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Definition 13.31
Let R Ď R2 be an open region in the plane, and f : R Ñ R be a function of two
variables. For (x0, y0) P R, f is said to be differentiable at (x0, y0) if (fx(x0, y0),
fy(x0, y0) both exist and)

lim
(x,y)Ñ(x0,y0)

ˇ

ˇf(x, y) ´ f(x0, y0) ´ (fx(x0, y0), fy(x0, y0)) ¨ (x ´ x0, y ´ y0)
ˇ

ˇ

a

(x ´ x0)2 + (y ´ y0)2
= 0 .

The ordered pair
(
fx(x0, y0), fy(x0, y0)

)
is called the derivative of f at (x0, y0) if f is

differentiable at (x0, y0) and is usually denoted by (Df)(x0, y0).

Let R Ď R2 be an open region in the plane, and f : R Ñ R be a function of two
variables. For (x0, y0) P R, f is said to be differentiable at (x0, y0) if (fx(x0, y0),
fy(x0, y0) both exist and) there exist functions ε1 and ε2 such that

∆z = fx(x0, y0)∆x+ fy(x0, y0)∆y + ε1∆x+ ε2∆y ,

where both ε1 and ε2 approaches 0 as (x, y) Ñ (x0, y0).

‚ Differentiability of functions of several variables

A real-valued function f of n variables is differentiable at (a1, a2, ¨ ¨ ¨ , an) if there exist n

real numbers A1, A2, ¨ ¨ ¨ , An such that

lim
(x1,¨¨¨ ,xn)Ñ(a1,¨¨¨ ,an)

ˇ

ˇf(x1, ¨ ¨ ¨ , xn) ´ f(a1, ¨ ¨ ¨ , an) ´ (A1, ¨ ¨ ¨ , An) ¨ (x1 ´ a1, ¨ ¨ ¨ , xn ´ an)
ˇ

ˇ

a

(x1 ´ a1)2 + ¨ ¨ ¨ + (xn ´ an)2
= 0 .

We also note that when f is differentiable at (a1, ¨ ¨ ¨ , an), then these numbers A1, A2, ¨ ¨ ¨ , An

must be fx1(a1, ¨ ¨ ¨ , an), fx2(a1, ¨ ¨ ¨ , an), ¨ ¨ ¨ , fxn(a1, ¨ ¨ ¨ , an), respectively.
Theorem 13.35

Let R Ď R2 be an open region in the plane, and f : R Ñ R be a function of two
variables. If fx and fy are continuous in a neighborhood of (x0, y0) P R, then f is
differentiable at (x0, y0). In particular, if fx and fy are continuous on R, then f is
differentiable on R; that is, f is said to be differentiable at every point in R.

Theorem 13.36
Let R Ď R2 be an open region in the plane, and f : R Ñ R be a function of two
variables. If f is differentiable at (x0, y0), then f is continuous at (x0, y0).



13.5 Chain Rules for Functions of Several Variables
Recall the chain rule for functions of one variable:

Let I, J be open intervals, f : J Ñ R, g : I Ñ R be real-valued functions, and the
range of g is contained in J . If g is differentiable at c P I and f is differentiable at
g(c), then f ˝ g is differentiable at c and

d

dx

ˇ

ˇ

ˇ

x=c
(f ˝ g)(x) = f 1(g(c))g 1(c) .

For functions of two variables, we have the following
Theorem 13.37

Let z = f(x, y) be a differentiable function (of x and y). If x = g(t) and y = h(t) are
differentiable functions (of t), then z(t) = f

(
x(t), y(t)

)
is differentiable and

z 1(t) = fx
(
x(t), y(t)

)
x 1(t) + fy

(
x(t), y(t)

)
y 1(t) .

Let γ(t) =
(
x(t), y(t)

)
. Then γ 1(t) =

(
x 1(t), y 1(t)

)
, and the chain rule above can be

written as
d

dt
(f ˝ γ)(t) = (Df)(γ(t)) ¨ γ 1(t) .

