fn)(x) ,

where Fn(t) =
1

2n+ 1

n
ř

k=´n

Dk(t) and the convolution is defined in Problem 2. Find the precise form

of Fn and show that tFnu8
n=1 is an approximation of the identity introduced in Problem 2, so Part 2

of Problem 2 shows that tf ‹ Fnu8
n=1 converges to f in L1(0, 2π).

Problem 4. Show that if there exists δ ą 0 such that
ˇ

ˇf(x)
ˇ

ˇ+
ˇ

ˇ pf(x)
ˇ

ˇ ď C(1 + |x|)´1´δ @x P R ,

then
8
ÿ

n=´8

q

pf(x+ 2nπ) =
1

2π

8
ÿ

n=´8

pf(n)einx @x P [0, 2π] .

Hint: Note that the condition above implies that f, pf P L1(R), so f =
q

pf a.e..

1. Show that
ˇ

ˇ

q

pf(x)
ˇ

ˇ ď C(1 + |x|)´1´δ for all x P R as well.

2. Show that F (x) ”
8
ř

n=´8

q

pf(x + 2nπ) and G(x) ”
1

2π

8
ř

n=´8

pf(n)einx both converges uniformly

(by the Weierstrass M -test), so both series are continuous functions.

3. Since F is continuous, F P L2(0, 2π); thus F equals its Fourier series a.e. Note that G is the
Fourier series of F .


