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Problem 1. Let (M,d) be a metric space, and txnu8
n=1 be a sequence in M . Show that txnu8

n=1 is
Cauchy if and only if

@ ε ą 0, D y P M Q #
␣

n P N
ˇ

ˇxn R B(y, ε)
(

ă 8 .

Proof. “ñ” Let ε ą 0 be given. Since txnu8
n=1 is a Cauchy sequence, there exists N ą 0 such that

d(xn, xm) ă ε whenever n,m ě N .

Let y = xN . Then
␣

n P N
ˇ

ˇxn R B(y, ε)
(

Ď t1, 2, ¨ ¨ ¨ , N ´ 1u

which shows that #
␣

n P N
ˇ

ˇxn R B(y, ε)
(

ă 8.

“ð” Let ε ą 0 be given. By assumption there exists y P M such that #
!

n P N
ˇ

ˇxn R B
(
y,

ε

2

))
ă 8 ;

thus
N ” max

!

n P N
ˇ

ˇ

ˇ
xn R B

(
y,

ε

2

))
ă 8 .

Note that if n ą N , xn P B
(
y,

ε

2

)
which implies that

d(xn, y) ă
ε

2
whenever n ą N .

Therefore, if n,m ą N , the triangle inequality implies that

d(xn, xm) ď d(xn, y) + d(y, xm) ă ε

which shows that txnu8
n=1 is a Cauchy sequence. ˝

Problem 2. Let (M,d) be a metric space, and txku8
k=1 be a sequence in M . Show that

1. If txku8
k=1 is convergent, then txku8

k=1 is a Cauchy sequence.

2. If txku8
k=1 is a Cauchy sequence and a subsequence of txku8

k=1 converges to x, then txku8
k=1

converges to x.

3. x is a cluster point of txku8
k=1 if and only if @ ε ą 0 and N ą 0, D k ą N with d(xk, x) ă ε.

4. x is a cluster point of txku8
k=1 if and only if there is a subsequence converging to x.

5. txku8
k=1 converges to x if and only if every subsequence of txku8

k=1 converges to x.

6. txku8
k=1 converges to x if and only if every proper subsequence of txku8

k=1 has a further subse-
quence that converges to x.



Problem 3. Let (V , } ¨ }) be a norm space, taku8
k=1 be a sequence in V , and tbnu8

n=1 be the Cesàro

mean of taku8
k=1; that is, bn =

1

n

n
ř

k=1

ak.

1. Show that if taku8
k=1 converges to a, then tbnu8

n=1 converges to a.

2. Is the converse statement “if the Cesàro mean tbnu8
n=1 of a sequence taku8

k=1 converges, then
the sequence taku8

k=1 also converges” true?

Proof. 1. Let ε ą 0 be given. Since lim
kÑ8

ak = a, there exists N1 ą 0 such that

}ak ´ a} ă
ε

2
whenever k ě N1 .

Since lim
nÑ8

1

n

N1
ř

k=1

|ak ´ a| = 0, there exists N2 ą 0 such that

1

n

N1
ÿ

k=1

}ak ´ a} ă
ε

2
whenever n ě N2 .

Let N = maxtN1, N2u. Then if n ě N ,

}bn ´ a} =
›

›

›

1

n

n
ÿ

k=1

ak ´ a
›

›

›
ď

1

n

n
ÿ

k=1

}ak ´ a} ď
1

n

N1
ÿ

k=1

}ak ´ a} +
1

n

n
ÿ

k=N1

}ak ´ a}

ă
ε

2
+

1

n

n
ÿ

k=N1

ε

2
=

ε

2
+

ε

2

n ´ N1 + 1

n
ă ε .

2. No. For example, let an = (´1)n. Then lim
nÑ8

bn = 0 but tanu8
n=1 does not converge. ˝

Problem 4. Let V be a vector space over field F, F = R or C, and te1, ¨ ¨ ¨ , enu be a basis of V ; that
is, every vector e P V can be expressed (uniquely) by x =

n
ř

i=1

xiei with xi P F for all 1 ď i ď n. From

Example 2.28 in the lecture note we know that x¨, ¨y : V ˆ V Ñ F defined by

xx,yy =
n
ÿ

j=1

xiyi if x =
n
ÿ

j=1

xjej and y =
n
ÿ

j=1

yjej.

is an inner product. Show that (V , } ¨ }2) is a Banach space, where } ¨ }2 is the norm induced by the
inner product.