A short-hand notation of the identity above
dz

dt
=

Bf

Bx

dx

dt
+

Bf

By

dy

dt
= (fx, fy) ¨ (x 1, y 1) .

Corollary 13.38

Let z = f(x, y) be a differentiable function (of x and y).

1. If x = u(s, t) and y = v(s, t) are such that Bu

Bs
and Bv

Bs
exist, then the first partial

derivative Bz

Bs
of the function z(s, t) = f

(
u(s, t), v(s, t)

)
exists and

zs(s, t) = fx
(
u(s, t), v(s, t)

)
us(s, t) + fy

(
u(s, t), v(s, t)

)
vs(s, t) .

2. If x = u(s, t) and y = v(s, t) are such that Bu

B t
and Bv

B t
exist, then the first partial

derivative Bz

B t
of the function z(s, t) = f

(
u(s, t), v(s, t)

)
exists and

zt(s, t) = fx
(
u(s, t), v(s, t)

)
ut(s, t) + fy

(
u(s, t), v(s, t)

)
vt(s, t) .



Example 13.39. Let f(x, y) = x2y ´ y2. Find dz

dt
, where z(t) = f(sin t, et).

1. Since z(t) = et sin2 t ´ e2t, by the product rule and the chain rule for functions of one
variable, we find that

z 1(t) =
det

dt
sin2 t+ et

d sin2 t

dt
´ 2e2t = et sin2 t+ 2et sin t cos t ´ 2e2t .

2. By the chain rule for functions of two variables,

z 1(t) =
(
fx(sin t, et), fy(sin t, et)

)
¨
d

dt
(sin t, et)

= (2xy, x2 ´ 2y)
ˇ

ˇ

ˇ

(x,y)=(sin t,et)
¨ (cos t, et)

= (2et sin t, sin2 t ´ 2et) ¨ (cos t, et)
= 2et sin t cos t+ et sin2 t ´ 2e2t .

Example 13.40. Let f(x, y) = 2xy. Find Bz

Bs
and Bz

B t
, where z(s, t) = f

(
s2 + t2,

s

t

)
.

1. Since z(s, t) = 2(s2 + t2)
s

t
=

2s3

t
+ 2st, by the product rule we find that

Bz

Bs
(s, t) =

6s2

t
+ 2t and Bz

B t
(s, t) = ´

2s3

t2
+ 2s .

2. By the chain rule for functions of two variables,

Bz

Bs
(s, t) =

(
fx(s

2 + t2, s/t), fy(s
2 + t2, s/t)

)
¨

B

Bs

(
s2 + t2,

s

t

)
=

(2s
t
, 2(s2 + t2)

)
¨
(
2s,

1

t

)
=

4s2

t
+

2s2 + 2t2

t
=

6s2

t
+ 2t

and

Bz

B t
(s, t) =

(
fx(s

2 + t2, s/t), fy(s
2 + t2, s/t)

)
¨

B

B t

(
s2 + t2,

s

t

)
=

(2s
t
, 2(s2 + t2)

)
¨
(
2t,´

s

t2

)
= 4s ´

2s3 + 2st2

t2
= ´

2s3

t2
+ 2s .



‚ The chain rule for functions of several variables

Suppose that w = f(x1, x2, ¨ ¨ ¨ , xn) be a differentiable function (of x1, x2, ¨ ¨ ¨ , xn). If each
xi is a differentiable function of m variables t1, t2, ¨ ¨ ¨ , tm, then

Bw

B t1
=

Bw

Bx1

Bx1

B t1
+

Bw

Bx2

Bx2

B t1
+ ¨ ¨ ¨ +

Bw

Bxn

Bxn

B t1
=

n
ÿ

j=1

Bw

Bxj

Bxj

B t1
,

Bw

B t2
=

Bw

Bx1

Bx1

B t2
+

Bw

Bx2

Bx2

B t2
+ ¨ ¨ ¨ +

Bw

Bxn

Bxn

B t2
=

n
ÿ

j=1

Bw

Bxj

Bxj

B t2
,

...
Bw

B tm
=

Bw

Bx1

Bx1

B tm
+

Bw

Bx2

Bx2

B tm
+ ¨ ¨ ¨ +

Bw

Bxn

Bxn

B tm
=

n
ÿ

j=1

Bw

Bxj

Bxj

B tm
.

