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Problem 1. (3pts) State Taylor theorem (for functions of one variable).

Solution. Let f : (a, b) Ñ R be (n + 1)-times differentiable, and c P (a, b). Then for each x P (a, b),
there exists ξ between x and c such that

f(x) = f(c) + f 1(c)(x ´ c) +
f 11(c)

2
(x ´ c)2 + ¨ ¨ ¨ +

f (n)(c)

n!
(x ´ c)n +Rn(x) , (0.1)

where Lagrange form of the remainder Rn(x) is given by

Rn(x) =
f (n+1)(ξ)

(n+ 1)!
(x ´ c)n+1 . ˝

Problem 2. (4pts) Find the third Taylor polynomial for the function f(x) = (arctanx)2 about 0.

Solution. First we compute f 1(0), f 11(0) and f 12(0). By the chain rule,

f 1(x) = 2(arctanx)
1

1 + x2
=

2 arctanx

1 + x2
.

Then the quotient rule implies that

f 11(x) =
2

1+x2 (1 + x2) ´ 4x arctanx

(1 + x2)2
=

2 ´ 4x arctanx

(1 + x2)2
;

thus
f 12(x) =

´4(arctanx+ x
1+x2 )(1 + x2)2 ´ (2 ´ 4x arctanx) ¨ 2(1 + x2) ¨ 2x

(1 + x2)4
.

Therefore, f(0) = 0, f 1(0) = 0, f 11(0) = 2 and f (3)(0) = 0; thus the third Taylor polynomial for f

about 0 is
P3(x) = 0 + 0 ¨ (x ´ 0) +

2

2!
(x ´ 0)2 +

0

3!
(x ´ 0)3 = x2 . ˝

Problem 3. (3pts) Let f : (a, b) Ñ R be a twice differentiable function such that
ˇ

ˇf 1(x)
ˇ

ˇ ě K and
ˇ

ˇf 11(x)
ˇ

ˇ ď M for all x P (a, b), where K,M are positive real numbers. Show that if f(r) = 0 and
xn+1 = xn ´

f(xn)

f 1(xn)
for all n ě 1, then

|xn+1 ´ r| ď
M

2K
|xn ´ r|2 @n ě 1 .

Proof. By Taylor’s theorem, f(x) = f(xn) + f 1(xn)(x ´ xn) +
f 11(ξ)

2
(x ´ xn) for some ξ between x

and xn. Then
0 = f(xn) + f(xn)(r ´ xn) +

f 11(ξ)

2
(r ´ xn)

2 ;

thus if xn+1 = xn ´
f(xn)

f 1(xn)
,

|xn+1 ´ r| =
ˇ

ˇ

ˇ
xn ´ r ´

f(xn)

f 1(xn)

ˇ

ˇ

ˇ
=

ˇ

ˇ

ˇ

f 1(xn)(xn ´ r) ´ f(xn)

f 1(xn)

ˇ

ˇ

ˇ
=

ˇ

ˇ

ˇ

f 11(ξ)(r ´ xn)
2

2f 1(xn)

ˇ

ˇ

ˇ
ď

M

2K
|xn ´ r|2 . ˝


