Bt 32t MAS038
Homework Assignment 1
Due Apr. 10. 2024

Problem 1. Consider the following constrained optimization problem

1-[[‘1—1’2
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min(z; — 1.5)% + (v2 —t)*  subject to >0,

where t be a parameter to be fixed prior to solving the problem. Complete the following.

1. For what values of ¢ does the point z, = (1,0)7T satisfy the KKT conditions?

2. Show that when ¢t = 1, only the first constraint is active at the solution, and find the solution.
Problem 2. Consider the feasible set  in R? defined by zo = 0, 7o < 27,

1. For z, = (0,0)T, write down T (z,) and F(z,).

2. Is LICQ satisfied at x,? Is MFCQ satisfied?

3. If the objective function is f(z) = —xy, verify that KKT conditions are satisfied at .

4. Find a feasible sequence {z;} approaching x, with f(zx) < f(z,) for all &.

Problem 3. Consider the problem

(1 —21)° =220,
Ty +0.2522 — 1> 0.

zeR2

min f(x) = =22, + 22 subject to {

The optimal solution is x, = (0,1)T, where both constraints are active.
1. Do the LICQ hold at this point?
2. Are the KKT conditions satisfied?
3. Write down the sets F(z,) and C(z4, As).

4. Are the second-order necessary conditions satisfied? Are the second-order sufficient conditions
satisfied?

Problem 4. Consider the constrained optimization problem

ci(x)=0 ifief,

min f(x) - subject to { ci(z) =0 ifiel.

Let Q= {z|(Vie &)(ci(x) =0) A (VieI)(ci(x) = 0)} be the feasible set. For a point x € €2, define
the set of KKT multipliers KKT(x) by
Vo L(z,\) =0

KKT(z) = { Ae REFI | Nicy(z) = 0ifie T
N=0ifieT



Note that in class we “talked” about a characterization for MFCQ:

Let x € Q. Then MFCQ holds at z if and only if the system (for \)
Z )\ZVc,(x) == 0,

it /\zc,(x) = 0, 1€ I7 (*)

)‘i = O, 1€ I7

only has zero solution.

Use characterization (%) to show that if KKT(x) # ¢, then
KKT(x) is compact if and only if MFCQ holds at x

by complete the following.

1. For the direction “=7", assume the contrary that MFCQ does not hold at x. Then characteri-
zation (%) of MFCQ provides a non-zero A; thus for p € KKT(x), show that u + t\ € KKT(z)

for all ¢ > 0 and reach a contradiction.

2. For the direction “<=", first show that KKT(z) is closed. Then assume the contrary that there
exists {\x} € KKT(x) such that |A\g|| — o0 as j — co. Define py = A /|| Ax|, and the Bolzano-
Weierstrass theorem implies that there exists a convergent subsequence {y,} with limit p # 0.
Show that p violates characterization (x) of MFCQ.

Problem 5. In this problem you are asked to show (x). Complete the following.

1. Let z € Q be given. Use the dual problem of the following optimization problem

Vei(x)Tw=0 ifie&,

in0 bject t
T PRI {wi(x)%m ifie Alz) n T,

to show that maxy ¢(A) = 0, and use this result to further show

There exists w € R” satisfying
Vei(z)'w > 0 for all i € A(z) N Z,
Ve (z)T'w =0 for all i € €.

implies that

The minimum of the constrained optimization problem

Z )\,VCZ(ZL‘) = 0,

max > \; subject to i€A(z)
ARME@) e A2V AT A\i=0,iceAlx)nZ,
is zero.

Here A(x) denotes the active set at x.

2. Use the dual problem of the constrained optimization problem

Z )\Ich(x) = 0,
min — Z A; subject to i€ A(z)
ASRMEL AT Ni=0,ieAlz)nZ,



to show that

max > \; subject to

1S zero.

The minimum of the constrained optimization problem
Z )\ZVCZ(I) == 0,

AeRMA@I je A(2) AT Xi=0, i€ Alx) nZ,

implies

There exists w € R” satisfying

Ve (z)'w =0 for all i € €.

Vei(x)'w > 0 for all i € A(z) n Z,

3. Combining part 1 and part 2, we conclude that

There exists w € R” satisfying

Vei(z)'w =0 for all i € €.

Vei(x)'w > 0 for all i € A(z) N Z,

is equivalent to that

max >, A; subject to

is zero.

The minimum of the constrained optimization problem

Z )\ZVC,L(.%) = 0,

AeRIA@)] ieA(x)nT )\1 = 0, 1€ A(I) M Ia

Use this equivalence to show ().



