
Analysis MA2050-* Final Exam
National Central University, Jun. 18 2021

Problem 1. (15%) For a function g : [0,8) Ñ C satisfying
ż 8

0

ˇ

ˇg(x)
ˇ

ˇ dx ă 8, the Fourier sine
transform of g, denoted by Fsin[g], is a function defined by

Fsin[g](ξ) =

c

2

π

ż 8

0

g(y) sin(yξ) dy .

Show that if g is integrable on [0,8) and Fsin[g] is also integrable on [0,8), then

Fsin
[
Fsin[g]

]
(x) = g(x) whenever x P (0,8) and g is continuous at x

or equivalently,

g(x) =
2

π

ż 8

0

( ż 8

0

g(y) sin(yξ) dy
)

sin(xξ) dξ whenever x P (0,8) and g is continuous at x.

Hint: Consider the odd extension of g, and make use of the Fourier inversion formula.

Problem 2. In this problem we discuss the derivative of tempered distributions. Complete the
following.

1. (5%) Since
@ Bf

Bxj
, g

D

= ´
@

f,
Bg

Bxj

D

for all f, g P S (Rn), we define the derivatives of tempered

distributions as follows: Let T P S (Rn)1 be a tempered distribution. The partial derivative of
T w.r.t. xj, denoted by BT

Bxj
, is a tempered distribution defined by

@ BT

Bxj
, ϕ

D

= ´
@

T,
Bϕ

Bxj

D

@ϕ P S (Rn) .

Show that BT

Bxj
is indeed a tempered distribution; that is, show that there exists a sequence

tCku8
k=1 such that

ˇ

ˇ

ˇ

@ BT

Bxj
, ϕ

D

ˇ

ˇ

ˇ
ď Ckpk(ϕ) @ϕ P S (Rn) and k " 1 .

2. (10%) Show that for 1 ď j ď n,

Fx

[ BT

Bxj

]
(ξ) = iξj pT (ξ) and B

Bxj
pT (ξ) = ´iFx[xT (x)](ξ)

or to be more precise,
A

yBT

Bxj
, ϕ

E

=
@

pT (ξ), iξjϕ(ξ)
D

@ϕ P S (Rn)

and
A

B

Bξj
pT (ξ), ϕ(ξ)

E

=
@

T (x),´ixpϕ(x)
D

@ϕ P S (Rn) .

3. (5%) Let T P S (Rn)1 and f P S(Rn). Show that the Leibniz rule holds; that is, show that

B

Bxi
(fT ) = f

BT

Bxi
+

Bf

Bxi
T .



Problem 3. (10%) Let sgn : R Ñ R be the sign function defined by

sgn(x) =

$

’

&

’

%

1 if x ą 0 ,

´1 if x ă 0 ,

0 if x = 0 .

Then clearly sgn is a tempered distribution since
ˇ

ˇxsgn, ϕy
ˇ

ˇ ď }ϕ}L1(R) ď πp2(ϕ) @ϕ P S (R) .

Show that d

dx
sgn(x) = 2δ in S (R)1, where the derivative of tempered distributions is defined in

Problem 2 and δ is the Dirac delta function.

Problem 4. The Hilbert transform of a function f : R Ñ R, denoted by H [f ], is a function defined
(formally) by

H [f ](x) =
1

π
lim
ϵÑ0+

ż

|y´x|ąϵ

f(y)

x ´ y
dy ,

1. (5%) Show that H [f ] is well-defined if f P S (R).

2. (15%) Show that F
[
H [f ]

]
(ξ) = isgn(ξ) pf(ξ) for all f P S (R).

3. (10%) Show that }H [f ]}L2(R) = }f}L2(R) for all f P S (R), where }g}L2(R) =
( ż

R

ˇ

ˇg(x)
ˇ

ˇ

2
dx

) 1
2 .

