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Chapter 8

Integration Techniques

8.1 Basic Integration Rules
We recall the following formula:

1. Let f, g be functions and k be a constant. Then
Jk:f(:c) dr = k;ff(:c) dr, J(f +g)(z)dx = Jf(x) dx + Jg(w) dr .

2. Let r be a real number. Then

1 r+1 : -
Jx”dmz 7r+1x +C ifr#-1,
Inzx+C ifr=-—1.

1
3. If a > 0, then fa”C dr = —a” + C'. In particular, Jez de =¢e"+ C.

Ina
: 1 I
4. Ifa # 0, Jsm(am) dx = ——cos(ax) + C, fcos(ax) dx = —sin(ax) + C,
a a

1 1
Jtan(ax) dr = —In|sec(ax)| + C, Jcot(cwc) dr = —1In|sin(az)| + C,
a a

1 1
Jsec(aaj) dr = o In | sec(az)+tan(ax)|+C, Jcsexdw = In | esc(ax)+cot(ax)|+C.

D. Jse(zQxdx =tanz + C, Jsecxtanxdx =secx + C.
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6. If a > 0, then

dx B oz c dx 1 . T c
ﬁ—arcsma—l— s m—aarcana—i—
d 1 Va2 — a?
—x:—arctanu—kC.
vz —a?  a a

2
Example 8.1. Find the indefinite integrals f 33244_9 dx, J g;;lf_g dx and J x;lig dx.

From the formula above, it is easy to see that

4 4
Jx2+9dx:§arctan§+0.

dz 2%(:&’ +9)

2249 7 2249

Noting that , using the formula % In|f(x)] = , we find that

4
f ’ dr =2In(z* +9) + C.

x2+9
4a?  4(z*+9)— 36 _ 4 36

719~ 219 Y by the formula above we find that

Finally, noting that
T

4 2
foigd:czélx—lQarctan%—l—C.

2
Example 8.2. Find the indefinite integrals J \/43_7 dz, j \/43167 dz and j \/jiﬁ dz.

From the formula above,

3 T
——dz =3 in—+C.
Jm x arcs1n2+

For the second integral, we let 4 — 22 = u. Then —2xdx = du; thus

f—%dx: —gfu_édu: _gl i %u; +C = -3(4— 2%
For the third integral, first we observe that
J 322 iy — 3(z* —4)
V4 — a2 V4 — a2

Let x = 2sinu. Then dx = 2 cosu du; thus

J\/4—x2dx = 11/4(1 —sin®u) - 2cosudu = J40082udu = J 2+ 2cos(2u)] du

= 2u +sin(2u) + C = 2u + 2sinucosu + C

2 N
:2arcsing+m/1—%+C:2arcsing+¥+0.

N|—=

+C.

12 T
dx+f—dx: —3J\/4—x2dx+12arcsin—.
V4 — x? 2



Therefore,

3 3
Jv\/%iﬁdxzﬁarcsing — 51’\/4—372—’—0.
Remark 8.3. One should add
Va2 -2 +C and =+vVa2+a22+C

T T
J—F — dr = J—F — dx

into the table of integrations.

Note that

1+er 1+e® 1+er 1+ e®

I 1+€ et _1_%(1+em).

I

- d f'(=)
thus using the formula — In |f(x)| = , we find that
da /()

J de =zr—In(1+¢€°)+C.

14 e?
8.2 Integration by Parts - 4 384~

Suppose that u, v are two differentiable functions of . Then the product rule implies that

) =
dx dx dr

dv
Therefore, 1f v and u-— are Riemann integrable (on the interval of interests),

f—vdx+fuj—xdx = (w)(z) + C.

Symbolically, we write d—v dr ad vdu and uj— dx as udv, the formula above implies
X
that

Judv = uv —Jvdu.

Theorem 8.5: Integration by Parts

If u and v are functions of x and have continuous derivatives, then

fudv:uv—fvdu.




Example 8.6. Find the indefinite integral J Inx dz. Recall that we have shown that

Jlnxdx:xlnx—x—i-(}’

using the Riemann sum. Let u = Inz and v = z (so that dv = dz). Then integration by

parts shows that

1
flnxdx:xlnx—de(ln@ :arlnx—fx'—dac:xlnx—fdx:xlnx—x—i—C.

T

Example 8.7. Find the indefinite integral Jx cosz dx. Recall that we have shown that

J:L‘cos:cdq: =xsinx + cosx + C

using the Riemann sum. Let u = x and v = sinz (so that dv = cosx dz). Then integration

by parts shows that
chosxdm =gxsinx — Jsinxdw =zsinz +cosz +C'.

Principles of applying integration by parts: Choose u and v such that v du has simpler

form than wdv, and this is usually achieved by

1. finding u such that the derivative of u is a function simpler than u, or

2. finding v such that the derivative of v is more complicate than v.

Example 8.8. Find the indefinite integral Jxe‘” dx.

Let u = x and v = €” (so that dv = e"dx). Then integration by parts shows that

Jxemdx:xex—jezdx: (x—1)e"+C.

Example 8.9. Find the indefinite integral Jxr In x dx, where 7 is a real number.

1
Suppose first that r # —1. Let u = Inz and v = mx”l. Then integration by parts
shows that

1 1 1 1 1
Jx’”lnxdaz=—mr+1ln$—f 2 Sde = —— 2" ng — Jxrdx
r+1 r+1 T r+1 r+1

1 1
=— ¢ Hng——— 2" 4 C.
r+1 (r+1)2




Now if r = —1. Let u = v = Inx. Then integration by parts implies that

1
Jxl Inzdr = (Inz)* — Jlnx-—daz = (lnz)* — Jxl Inxdx

x
which implies that
1
Jx_l Inzdr = §(lnx)2 +C.

Therefore,

1
— 2™ ng — g Coifr £ -1,
Jxrlnxda:: r+1 (r+1)°
1
é(lnx)Q—kC’ ifr=-1.

Example 8.10. Find the indefinite integral sz cosxdr.

Let v = 2% and v = sinx (so that dv = cosx dx). Then integration by parts shows that
sz cosx dr = x?sinx — fsinx 2xdr = 2*sinx — Zstinxdx.
Integrating by parts again, we find that
stinxda: = —xcosx+ Jcosxda: = —zcosx +sinz + C;

thus we obtain the

foCosxda: = 2?sinz + 2xcosx — 2sinx + C'.

Example 8.11. Find the indefinite integrals fe‘“” sin(bz) dx and Je“” cos(bz) dx, where
a, b are non-zero constants.

Let u = sin(bx) (or u = cos(ax)) and v = a e (so that dv = e** dz). Then
1 b
Je“x sin(bz) dx = ae‘”” sin(bz) — . Je“x cos(bz) dx ,

1
Je‘” cos(bz) dx = —e* cos(bx) + b Je‘w cos(bz) dx .
a a

The two identities above further imply that

a a

1 b
fe‘” sin(bz) de = —e** sin(bx) — — Je‘” cos(bx) dx

Q|

1 brl
— Ze% gin(br) — = |:_ ax b at gin (b)) d
e sin(bz) ol cos(bx) + e sin(bx) dx
1 ar s b ax 62 ar s .
=¢ sin(bx) — ¢ cos(bx) — el sin(bx) dx ;



thus

1 ar _: axr
Je sin(bx) d =y [ae™ sin(bx) — be® cos(bx)] + C'. (8.2.1)
Similarly,
1 axr ar .:
J cos(bx) dr = pERE [ae™ cos(bx) + be™ sin(bx)] + C'. (8.2.2)
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