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Proposition 0.1. Let S be a non-empty set. The following three statements are equivalent:

(a) S is countable;

(b) there exists a surjection f : N Ñ S;

(c) there exists an injection f : S Ñ N.

Proof. “(a) ñ (b)” First suppose that S = tx1, ¨ ¨ ¨ , xnu is finite. Define f : N Ñ S by

f(k) =

"

xk if k ă n ,
xn if k ě n .

Then f : N Ñ S is a surjection. Now suppose that S is denumerable. Then by definition of
countability, there exists f : N 1´1

ÝÝÑ
onto

S.

“(a) ð (b)” W.L.O.G. we assume that S is an infinite set. Let k1 = 1. Since #(S) = 8,
S1 ” Sztf(k1)u ‰ H; thus N1 ” f´1(S1) is a non-empty subset of N. By the well-ordered
principle (WOP) of N, N1 has a smallest element denoted by k2. Since #(S) = 8, S2 =

Sztf(k1), f(k2)u ‰ H; thus N2 ” f´1(S2) is a non-empty subset of N and possesses a smallest
element denoted by k3. We continue this process and obtain a set tk1, k2, ¨ ¨ ¨ u Ď N, where
k1 ă k2 ă ¨ ¨ ¨ , and kj is the smallest element of Nj´1 ” f´1(Sztf(k1), f(k2), ¨ ¨ ¨ , f(kj´1)u).

Claim: f : tk1, k2, ¨ ¨ ¨ u Ñ S is one-to-one and onto.

Proof of claim: The injectivity of f is easy to see since f(kj) R
␣

f(k1), f(k2), ¨ ¨ ¨ , f(kj´1)
(

for
all j ě 2. For surjectivity, assume that there is s P S such that s R f(tk1, k2, ¨ ¨ ¨ u). Since
f : N Ñ S is onto, f´1(tsu) is a non-empty subset of N; thus possesses a smallest element k.
Since s R f(tk1, k2, ¨ ¨ ¨ u), there exists ℓ P N such that kℓ ă k ă kℓ+1. As a consequence, there
exists k P Nℓ such that k ă kℓ+1 which contradicts to the fact that kℓ+1 is the smallest element
of Nℓ.

Define g : N Ñ tk1, k2, ¨ ¨ ¨ u by g(j) = kj. Then g : N Ñ tk1, k2, ¨ ¨ ¨ u is one-to-one and onto;
thus h = g ˝ f : N 1´1

ÝÝÑ
onto

S.

“(a) ñ (c)” If S = tx1, ¨ ¨ ¨ , xnu is finite, we simply let f : S Ñ N be f(xn) = n. Then f is clearly
an injection. If S is denumerable, by definition there exists g : N 1´1

ÝÝÑ
onto

S which suggests that
f = g´1 : S Ñ N is an injection.

“(a) ð (c)” Let f : S Ñ N be an injection. If f is also surjective, then f : S
1´1

ÝÝÑ
onto

N which implies
that S is denumerable. Now suppose that f(S) Ĺ N. Since S is non-empty, there exists s P S.
Let g : N Ñ S be defined by

g(n) =

"

f´1(n) if n P f(S) ,

s if n R f(S) .

Then clearly g : N Ñ S is surjective; thus the equivalence between (a) and (b) implies that S

is countable. ˝