Hint: In this problem you can use the conclusion (without proving again) in Problem 5 of Exercise
11. Consider the tempered distribution T defined in Problem 5(2) of Exercise 11 by

xT, φy = lim
ϵÑ0+

ż

Rz[´ϵ,ϵ]

φ(x)

x
dx = lim

ϵÑ0+

( ż ´ϵ

´8

+

ż 8

ϵ

)φ(x)
x

dx @φ P S (R) .

1. Show that H [f ] = xT, τxfy for all f P S (R), where τx is a translation operator.

2. Show that the tempered distribution S defined by xS, ϕy = xT (x), xϕ(x)y is indeed the same
as the tempered distribution

ϕ ÞÑ

ż

R
ϕ(x) dx = x1, ϕy .

Use Problem 2 to show that d

dξ
pT (ξ) = ´

b

π

2
i
d

dξ
sgn(ξ), where sgn is given in Problem 3. Use

the fact that dT

dx
= 0 if and only if there exists C such that xT, ϕy = xC, ϕy for all ϕ P S (R) to

conclude that
pT (ξ) = ´

c

π

2
isgn(ξ) + C

for some constant C. Find the constant C and also show that H [f ] =
1

π
T˙f =

c

2

π
T › f .

3. Use the Plancherel formula.

Problem 5. (25%) Let ω be a positive real number, and f : R3 Ñ R be defined by

f(x) =

$

&

%

sin(ω|x|)

|x|
if x ‰ 0 ,

ω if x = 0 ,



where |x| =
a

x21 + x22 + x23 if x = (x1, x2, x3). Then f P S (R3)1 since f is bounded. Show that the
Fourier transform of f is given by

x pf, φy =

c

π

2

1

ω

ż

BB(0,ω)

φdS ”

c

π

2

1

ω

ż π

0

ż 2π

0

φ(ω cos θ sinϕ, ω sin θ sinϕ, ω cosϕ)ω2 sinϕ dθdϕ

for all φ P S (R3), where
ż

BB(0,ω)
φdS is the surface integral of φ on the sphere BB(0, ω).

Hint: You can show part 2 through the following procedures:

Step 1: By the definition of the Fourier transform of the tempered distributions,

@

pf, φ
D

=
@

f, pφ
D

= lim
mÑ8

ż

B(0,m)

f(x)
( 1

?
2π

3

ż

R3

φ(ξ)e´ix¨ξ dξ
)
dx

and the Fubini Theorem implies that

@

pf, φ
D

=
1

?
2π

3 lim
mÑ8

ż

R3

( ż

B(0,m)

f(x)e´ix¨ξ dx
)
φ(ξ)dξ .

We focus on the inner integral first. Show that for each 3 ˆ 3 orthonormal matrix O,
ż

B(0,m)

f(x)e´ix¨ξ dx =

ż

B(0,m)

sin(ω|y|)

|y|
e´i(OTξ)¨y dy .

Step 2: For each ξ P R3, choose a 3 ˆ 3 orthonormal matrix O such that OTξ = (0, 0, |ξ|). Using
the spherical coordinate y = (ρ cos θ sinϕ, ρ sin θ sinϕ, ρ cosϕ) to show that

ż

B(0,m)

f(x)e´ix¨ξ dx =

ż m

0

2 sin(ωρ) sin(|ξ|ρ)

|ξ|
dρ

so that we conclude that
@

pf, φ
D

=
1

?
2π

3 lim
mÑ8

ż

R3

( ż m

0

2 sin(ωρ) sin(|ξ|ρ)

|ξ|
φ(ξ) dρ

)
dξ .

Step 3: For each r ą 0, define

ψ(r) =

ż

BB(0,r)

φdS ”

ż π

0

ż 2π

0

φ(r cos θ sinϕ, r sin θ sinϕ, r cosϕ)r2 sinϕ dθdϕ .

Using the spherical coordinate ξ = (r cos θ sinϕ, r sin θ sinϕ, r cosϕ) to show that

@

pf, φ
D

=
1

?
2π

ż 8

0

( ż 8

0

sin(ωρ) sin(rρ)2ψ(r)
r

dr
)
dρ .

Step 4: Apply the conclusion in Problem 1.