Proof. Let txku8
k=1 be a Cauchy sequence in (V , } ¨ }2). Write xk = x

(1)
k e1 + x

(2)
k e2 + ¨ ¨ ¨ + x

(n)
k en. For

each 1 ď j ď n and k, ℓ P N, The Cauchy-Schwarz inequality implies that
ˇ

ˇx
(j)
k ´ x

(j)
ℓ

ˇ

ˇ =
ˇ

ˇxxk ´ xℓ, ejy
ˇ

ˇ ď }xk ´ xℓ}2}ej}2 = }xk ´ xℓ}2 ;

thus
␣

x
(j)
k

(8

k=1
is a Cauchy sequence in F for all 1 ď j ď n. Since F is complete, there exists xj P F

such that
lim
kÑ8

x
(j)
k = x(j) .



Let ε ą 0 be given. Since lim
kÑ8

x
(j)
k = x(j) for 1 ď j ď n, for each 1 ď j ď n there exists Nj ą 0

such that
ˇ

ˇx
(j)
k ´ x(j)

ˇ

ˇ ă
ε

?
n

whenever k ě Nj .

Let x = x1e1 + ¨ ¨ ¨ + xnen. Then for k ě N ” maxtN1, N2, ¨ ¨ ¨ , Nnu,

}xk ´ x}2 ď

b

(x
(1)
k ´ x1)2 + ¨ ¨ ¨ + (x

(n)
k ´ xn)2 ă

c

ε2

n
+ ¨ ¨ ¨ +

ε2

n
= ε

which shows that txku8
k=1 converges to x. ˝

Problem 5. Show that (C, | ¨ |) is complete; that is, every Cauchy sequence tzkunk=1 in C converges.

Proof. Let tznu8
n=1 be a Cauchy sequence in C. Write zn = xn + iyn, where xn and yn are real

numbers. Then

|xn ´ xm| ď |zn ´ zm| and |yn ´ ym| ď |zn ´ zm| @n,m P N .

Therefore, txnu8
n=1 and tynu8

n=1 are Cauchy sequences in R; thus by the completeness of R, lim
nÑ8

xn = x

and lim
nÑ8

yn = y for some x, y P R. Let z = x+ yi. Then

|zn ´ z| =
a

(xn ´ x)2 + (yn ´ y)2 Ñ 0 as n Ñ 8 ;

thus we establish that every Cauchy sequence in C converges to a point in C. This implies that
(C, | ¨ |) is complete. ˝

Problem 6. Let (M,d) be a metric space. Two Cauchy sequences tpnu8
n=1 and tqnu8

n=1 in M are
said to be equivalent, denoted by tpnu8

n=1 „ tqnu8
n=1, if

lim
nÑ8

d(pn, qn) = 0 .

1. Prove that „ is an equivalence relation; that is, show that

(a) tpnu8
n=1 „ tpnu8

n=1.

(b) If tpnu8
n=1 „ tqnu8

n=1, then tqnu8
n=1 „ tpnu8

n=1.

(c) If tpnu8
n=1 „ tqnu8

n=1 and tqnu8
n=1 „ trnu8

n=1, then tpnu8
n=1 „ trnu8

n=1.

2. Let tpnu8
n=1 and tqnu8

n=1 be two Cauchy sequences. Show that the sequence
␣

d(pn, qn)
(8

n=1
is a

Cauchy sequence in R; thus is convergent.

3. Let M˚ be the set of all equivalence classes. If P,Q P M˚, we define

d˚(P,Q) = lim
nÑ8

d(pn, qn) ,

where tpnu8
n=1 P P and tqnu8

n=1 P Q. Show that the definition above is well-defined; that is, show
that if tp1

nu8
n=1 P P and tq1

nu8
n=1 P Q are another two Cauchy sequences, then lim

nÑ8
d(pn, qn) =

lim
nÑ8

d(p1
n, q

1
n).



4. Define φ : M Ñ M˚ as follows: for each x P M , txnu8
n=1, where xn ” x for all n P N, is a

Cauchy sequence in M . Then txnu8
n=1 P φ(x) for one particular φ(x) P M˚. In other words,

φ(x) is the equivalence class where txnu8
n=1 belongs to. Show that

d˚
(
φ(x), φ(y)

)
= d(x, y) @x, y P M.

5. Show that φ(M) is dense in M˚.

6. Show that (M˚, d˚) is a complete metric space. The metric space (M˚, d˚) is called the com-
pletion of (M,d).


