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Definition 3.11

Let f be defined on an interval I.

1. f is said to be increasing on [ if

flz1) < f(xo) Vay,mo €l and vy < 25.
2. f is said to be decreasing on [ if

f(z1) = f(x2) Vi, w9 €I and vy < 25.
3. f is said to be strictly increasing on I if

f(z1) < f(xq) Vay,xe €l and 11 < 2.
4. f is said to be strictly decreasing on I if

f(z1) > f(xq) Vai,x9 €l and 11 < 25

Theorem 3.15

Let f : [a,b] — R be continuous and f is differentiable on (a,b).

1. If f/(xz) = 0 for all x € (a,b), then f is increasing on [a, b].

"(2) (a,b)
2. If f'(x) <0 for all z € (a,b), then f is decreasing on [a, b].
3. If f'(z) > 0 for all z € (a,b), then f is strictly increasing on [a, b].
() (a,b)

4. If f'(z) <0 for all z € (a,b), then f is strictly decreasing on [a, b].

Theorem 3.17: The First Derivative Test

Let f be a continuous function defined on an open interval I containing c. If f is

differentiable on I, except possibly at ¢, then
1. If f’ changes from negative to positive at ¢, then f(c) is a local minimum of f.
2. If f’ changes from positive to negative at ¢, then f(c) is a local maximum of f.

3. If f’is sign definite on both sides of (and near) ¢, then f(c) is neither a relative

minimum or relative maximum of f.




Definition 3.19

Let f be differentiable on an open interval I. The graph of f is concave upward ("
w + ) on I if f’ is strictly increasing on the interval and concave downward (" &

T ) on [ if f'is strictly decreasing on the interval.

e Graphical interpretation of concavity: Let f be differentiable on an open interval I.

1. If the graph of f is concave upward on I, then the graph of f lies above all of its

tangent lines on [I.

2. If the graph of f is concave downward on I, then the graph of f lies below all of its

tangent lines on I.

Theorem 3.21: Test for Concavity

Let f be a twice differentiable function on an open interval I.

1. If f”(x) > 0 for all  in I, then the graph of f is concave upward on I.

2. If f”(x) <0 for all z in I, then the graph of f is concave downward on I.

Definition 3.23: Point of inflection ( ¥ & 2t)

Let f be a differentiable function on an open interval containing c. The point (c, f (c))
is called a point of inflection (or simply an inflection point) of the graph of f if the
concavity of f changes from upward to downward or downward to upward at this

point.

6 . " 36(x? — 1)
Example 3.24. Recall Example 3.22 (f(z) = o with f"(x) = s

changes sign at x = +1, (il, g) are both points of inflection of the graph of f.

). Since f”

Let f be a differentiable function on an open interval containing c. If (c, f (c)) is a

point of inflection of the graph of f, then either f”(c) =0 or f”(c) does not exist.

Remark 3.26. A point (c, f(c)) may not be an inflection point of the graph of f even
if f”(c) = 0. For example, the point (0,0) is not an inflection point of f(z) = z* since

f"(x) > 0 for all x # 0 which implies that the concavity of f does not change at ¢ = 0.



Example 3.27. Determine the points of inflection and discuss the concavity of the graph
of f(x) = z* — 423. Note that the zero of f” is x =0 or z = 2 (since f”(z) = 1222 — 24x).
Since f"(z) > 0if x < 0orz > 2, and f"(x) > 0if 0 < x < 2, we find that (0,0) and
(2, —16) are points of inflection of the graph of f.

Theorem 3.28

Let f be a twice differentiable function on an open interval I containing ¢, and c is a

critical point of f.
L. If f”(c) > 0, then f(c) is a relative minimum of f on I.

2. If f"(c) <0, then f(c) is a relative maximum of f on I.

Remark 3.29. If f”(¢) = 0 for some critical point ¢ of f, then f may have a relative
maximum, a relative minimum, or neither at ¢. In such cases, you should use the First

Derivative Test.
Proof of Theorem 3.28. Since f”(c) > 0, there exist 6 > 0 such that
f'(x) = f'(e) f"(c)

2

12Ty <

if 0 <|z—c|l <.

Since c is a critical point of f, f’(c) = 0; thus the inequality above implies that

e _ 1w _ 30
2

2 Tr—c

if 0 < |z —¢| <.

In particular,

/
0<f2(c)(x—c)<f'($) if0<z—c<?d,
/

f(x) fT@(m—C)<O if -d<z—-c<0.
Therefore, f’ changes from negative to positive at ¢; thus f(c) is a relative minimum of f
on [. O
Example 3.30. Recall Example 3.18 (f(x) = %x—sin IL‘) We have established that f(g) is
a relative minimum of f on (0, 27) using the First Derivative Test. Note that f”(z) = sinz;
thus f” (%) = sing = \f > (. Therefore, without using the First Derivative Test, we can

still conclude that f (%) is a relative minimum of f on (0, 27) by the second derivative test.



3.5 A Summary of Curve Sketching

When sketching the graph of functions, you need to have the following on the plot.
1. z-intercepts and y-intercepts;
2. asymptotes;
3. absolution extrema and relative extrema;

4. points of inflection.
3x — 2
V2r?+ 1
. 3
First, we note that the z-intercepts and y-intercepts are (5, O) and (0, f(0)) = (0, —2).

Example 3.31. Sketch the graph of the function f(z) =

To determine the asymptotes, since 4/2x2 + 1 are never zero, there is no vertical asymptote.
As for the horizontal and slant asymptotes, by the fact that
3x — 2 2

lim f(z) = lim

T
— = |1 - & — - =
T—00 z—w0 /222 + 1 Z—00 /2 + % y—0t A /2 + y2 \/i
T

and
3x—2 32 3-2 3
. . . —or — . O . — 2y
lim f(z) = lim f(—z) = lim —— = lim —% = lim ——F— = ———
mafoof( ) JSHOOf( ) -0 /202 + 1 £—00 /2+i2 y—0+ —4/2+y2 \/5
X

. 3
we find that there are two horizontal asymptotes y = +—.

By the quotient rule,

3v222 + 1 — (3z — 2)%(2952 +1)F 3V +1— (30— 2) (207 +1)7F - (4a)

/ —
f(z) 202 + 1 N 202 + 1
3222+ 1) —22(3x—2) 4z 43
(222 + 1)2 (222 +1)2
and
3 3 1
£102) 4222 4+ 1)2 — (4z + 3)5(23:2 +1)2-(42) 4222 + 1) — 62(dx + 3)
x — p—

(222 4+ 1)3 (222 +1)2
=162 — 18z +4  —2(8z* + 9z — 2)
(222 +1)3 (222 +1)5




Therefore, x = s the only critical point and since f’ changes from negative to positive

3 3y . . ..
at T f(_i) is a relative minimum of f.
-9 — /145 —9++V145 . .
f"(x) =0 occurs at 1 = 1 and xy = +176 Since f” changes sign at x4

and z, (21, f(z1)) and (z2, f(z2)) are inflection points of the graph of f.

3.6 Optimization Problems
Explanation of examples in Section 3.7 in the textbook:
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2. Which points on the graph of y = 4 — 2% are closest to the point (0,2)? #¢# %
y=4—2% toRBELT| (0,2) $if ?
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5. Four meters of wire is to be used to form a square and a circle. How much of the wire
should be used for the square and how much should be used for the circle to enclose
the maximum total area? — f& 4 2 2 hREH AL 53 K * kF - B 3 A5 fo-
BRIA) - & EAAEA RN &S e ff e
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