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Due Nov. 01. 2023

Problem 1. Suppose that f : Rn Ñ R is twice continuously differentiable. Consider the iteration
xk+1 = xk + αkpk, where pk is a descent direction and αk satisfies the Wolfe conditions

f(xk + αkpk) ď f(xk) + c1αk∇fT
k pk ,

(∇f)(xk + αkpk)
Tpk ě c2∇fT

k pk ,

with c1 ă 1/2. If the sequence txku8
k=1 converges to a point x˚ such that (∇f)(x˚) = 0 and (∇2f)(x˚)

is positive definite. Show that if the search direction pk satisfies

lim
kÑ8

}∇fk +∇2fkpk}

}pk}
= 0 ,

then the step length αk = 1 is admissible for all k " 1.
Hint: Use Taylor’s theorem to expand the function value up to (∇2f)(xk) term and apply the
condition }∇fk +∇2fkpk} = o(}pk}).

Problem 2. Let A be an n ˆ n symmetric matrix with spectral decomposition A = QΛQT, where
Q is orthogonal and Λ = diag(λ1, λ2, ¨ ¨ ¨ , λn) is diagonal.

1. Show that for a given constant δ ą 0, the minimizer ∆A˚ of the minimization problem

min
∆A

}∆A}F subject to λmin(A+∆A) ě δ,∆A is symmetric

is given by ∆A˚ = Qdiag(τ1, ¨ ¨ ¨ , τn) with τi’s satisfying

τi =

"

0 if λi ě δ ,

δ ´ λi if λi ă δ .

2. Show that for a given constant δ ą 0, the minimizer ∆A˚ of the minimization problem

min
∆A

}∆A}2 subject to λmin(A+∆A) ě δ,∆A is symmetric

is given by
∆A˚ = τ I with τ = max

␣

0, δ ´ λmin(A)
(

.

Here } ¨ }F denotes the Frobenius norm of matrices defined by }A}2F = tr(ATA) = tr(AAT), and } ¨ }2

denotes the Euclidean norm of matrices defined by }A}22 = maximum eigenvalue of ATA, and λmin(¨)

denotes the minimum eigenvalue of matrices.