Using the notation of the matrix multiplication,

[
Bw

B t1

Bw

B t2
¨ ¨ ¨

Bw

B tm

]
=

[
Bf

Bx1

Bf

Bx2
¨ ¨ ¨

Bf

Bxn

]


Bx1
B t1

Bx1
B t2

¨ ¨ ¨
Bx1
B tm

Bx2
B t1

Bx2
B t2

¨ ¨ ¨
Bx2
B tm

... ... . . . ...
Bxn
B t1

Bxn
B t2

¨ ¨ ¨
Bxn
B tm


.

‚ Implicit partial differentiation

In Section 2.4 we have talked about finding derivatives of a function y = f(x) which is defined
implicitly by F (x, y) = 0 (when F is giving explicitly). Now suppose that z = F (x, y) is a
differentiable function and the relation F (x, y) = 0 defines a differentiable function y = f(x)

implicitly (so that F (x, f(x)) = 0). By the chain rule,

0 =
d

dx
F (x, f(x)) = Fx(x, f(x)) + Fy(x, f(x))f

1(x)

which implies that
f 1(x) = ´

Fx(x, f(x))

Fy(x, f(x))
if Fy(x, f(x)) ‰ 0 .

Since f is in general unknown (but exists), we usually write the identity above as

dy

dx
= ´

Fx(x, y)

Fy(x, y)
if F (x, y) = 0 and Fy(x, y) ‰ 0 .



In fact, when Fx and Fy are continuous in an open region R, and F (a, b) = 0 and Fy(a, b) ‰ 0

at some point (a, b) P R, the relation F (x, y) = 0 defines a function y = f(x) implicitly near
(a, b) and f is continuously differentiable near x = a. This is the Implicit Function Theorem
and the precise statement is stated as follows.
Theorem 13.41: Implicit Function Theorem (Special case)

Let R Ď R2 be an open region in the plane, and F : R Ñ R be a function of
two variables such that Fx and Fy are continuous in a neighborhood of (a, b) P R. If
F (a, b) = 0 and Fy(a, b) = 0, then there exists δ ą 0 and a unique continuous function
f : (a´ δ, a+ δ) Ñ R satisfying F (x, f(x)) = 0 for all x P (a´ δ, a+ δ), and b = f(a).
Moreover, f is differentiable on (a ´ δ, a+ δ), and

f 1(x) = ´
Fx(x, f(x))

Fy(x, f(x))
@x P (a ´ δ, a+ δ) .

In general, let F be a function of n variables (x1, x2, ¨ ¨ ¨ , xn) such that Fx1 , Fx2 ,
¨ ¨ ¨ , Fxn are continuous in a neighborhood of (a1, a2, ¨ ¨ ¨ , an. If F (a1, a2, ¨ ¨ ¨ , an) = 0

and Fxn(a1, a2, ¨ ¨ ¨ , an) ‰ 0, then locally near (a1, a2, ¨ ¨ ¨ , an) there exists a unique
continuous function f satisfying F (x1, ¨ ¨ ¨ , xn´1, f(x1, ¨ ¨ ¨ , xn´1)) = 0 and an =

f(a1, ¨ ¨ ¨ , an´1). Moreover, for 1 ď j ď n ´ 1,

Bf

Bxj
(x1, ¨ ¨ ¨ , xn´1) = ´

Fxj
(x1, ¨ ¨ ¨ , xn´1, f(x1, ¨ ¨ ¨ , xn´1))

Fxn(x1, ¨ ¨ ¨ , xn´1, f(x1, ¨ ¨ ¨ , xn´1))
.
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